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Lay Summary

This thesis lies in the field of Algebraic geometry — a modern branch of pure mathematics

involving spaces with an algebraic structure called varieties. There are three fundamental

types of varieties: Fano, Calabi–Yau, and General Type varieties, based on how they are

curved. This thesis contains the results for Fano varieties, whose importance has been

highlighted by the work of Birkar, who won a Fields Medal in 2018, and Donaldson, who won

a Breakthrough Prize in 2015.

One of the central questions of complex geometry is when the above classes of varieties admit

canonical metrics. An important example is a special metric called a Kähler–Einstein metric.

It was proven by Aubin and Yau that there exists a Kähler–Einstein metric on Calabi–Yau and

General Type varieties. However, Fano varieties are more complicated. The main algebraic

criterion for the detection of Fano varieties admitting a Kähler–Einstein metric is called

K-stability, and the surrounding field is one of the most active in pure mathematics. In this

thesis, I applied an existing algebraic criterion to detect varieties admitting Kähler–Einstein

metrics which were unknown up until now, and unachievable without the results of this thesis.
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Abstract

Due to the celebrated solution of the Yau–Tian–Donaldson conjecture, it is now known that a

smooth Fano variety admits a Kähler–Einstein metric if and only if it is K-polystable. In Part I

of this thesis, we study Du Val del Pezzo surfaces (Fano varieties of dimension 2 with explicit

"nice" singularities). We present the computation of all the δ -invariants of Du Val del Pezzo

of any degree in complete generality. This leads to our description of new examples of K-

stable Fano threefolds, undertaken in Part II of this thesis. More explicitly, we first present

(possibly singular) K-stable examples of Fano threefolds in Families №1.11, №1.12, №1.13,

№2.1, №2.2, №2.3, №2.5, which follow from computations in Part I. After that, we find all K-

polystable smooth Fano threefolds that can be obtained as blowup of P3 along the disjoint

union of a twisted cubic curve and a line. These are the smooth Fano threefolds in Family

№3.12. We conclude by proving the K-stability of smooth Fano threefolds of Picard rank 3 and

degree 20 that satisfy very explicit generality conditions. These threefolds are the smooth Fano

threefolds in Family №3.5.
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Chapter 1

Introduction

This thesis lies in the field of Algebraic Geometry — a branch of pure mathematics that blends

algebra and geometry by using algebraic techniques to study geometric objects. At its core,

Algebraic Geometry investigates spaces with an algebraic structure, known as varieties,

which are defined as the solutions of systems of polynomial equations.

The recent advances in subclasses of algebraic geometry, such as birational geometry via

the Minimal Model Program (MMP) have led to a deeper understanding of the structure of

algebraic varieties. One of the major achievements of the MMP is a framework for classifying

varieties into a few fundamental types, which can be thought of as the building blocks from

which all other varieties are constructed. These three foundational classes are: varieties

of general type, Calabi–Yau varieties, and Fano varieties. Each of these classes is

characterized by the sign of the canonical divisor KX : positive, trivial, or negative, respectively,

which corresponds geometrically to the curvature properties of the variety.

In this thesis, we focus on Fano varieties, which are normal projective varieties with klt

(Kawamata log terminal) singularities and an ample anticanonical divisor −KX . The klt

condition ensures that the singularities of the variety are mild and manageable within the

framework of the MMP (the considered singularities are described more formally later in the

thesis). The ampleness of the anticanonical divisor means that the variety X can be embedded

into a projective space, and from a differential-geometric perspective, Fano varieties are the

higher-dimensional analogues of positively curved spaces, like the sphere. These varieties

are of particular interest because they sit at the heart of several key questions in algebraic

geometry and complex differential geometry.

One of the key goals in complex geometry — a very important subfield of algebraic geometry, is

to study when the above classes of varieties admit canonical metrics. A fundamental example

of such metrics are Kähler–Einstein metrics. Aubin (1978) and Yau (1977), and later Yau

(1978) in his seminal work, which won him the Fields medal in 1982, proved that general type

and Calabi–Yau varieties always admit a unique Kähler–Einstein metric. However, it was clear

1
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that this is not true for Fano varieties since there were known examples of Fano varieties which

did not admit a Kähler–Einstein metric. One of the earliest examples follows from the paper of

Matsushima (1957) — a blow up of P2 at one point cannot have a Kähler–Einstein metric due

to the nature of its automorphism group.

The explicit detection of Kähler–Einstein metrics on Fano varieties was a very difficult task,

and it became an integral problem for algebraic geometers in the last quarter of the 20th

century. Around the same time, a remarkable philosophical approach to tackle the existence

of a Kähler–Einstein metric on Fano varieties was proposed. In 1993 Yau conjectured that an

algebrogeometric notion of stability would be necessary to determine the existence of Kähler–

Einstein metrics on Fano varieties. This was inspired by earlier work by Uhlenbeck and Yau

(1986) and Donaldson (1985) predicting the existence of metrics on vector bundles using slope

stability.

The notion of K-stability was introduced first in Tian (1997) and then reformulated in an

algebraic way in Donaldson (2002); it was conjectured that the existence of these metrics

would be equivalent to algebraic conditions on Fano varieties called K-stability conditions. This

is known as the Yau–Tian–Donaldson conjecture. More formally, the Yau–Tian–Donaldson

conjecture states that a Fano manifold admits a Kähler–Einstein metric if and only if it is

K-polystable. This conjecture was first proven by Chen-Donaldson-Sun for smooth Fano

varieties in “Kähler–Einstein metrics on Fano manifolds I, II, III" (see Chen, Donaldson, and

Sun (2015)). Then, a similar result was proven for smoothable Fano varieties by Li, Wang,

and Xu (2019) and Spotti, Sun, and Yao (2016) and the further expanded to a larger class

of singular Fano varieties in the works of Li, Tian, and Wang (2021, 2022) and Liu, Xu, and

Zhuang (2022).

There are several equivalent definitions of K-stability. In Tian (1997) it was originally defined in

analytic terms using the α-invariant — an approach that was later shown to coincide with the

global log canonical threshold introduced independently by Shokurov in birational geometry.

This analytic perspective followed Yau’s philosophical intuition (see Yau (1993)). Shortly

thereafter, Donaldson (2002) provided an equivalent, purely algebro-geometric definition via

the Donaldson–Futaki invariant, which is defined for any test configuration and therefore

applies beyond the Fano case. To make the Donaldson–Futaki invariant more accessible

for explicit computations, mathematicians sought to express it as an intersection number.

Achieving this required working with compactification of the Donaldson’s construction, and

in this context, Odaka (2013) and Wang (2012) reformulated the Futaki invariant in terms of

intersection theory.
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DEFINITION. Let X be a Fano variety with dim(X) = n for n ≥ 2 with Kawamata log terminal
singularities. Set L =−KX . A test configuration of a pair (X ;L) consists of the following data:

• a normal variety X with a Gm action,
• a flat Gm-equivariant morphism p : X → P1; Gm acts on P1 by (t, [x : y]) 7→ [tx : y],
• a Gm-invariant p-ample Q-line bundle L → X and a Gm-equivariant isomorphism

(
X \p−1(0),L

∣∣
X \p−1(0)

)∼= (X × (P1\{0}),pr∗1(L)
)
,

where pr1 is the projection to the first factor, and 0 = [0 : 1], ∞ = [1 : 0].

The Donaldson–Futaki invariant of a test configuration (X ,L ) is defined as:

DF
(
X ;L

)
=

1
Ln

(
L n ·KX /P1 +

n
n+1

L n+1
)
.

Denote the central fibre p−1(0) by X0, and the fibre at infinity p−1(∞) by X∞. The test
configuration (X ,L ) is called

• trivial if there is a Gm-equivariant isomorphism

(
X \X∞,L

∣∣
X \X∞

)∼= (X × (P1\∞),pr∗1(L)
)
,

• product-type if we have an isomorphism X \X∞
∼= X × (P1\∞).

The Fano variety X is called

• K-semistable if for every its test configuration (X ,L ) one has DF(X ;L )⩾ 0,
• K-stable if for every its non-trivial test configuration (X ,L ) one has DF(X ;L )> 0,
• K-polystable if it is K-semistable and DF(X ;L ) = 0 iff (X ,L ) is of the product type.

Note that: X is K-stable =⇒ X is K-polystable =⇒ X is K-semistable.

Later on, Fujita (2019) and Li (2017) were able to give a valuative definition of K-stability

using ideas from birational geometry. In the work of Fujita and Odaka (2018) a new algebraic

invariant called the δ -invariant was introduced. It is also known as the stability threshold

due to the fact that its value reflects whether the variety in question is K-stable. In the works by

Blum and Jonsson (2020); Fujita (2019); Fujita and Odaka (2018); Li (2017); Liu et al. (2022);

Xu and Zhuang (2020) the following theorem was proven:

THEOREM. If X is a Fano variety, then

• δ (X)> 1 ⇐⇒ X is K-stable,
• δ (X)⩾ 1 ⇐⇒ X is K-semistable.
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One of the fundamental goals for algebraic geometers working on K-stability of Fano varieties

has been to develop a systematic approach for detecting K-stabilty of Fano varieties and

using that to obtain a comprehensive classification of K-stable Fano varieties. This goal has

been largely achieved via the method of Abban and Zhuang (2022), which allows to “reduce

the dimension" of the problem. More precisely, the key idea is that subvarieties of codimension

one provide the information about the initial variety.

Research on the detection of K-stability of Fano varieties has heavily focused on smooth

Fano varieties of dimensions less than four. Unfortunately, K-stability of higher dimensional

Fano varieties and singular Fano threefolds is generically unknown due to the complexity of

calculating the invariants explicitly, and to the lack of a full classification of Fano varieties

in dimensions higher than 3. Using the Abban–Zhuang method in many cases detecting K-

stability can be reduced to computing an algebraic invariant on two dimensional Fano varieties

— possibly singular del Pezzo surfaces.

In Part I of this thesis, we compute the δ -invariants of all del Pezzo surfaces with Du

Val singularities. A smooth del Pezzo surface is a projective algebraic surface whose

anticanonical divisor is ample. These surfaces are the two-dimensional Fano varieties and

play a fundamental role in the classification of algebraic surfaces. The degree of a del Pezzo

surface is defined as the self-intersection number of its canonical class, which ranges from 1

to 9. All smooth del Pezzo surfaces, except for P1×P1, can be obtained as a blowup of the the

projective plane P2 at zero to eight points in general position. The degree decreases by one

for each blow-up. In particular, P2 itself is the del Pezzo surface of degree 9.

The notion can be extended to allow mild singularities: a singular del Pezzo surface

is a normal projective surface with only log terminal (for example, Du Val) singularities

and an ample anticanonical divisor. These surfaces arise naturally in the MMP and in the

compactification of moduli spaces. Du Val singularities are a subclass of canonical surface

singularities; their description can be found in Reid (1987) or Dolgachev (2012).

In Part I of the thesis, we determine the stability thresholds of del Pezzo surfaces with Du

Val singularities. For degrees 9 to 2, we consider all points on each of the Du Val del Pezzo

surfaces to obtain the result. For degree 1, a slightly different approach was taken: we show

that the stability threshold is achieved at the "worst" singularity and compute the δ -invariant at

that point. Along the way, we provide a description of the Mori cones of Du Val del Pezzo

surfaces of degree 2, which, to our knowledge, had not been previously presented. More

precisely, in Part I we prove the following theorem:

MAIN THEOREM 1. Let X be a Du Val del Pezzo surface of degree d where d ≥ 2. Then the
δ -invariant of X is uniquely determined by the degree of X , the number of lines on X , and the
type of singularities on X which is given in the following table:
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K2
X # ls Sing(X) δ (X)

8 0 A1
3
4

7 2 A1
21
31

6 3 A1
3
4

6 4 A1
9

11

6 2 2A1
9

14

6 2 A2
3
5

6 1 A2 +A1
1
2

5 7 A1
15
17

5 5 2A1
15
19

K2
X # ls Sing(X) δ (X)

5 4 A2
5
7

5 3 A2 +A1
15
23

5 2 A3
5
9

5 1 A4
3
7

4 12 A1 1
4 9 2A1 1
4 8 2A1 1
4 6 3A1 1
4 4 4A1 1
4 8 A2

6
7

K2
X # ls Sing(X) δ (X)

4 6 A2 +A1
6
7

4 4 A2 +2A1
6
7

4 5 A3
2
3

4 4 A3
3
4

4 3 A3 +A1
3
4

4 2 A3 +2A1
3
4

4 3 A4
6

11

4 2 D4
1
2

4 1 D5
3
8

K2
X # ls Sing(X) δ (X)

3 21 A1
6
5

3 16 2A1
6
5

3 12 3A1
6
5

3 9 4A1
6
5

3 15 A2 1
3 11 A2 +A1 1
3 8 A2 +2A1 1

K2
X # ls Sing(X) δ (X)

3 7 2A2 1

3 5 2A2 +A1 1

3 3 3A2 1

3 10 A3
9

11

3 7 A3 +A1
9

11

3 5 A3 +2A1
9

11

K2
X # ls Sing(X) δ (X)

3 6 A4
9
13

3 4 A4 +A1
9
13

3 3 A5
3
5

3 2 A5 +A1
3
5

3 6 D4
3
5

3 3 D5
9
19

3 1 E6
1
3

K2
X # ls Sing(X) δ (X)

2 44 A1
3
2

2 34 2A1
3
2

2 26 3A1
3
2

2 25 3A1
3
2

2 20 4A1
3
2

2 19 4A1
3
2

2 14 5A1
3
2

2 10 6A1
3
2

2 31 A2
6
5

2 20 A2 +A1
6
5

2 18 A2 +2A1
6
5

2 13 A2 +3A1
6
5

2 16 2A2
6
5

2 12 2A2 +A1
6
5

2 8 3A2
6
5

K2
X # ls Sing(X) δ (X)

2 22 A3 1
2 16 A3 +A1 1
2 15 A3 +A1 1
2 12 A3 +2A1 1
2 11 A3 +2A1 1
2 8 A3 +3A1 1
2 10 A3 +A2 1
2 7 A3 +A2 +A1 1
2 6 2A3 1
2 4 2A3 +A1 1
2 14 A4

12
13

2 10 A4 +A1
12
13

2 6 A4 +A2
12
13

2 8 A5
6
7

2 7 A5
3
4

K2
X # ls Sing(X) δ (X)

2 6 A5 +A1
6
7

2 5 A5 +A1
3
4

2 3 A5 +A2
3
4

2 4 A6
4
5

2 2 A7
3
4

2 14 D4
3
4

2 9 D4 +A1
3
4

2 6 D4 +2A1
3
4

2 4 D4 +3A1
3
4

2 8 D5
3
5

2 5 D5 +A1
3
5

2 3 D6
1
2

2 2 D6 +A1
1
2

2 4 E6
3
7

2 1 E7
3
10

Table 1.1: δ -invariants of Du Val del Pezzo surfaces of degrees 8, 7, 6, 5, 4, 3, 2



1. Introduction 6

MAIN THEOREM 2. Let X be a Du Val del Pezzo surface of degree 1. Then, X can be realized as
the double cover X 2:1−→ P(1,1,2), which is ramified along a sextic curve R ∈ P(1,1,2). Then,
the δ -invariant of X is uniquely determined by the by the type of singularities on X and unique
elements of |−KX | containing each of singular points which is given in the following table:

Type of singularity δ (X)

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1
all elements of |−KX | containing singular points are nodal 2

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1
some elements of |−KX | containing

singular points are cuspidal
9
5

A2, A2 +A1, A2 +2A1, A2 +3A1, A2 +4A1,
2A2, 2A2 +A1, 2A2 +2A1, 3A2, 3A2 +A1, 4A2

all elements of |−KX | containing A2 singular points are nodal
12
7

A2, A2 +A1, A2 +2A1, A2 +3A1, A2 +4A1,
2A2, 2A2 +A1, 2A2 +2A1, 3A2, 3A2 +A1, 4A2

some elements of |−KX | containing A2 singular points are cuspidal
3
2

A3, A3 +A1, A3 +2A1, A3 +3A1, A3 +4A1,
A3 +A2, A3 +A2 +A1, A3 +A2 +2A1,

2A3, 2A3 +A1, 2A3 +2A1

3
2

A4, A4 +A1, A4 +2A1, A4 +A2, A4 +A2 +A1, A4 +A3, 2A4
4
3

A5, A5 +A1, A5 +2A1, A5 +A2, A5 +A2 +A1, A5 +A3
6
5

A6, A6 +A1
9
8

A7, A7 +A1 and R irreducible 18
17

A7, A7 +A1 and R reducible 1

A8, D4, D4 +A1, D4 +2A1, D4 +3A1, D4 +4A1,D4 +A2, D4 +A3, 2D4 1

D5, D5 +A1, D5 +2A1, D5 +A2, D5 +A3
6
7

D6, D6 +A1, D6 +2A1
3
4

D7
2
3

D8, E6, E6 +A1, E6 +A2
3
5

E7, E7 +A1
3
7

E8
3
11

Table 1.2: δ -invariants of Du Val del Pezzo surfaces of degree 1

This thesis presents the first complete computation of the δ -invariants for all del Pezzo surfaces

with Du Val singularities. While estimates of these invariants were previously known, for

instance, through the work of Odaka, Spotti, and Sun (2016) and Mabuchi and Mukai (1993) on

the moduli of del Pezzo surfaces — these results typically provided only qualitative information,

such as whether δ > 1 or δ < 1, based on the type of singularities. In contrast, the results

presented here yield explicit values of δ in every case. This comprehensive computation not

only completes the picture for del Pezzo surfaces but also plays a crucial role in determining
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K-stability in higher-dimensional Fano varieties as we see in further corollaries and the proof

of Main Theorem 4. In several instances, these higher-dimensional examples had previously

unknown stability behaviour, which could not have been resolved without the precise δ -

invariants computed in this work.

In Part II the existence of a Kähler–Einstein metric on Fano threefolds is discussed. As was

discussed earlier, a Fano variety admits a Kähler–Einstein metric if and only if it is K-polystable.

For two-dimensional Fano varieties (del Pezzo surfaces) Tian and Yau proved that a smooth

del Pezzo surface is K-polystable if and only if it is not a blow up of P2 in one or two points

(see Tian (1990); Tian and Yau (1987)). For three-dimensional Fano varieties the situation is

more challenging. Smooth Fano threefolds over the field C have been classified be Iskovskikh

(1997, 1998); Mori and Mukai (1981, 2003) into 105 families and the detailed description of

these families can as well be found in Araujo et al. (2023). The results in Part I lead to finding

the examples of Fano threefolds which admit a Kähler–Einstein metric:

Let V3 be a Fano threefold with canonical Gorenstein singularities such that −KV ∼ 2H for

some H ∈ Pic(V3) with H3 = 3, i.e V3 is a Fano threefold in Family №1.13.

COROLLARY 1. If for any point Q on V3 there exists an element X ∈ |H| such that Q ∈ X and
X is smooth then V3 is K-stable.

Let S1 and S2 be two distinct surfaces in the linear system |H|, and let C = S1 ∩S2. Suppose

that the curve C is smooth. Then C is an elliptic curve by the adjunction formula. Let π :
X3 → V3 be the blow up of the curve C , and let E be the π-exceptional surface. X3 is a Fano

threefold in Family №2.5. We have the following commutative diagram:

X3
π

~~

φ

  
V3 // P1

Where V3 99K P1 is the rational map given by the pencil that is generated by S1 and S2, and φ

is a fibration into del Pezzo surfaces of degree 3.

COROLLARY 2. If every fiber X of φ at most A2 singularities, then X3 is K-stable.

Let ψ : V2 → P3 be the double cover branched along the reduced possibly reducible quartic

surface R. Set H = ψ∗(OP3(1)). Then V2 is a del Pezzo threefold of degree 2 and a Fano

threefold in Family №1.12. One can show that a general surface in |H| is a smooth del Pezzo

surface of degree 2.

COROLLARY 3. If R has An-singulalrities, then V2 is K-stable.
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Let S1 and S2 be two distinct surfaces in the linear system |H|, and let C = S1 ∩S2. Suppose

that the curve C is smooth. Then C is an elliptic curve by the adjunction formula. Let π :
X2 → V2 be the blow up of the curve C , and let E be the π-exceptional surface. X2 is a Fano

threefold in Family №2.3. We have the following commutative diagram:

X2
π

~~

φ

  
V2 // P1

Where V2 99K P1 is the rational map given by the pencil that is generated by S1 and S2, and φ

is a fibration into del Pezzo surfaces of degree 2.

COROLLARY 4. If every fiber X of φ at most A3 singularities, then X2 is K-stable.

Let V1 be a Fano threefold with canonical Gorenstein singularities such that −KV1 ∼ 2H for

some H ∈ Pic(V1) with H3 = 1, i.e V1 is a Fano threefold in Family №1.11. A general element

in |H| is a Du Val del Pezzo surface of degree 1 and if V1 has isolated singularities then a

general surface in |H| is a smooth.

COROLLARY 5. If for any point Q on V1 there exists an element X ∈ |H| such that Q ∈ X and
X has at most A2 singularities then V1 is K-stable.

Let S1 and S2 be two distinct surfaces in the linear system |H|, and let C = S1 ∩S2. Suppose

that the curve C is smooth. Then C is an elliptic curve by the adjunction formula. Let π :
X1 → V1 be the blow up of the curve C , and let E be the π-exceptional surface. X1 is a Fano

threefold in Family №2.1. We have the following commutative diagram:

X1
π

~~

φ

  
V1 // P1

Where V1 99K P1 is the rational map given by the pencil that is generated by S1 and S2, and φ

is a fibration into del Pezzo surfaces of degree 1.

COROLLARY 6. If every fiber X of φ at most D4 singularities, then X1 is K-stable.

Let R(2,4) be a surface with isolated singularities of degree (2,4) in P1×P2, let π : X → P1×P2

be a double cover ramified over the surface R(2,4), i.e X is a Fano threefold in Family №2.2. Let

pr1 : P1 ×P2 → P1 be the projection on the first factor. Set p1 = pr1 ◦π . Then p1 is a fibration

into del Pezzo surfaces of degree 2.

COROLLARY 7. If every fiber X of p1 has at most A3 singularities, then X is K-stable.
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REMARK Every smooth element in Family №1.13. is known to be K-stable by Araujo et al.
(2023). Every smooth threefold in Family 2.5 such that there is no fiber of p1 which contains
D5 or E6 singularity in this family is known to be K-stable by Cheltsov, Denisova, and Fujita
(2024). Every smooth element in Family №2.2. is known to be K-stable by Cheltsov et al.
(2024). Every smooth element in Family №1.12. is known to be K-stable by Araujo et al.
(2023) and Dervan (2016). Singular Del Pezzo Threefolds of degree 2 were studied in Ascher,
DeVleming, and Liu (2023). It follows from Ascher et al. (2023); Shah (1981) that the threefold
in Family №1.12 is K-polystable if and only if the quartic surface R is GIT -polystable with
respect to natural action PGL(4) except for those of the form (x0x2+x2

1+x2
3)

2+a ·x4
3 for a ∈C.

The corollary given by the Main Theorem is slightly weaker. Every smooth threefold in Family
№2.3. is known to be K-stable by Cheltsov et al. (2024). Every smooth element in Family
№1.11. is K-stable by Araujo et al. (2023). Every smooth Fano threefold in Family №2.1. is
K-stable by Cheltsov et al. (2024).

These findings provide a wealth of new results on the K-stability of Fano varieties, many of

which were previously unknown. Notably, they apply not only to smooth Fano threefolds but

also to singular Fano varieties, which are significantly more difficult to study. Establishing K-

stability in the singular setting typically requires much deeper analysis and is less understood

than in the smooth case. The results presented here therefore mark a substantial advancement

in the field, extending the landscape of known K-stable Fano varieties and opening the door to

further developments in higher-dimensional birational geometry and moduli theory.

In the rest of the thesis, we consider different deformation families, and for one of them we

solve the Calabi problem posed in Araujo et al. (2023) in its entirety:

Calabi Problem. Find all K-polystable smooth Fano threefolds in each family.

More precisely, we solve the Calabi problem completely for Family №3.12. A member of Family

№3.12 X can be described as the blowup π : X → P3 of P3 at a twisted cubic C and line L that

is disjoint from C. We prove that:

MAIN THEOREM 3. All the smooth threefolds except one in Family №3.12 are K-polystable.

Hence, all smooth Fano threefolds in Family №3.12 except one described in (Araujo et al.,

2023, §7.7) admit a Kähler–Einstein metric.

Now we approach the Calabi Problem for Family №3.5. Let C be a smooth curve in S = P1×P1

of degree (5,1). We consider embedding S ↪→ P1 ×P2 given by

(
[u : v], [x : y]

)
7→
(
[u : v], [x2 : xy : y2]

)
,
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and identify S and C with their images in P1 × P2. Let π : X → P1 × P2 be the blow up of

the curve C. Then, X is a smooth Fano threefold in the deformation Family № 3.5 in the Mori–

Mukai list. Let pr1 : P1 ×P2 → P1 be the projection to the first factor and φ1 = pr1 ◦π . Then

φ1 is a fibration into del Pezzo surfaces of degree four, and every singular fiber of this fibration

has Du Val singular points of types A1, A2, A3 or A4. We prove the result which is a crucial

step in solving the Calabi Problem for Family №3.5:

MAIN THEOREM 4. If every singular fiber of φ1 has only singular points of type A1, then X is
K-stable.

Although we do not solve the Calabi problem completely for Family № 3.5, Main Theorem 4 is

the closest and most complete result (in combination with (Araujo et al., 2023, section 5.14))

in solving the Calabi problem for this family using the Abban-Zhuang method.

The main results of this thesis have appeared in a series of papers, such as Denisova (2023-

24, 2024a, 2024b)
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δ -invariants of Du Val Del Pezzo surfaces
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Chapter 2

δ -invariants of Du Val Del Pezzo surfaces

2.1 History and known results

It is known that a smooth Fano variety admits a Kähler–Einstein metric if and only if it is K-

polystable. In the case of two-dimensional Fano varieties (del Pezzo surfaces), Tian and Yau

showed that a smooth del Pezzo surface is K-polystable if and only if it is not the blow-up

of P2 at one or two points (see Tian (1990); Tian and Yau (1987)). Significant progress has

been made for smooth Fano threefolds. However, for Fano varieties in higher dimensions,

many questions remain open. In several cases, the problem reduces to computing the δ -

invariant of (possibly singular) del Pezzo surfaces (see Araujo et al. (2023); Cheltsov et al.

(2024); Cheltsov, Fujita, Kishimoto, and Okada (2023), etc.). For smooth del Pezzo surfaces

δ -invariants were computed in Araujo et al. (2023):

X P2 P1 ×P1 S8 S7 S6 S5 S4 S1
3 S2

3 S1
2 S2

2 S1
1 S2

1

δ (X) 1 1 6
7

21
25 1 15

13
4
3

3
2

27
17

9
5

15
8

15
7

12
5

Table 2.1: δ -invariants of smooth del Pezzo surfaces

where Sd is a blowup of P2 at 9−d points in general position; S1
3 is S3 with an Eckardt point, S2

3

is S3 without an Eckardt point; S1
2 is S2 such that the linear system |−KS2| contains a tacnodal

curve; S2
2 is S2 such that the linear system | −KS2| does not contain a tacnodal curve; S1

1 is

S1 such that the linear system |−KS1| contains a cuspidal curve; S2
1 is S1 such that the linear

system |−KS1| does not contain a cuspidal curve. In this article, we compute δ -invariants of

singular Du Val del Pezzo surfaces. We prove that:

MAIN THEOREM 1. Let X be a Du Val del Pezzo surface of degree d where d ≥ 2. Then the
δ -invariant of X is uniquely determined by the degree of X , the number of lines on X , and the
type of singularities on X which is given in the following table:

12
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K2
X # ls Sing(X) δ (X)

8 0 A1
3
4

7 2 A1
21
31

6 3 A1
3
4

6 4 A1
9

11

6 2 2A1
9

14

6 2 A2
3
5

6 1 A2 +A1
1
2

5 7 A1
15
17

5 5 2A1
15
19

K2
X # ls Sing(X) δ (X)

5 4 A2
5
7

5 3 A2 +A1
15
23

5 2 A3
5
9

5 1 A4
3
7

4 12 A1 1
4 9 2A1 1
4 8 2A1 1
4 6 3A1 1
4 4 4A1 1
4 8 A2

6
7

K2
X # ls Sing(X) δ (X)

4 6 A2 +A1
6
7

4 4 A2 +2A1
6
7

4 5 A3
2
3

4 4 A3
3
4

4 3 A3 +A1
3
4

4 2 A3 +2A1
3
4

4 3 A4
6

11

4 2 D4
1
2

4 1 D5
3
8

K2
X # ls Sing(X) δ (X)

3 21 A1
6
5

3 16 2A1
6
5

3 12 3A1
6
5

3 9 4A1
6
5

3 15 A2 1
3 11 A2 +A1 1
3 8 A2 +2A1 1

K2
X # ls Sing(X) δ (X)

3 7 2A2 1

3 5 2A2 +A1 1

3 3 3A2 1

3 10 A3
9

11

3 7 A3 +A1
9

11

3 5 A3 +2A1
9

11

K2
X # ls Sing(X) δ (X)

3 6 A4
9
13

3 4 A4 +A1
9
13

3 3 A5
3
5

3 2 A5 +A1
3
5

3 6 D4
3
5

3 3 D5
9
19

3 1 E6
1
3

K2
X # ls Sing(X) δ (X)

2 44 A1
3
2

2 34 2A1
3
2

2 26 3A1
3
2

2 25 3A1
3
2

2 20 4A1
3
2

2 19 4A1
3
2

2 14 5A1
3
2

2 10 6A1
3
2

2 31 A2
6
5

2 20 A2 +A1
6
5

2 18 A2 +2A1
6
5

2 13 A2 +3A1
6
5

2 16 2A2
6
5

2 12 2A2 +A1
6
5

2 8 3A2
6
5

K2
X # ls Sing(X) δ (X)

2 22 A3 1
2 16 A3 +A1 1
2 15 A3 +A1 1
2 12 A3 +2A1 1
2 11 A3 +2A1 1
2 8 A3 +3A1 1
2 10 A3 +A2 1
2 7 A3 +A2 +A1 1
2 6 2A3 1
2 4 2A3 +A1 1
2 14 A4

12
13

2 10 A4 +A1
12
13

2 6 A4 +A2
12
13

2 8 A5
6
7

2 7 A5
3
4

K2
X # ls Sing(X) δ (X)

2 6 A5 +A1
6
7

2 5 A5 +A1
3
4

2 3 A5 +A2
3
4

2 4 A6
4
5

2 2 A7
3
4

2 14 D4
3
4

2 9 D4 +A1
3
4

2 6 D4 +2A1
3
4

2 4 D4 +3A1
3
4

2 8 D5
3
5

2 5 D5 +A1
3
5

2 3 D6
1
2

2 2 D6 +A1
1
2

2 4 E6
3
7

2 1 E7
3
10

Table 2.2: δ -invariants of Du Val del Pezzo surfaces of degrees 8, 7, 6, 5, 4, 3, 2
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MAIN THEOREM 2. Let X be a Du Val del Pezzo surface of degree 1. Then X can be realized
as the double cover X 2:1−→ P(1,1,2), which is ramified along a sextic curve R ∈ P(1,1,2). Then
the δ -invariant of X is uniquely determined by the by the type of singularities on X and unique
elements of |−KX | containing each of singular points which is given in the following table:

Type of singularity δ (X)

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1
all elements of |−KX | containing singular points are nodal 2

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1
some elements of |−KX | containing

singular points are cuspidal
9
5

A2, A2 +A1, A2 +2A1, A2 +3A1, A2 +4A1,
2A2, 2A2 +A1, 2A2 +2A1, 3A2, 3A2 +A1, 4A2

all elements of |−KX | containing A2 singular points are nodal
12
7

A2, A2 +A1, A2 +2A1, A2 +3A1, A2 +4A1,
2A2, 2A2 +A1, 2A2 +2A1, 3A2, 3A2 +A1, 4A2

some elements of |−KX | containing A2 singular points are cuspidal
3
2

A3, A3 +A1, A3 +2A1, A3 +3A1, A3 +4A1,
A3 +A2, A3 +A2 +A1, A3 +A2 +2A1,

2A3, 2A3 +A1, 2A3 +2A1

3
2

A4, A4 +A1, A4 +2A1, A4 +A2, A4 +A2 +A1, A4 +A3, 2A4
4
3

A5, A5 +A1, A5 +2A1, A5 +A2, A5 +A2 +A1, A5 +A3
6
5

A6, A6 +A1
9
8

A7, A7 +A1 and R irreducible 18
17

A7, A7 +A1 and R reducible 1

A8, D4, D4 +A1, D4 +2A1, D4 +3A1, D4 +4A1,D4 +A2, D4 +A3, 2D4 1

D5, D5 +A1, D5 +2A1, D5 +A2, D5 +A3
6
7

D6, D6 +A1, D6 +2A1
3
4

D7
2
3

D8, E6, E6 +A1, E6 +A2
3
5

E7, E7 +A1
3
7

E8
3
11

Table 2.3: δ -invariants of Du Val del Pezzo surfaces of degree 1

This result can be viewed as a generalization of α-invariant computations, which were done

by I. Cheltsov, D. Kosta, J, Park and J. Won in a series of papers Cheltsov (2009); Cheltsov

and Kosta (2014); Park and Won (2010a, 2010b) since δ and α invariants are related as

3α(X)≥ δ (X)≥ 3α(X)
2 in case of del Pezzo surfaces. The Du Val del Pezzo surfaces of degree
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three were listed in Coray and Tsfasman (1988), the singularity types of Du Val del Pezzo

surfaces of degrees one and two were listed in Tian and Yau (1983). The results of this article

confirm the results in Odaka–Spotti–Sun Odaka et al. (2016) paper and lead to finding new

K-stable examples of singular Fano threefolds.

2.2 Proof of Main Theorem via Kento Fujita’s formulas

In this paper in order to find δ -invariants of Du Val del Pezzo surfaces we apply Abban–Zhuang

theory and use Kento Fujita’s formulas. Let X be a Du Val del Pezzo surface, and let S be a

minimal resolution of X . For a birational morphism f : X̃ → X and E be a prime divisor in X̃

we say that E is a prime divisor over X . If E is f -exceptional, we say that E is an exceptional

prime divisor over X . We will denote the subvariety f (E) by CX(E). Let

SX(E) =
1

(−KX)2

∫
τ

0
vol( f ∗(−KX)− vE)dv and AX(E) = 1+ordE(KX̃ − f ∗(KX)),

where τ = τ(E) is the pseudo-effective threshold of E with respect to −KX . Let Q be a point

in X . We can define a local δ -invariant and a global δ -invariant of X as

δQ(X) = inf
E/X

Q∈CX (E)

AX(E)
SX(E)

and δ (X) = inf
Q∈X

δQ(X)

where the infimum runs over all prime divisors E over the surface X such that Q ∈ CX(E).

Similarly, for the surface S and a point P on S we define local δ -invariant and a global δ -

invariant of S as

δP(S) = inf
F/S

P∈CS(F)

AS(F)

SS(F)
and δ (S) = inf

P∈S
δP(S)

where SS(F) and AS(F) are defined as SX(E) and AX(E) above. It is clear that

δ (X) = δ (S) and δQ(X) = inf
P:Q= f (P)

δP(S)

We now fix a point P on S and choose a smooth curve A on S containing P. Set

τ(A) = sup
{

v ∈ R⩾0
∣∣ the divisor −KS − vA is pseudo-effective

}
.

For v ∈ [0,τ], let P(v) be the positive part of the Zariski decomposition of the divisor −KS−vA,

and let N(v) be its negative part. Then we set

S
(
W A

•,•;P
)
=

2
K2

S

∫
τ(A)

0
h(v)dv, where h(v) =

(
P(v) ·A

)
×
(
N(v) ·A

)
P +

(
P(v) ·A

)2

2
.
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It follows from (Araujo et al., 2023, Theorem 1.7.1) that:

δP(S)⩾ min

{
1

SS(A)
,

1
S(W A

•,•,P)

}
. (2.2.1)

Unfortunately, this approach does not always give us a good estimation. If this is the case, we

apply the generalization of this method. Let σ : Ŝ → S be a weighted blowup of the point P on

S. Suppose, in addition, that Ŝ is a Mori Dream space Then

• the σ -exceptional curve EP ∼= P1 such that σ(EP) = P,

• the log pair (Ŝ,EP) has purely log terminal singularities.

Thus, the birational map σ a plt blowup of a point P. Write

KEP +∆EP =
(
KŜ +EP

)∣∣
EP
,

where ∆EP is an effective Q-divisor on EP known as the different of the log pair (Ŝ,EP). Note

that the log pair (EP,∆EP) has at most Kawamata log terminal singularities, and the divisor

−(KEP +∆EP) is σ |EP-ample.

Let O be a point on EP. Set

τ(EP) = sup
{

v ∈ R⩾0
∣∣ the divisor σ

∗(−KS)− vEP is pseudo-effective
}
.

For v∈ [0,τ], let P̂(v) be the positive part of the Zariski decomposition of the divisor σ∗(−KS)−
vEP, and let N̂(v) be its negative part. Then we set

S
(
W EP

•,• ;O
)
=

2
K2

Ŝ

∫
τ(EP)

0
ĥ(v)dv, where ĥ(v) =

(
P̂(v) ·EP

)
×
(
N̂(v) ·EP

)
O +

(
P̂(v) ·EP

)2

2
.

Let AEP,∆EP
(O)= 1−ord∆EP

(O). It follows from (Araujo et al., 2023, Theorem 1.7.9) and (Araujo

et al., 2023, Corollary 1.7.12) that

δP(S)⩾ min

{
AS(EP)

SS(EP)
, inf

O∈EP

AEP,∆EP
(O)

S
(
W EP•,• ;O

)}, (2.2.2)

where the infimum is taken over all points O ∈ EP. Now for all the points P on S we now either

values of local δ -invariants or estimations of them. Taking the minimum we compute δ (S) -

the global δ -invariant of S and thus, δ (X) = δ (S) - the global δ -invariant of X . We apply this

method to minimal resolutions of Du Val del Pezzo surfaces to prove Main Theorem.



Chapter 3

Du Val del Pezzo surfaces of degrees 7
and 8

It was mentioned in (Araujo et al., 2023, Table 2.1) δ -invariants of smooth del Pezzo surfaces

of degrees 7 and 8 are given in the following table:

X P1 ×P1 blowup of P2 in one point blowup of P2 in two points

δ (X) 1 6
7

21
25

Table 3.1: δ -invariants of Du Val del Pezzo surfaces of degrees 7 and 8

In this chapter, we compute δ -invariants of singular Du Val del Pezzo surfaces of degrees 7
and 8. More precisely we prove that if X is a del Pezzo surface with A1-singularity of degree 8
then δ (X) = 4

3 and if X is a del Pezzo surface with A1-singularity of degree 7 then δ (X) = 21
31 .

3.1 Del Pezzo surface of degree 8 with A1 singularity

Let X be a singular del Pezzo surface of degree 8 with one A1 singularity. Then X contains 0
lines. Let E be the unique (−2)-curve. One has δP(X) = 3

4 for P ∈ X . Thus δ (X) = 3
4 .

Proof. Let F be a fiber of natural projection on P1. Then τ(F) = 4 and the Zariski

Decomposition of the divisor −KX − vF is given by:

P(v) =−KX − vF − v
2

E and N(v) =
v
2

E if v ∈ [0,4].

Moreover,

(P(v))2 =
(4− v)2

2
and P(v) ·F = 2− v

2
if v ∈ [0,4].

We have SX(F) = 4
3 . Thus, δP(S)≤ 3

4 . Note that h(v)≤ (4−v)(4+v)
8 if v ∈ [0,4]. So S(W F

•,•;P)≤
4
3 . Thus, δP(X) = 3

4 for P ∈ X and δ (X) = 3
4 .

17
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3.2 Del Pezzo surface of degree 7 with A1 singularity

Let X be a singular del Pezzo surface with one A1 singularity, S be a minimal resolution

of X . Then X contains 2 lines, and S can be obtained by blowing up P2 at point P1; and a

point P2 on the exceptional divisor corresponding to P1. Let E1, E2 be the exceptional divisors

corresponding to P1, P2; L12 be a (−1)-curve which is a strict transform of the line passing

through P1. The dual graph of (−1) and (−2) curves is given in the following picture:

Figure 3.1: Dual graph: (−KS)
2 = 7, singularity A1

One has

δP(S) =


21
31 if P ∈ E2,

7
9 if P ∈ E1\E2,

21
25 if P ∈ L12\E2.

and δP(S)≥
21
23

otherwise.

Thus δP(X) = 21
31 .

Proof. Step 1. Suppose P ∈ L12. Then τ(L12) = 3 and the Zariski Decomposition of the divisor

−KS − vL12 is given by:

P(v) =

−KS − vL12 if v ∈ [0,1],

−KS − vL12 − (v−1)(E1 +2E2) if v ∈ [1,3].

N(v) =

0 if v ∈ [0,1],

(v−1)(E1 +2E2) if v ∈ [1,3].

Moreover,

(P(v))2 =

7−2v− v2 if v ∈ [0,1],

(3− v)2 if v ∈ [1,3].
P(v) ·L12 =

1+ v if v ∈ [0,1],

3− v if v ∈ [1,3].

We have SS(L12) =
25
21 . Thus, δP(S)≤ 21

25 for P ∈ L12. Note that for P ∈ L12\E2 we have:

h(v)≤


(1+v)2

2 if v ∈ [0,1],
(3−v)2

2 if v ∈ [1,3].

So S(W L12•,• ;P)≤ 5
7 < 25

21 . Thus, δP(S) = 21
25 if P ∈ L12\E2.
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Step 2. Suppose P ∈ E1 . Then τ(E1) = 2 and the Zariski Decomposition of the divisor −KS −
vE1 is given by:

P(v) =

−KS − vE1 if v ∈ [0,1],

−KS − vE1 − (v−1)E2 if v ∈ [1,2].
N(v) =

0 if v ∈ [0,1],

(v−1)E2 if v ∈ [1,2].

Moreover,

(P(v))2 =

7−2v2 if v ∈ [0,1],

(2− v)(4+ v) if v ∈ [1,2].
P(v) ·E1 =

2v if v ∈ [0,1],

v+1 if v ∈ [1,2].

We have SS(E1) =
9
7 . Thus, δP(S)≤ 7

9 for P ∈ E1. Note that for P ∈ E1\E2

h(v)≤

2v2 if v ∈ [0,1],
(v+1)2

2 if v ∈ [1,2].

So S(W E1•,•;P)≤ 23
21 < 9

7 . Thus, δP(S) = 7
9 if P ∈ E1\E2.

Step 3. Suppose P ∈ E2 . Then τ(E2) = 4 and Zariski Decomposition of the divisor −KS−vE2

is given by:

P(v)=

−KS − vE2 − v
2E1 if v ∈ [0,1],

−KS − vE2 − v
2E1 − (v−1)L12 if v ∈ [1,4].

N(v)=

 v
2E1 if v ∈ [0,1],
v
2E1 +(v−1)L12 if v ∈ [1,4].

Moreover,

(P(v))2 =

7−2v− v2

2 if v ∈ [0,1],
(4−v)2

2 if v ∈ [1,4].
P(v) ·E2 =

1+ v
2 if v ∈ [0,1],

2− v
2 if v ∈ [1,4].

We have SS(E2) =
31
21 . Thus, δP(S) ≤ 21

31 for P ∈ E2. Note that if P ∈ E2\L12 or if P ∈ E2 ∩L12

then

h(v)≤


(v+2)(3v+2)

8 if v ∈ [0,1],
(4−v)(v+4)

8 if v ∈ [1,4].
or h(v)≤


(2+v)2

8 if v ∈ [0,1],
3(4−v)v

8 if v ∈ [1,4].

So S(W E2•,•;P)≤ 17
21 < 31

21 or S(W E2•,•;P)≤ 13
21 ≤ 31

21 . Thus, δP(S) = 21
31 if P ∈ E2.

Step 4. Suppose P ̸∈ E1∪E2∪L2. Consider a blowup π : S̃ → S at point P with the exceptional

divisor EP. Suppose Ẽ1 is a strict transform of E1 and L1P is a strict transform of the line

through P1 and a projection of P on P2. Then τ(EP) = 3 and Zariski Decomposition of the
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divisor σ∗(−KS)− vEP is given by:

P(v) =

σ∗(−KS)− vEP if v ∈ [0,2],

σ∗(−KS)− vEP − (v−2)(2L1P + Ẽ1) if v ∈ [2,3].

N(v) =

0 if v ∈ [0,2],

(v−2)(2L1P + Ẽ1) if v ∈ [2,3].

Moreover,

(P(v))2 =

7− v2 if v ∈ [0,2],

(3− v)(5− v) if v ∈ [2,3].
P(v) ·EP =

v if v ∈ [0,2],

4− v if v ∈ [2,3].

We have SS(EP) =
38
21 . Thus, δP(S)≤ 2

38/21 = 21
19 . Note that for O ∈ EP we have:

h(v) =

v2

2 if v ∈ [0,2],
(4−v)(3v−4)

2 if v ∈ [2,3].

So S(W EP•,• ;O)≤ 23
21 . Thus, δP(S)≤ 21

23 if P ̸∈ E1 ∪E2 ∪L12.



Chapter 4

Du Val Del Pezzo surfaces of degree 6

It was mentioned in (Araujo et al., 2023, Table 2.1) that δ (X) = 1 when X is a smooth del

Pezzo surface of degree 6. In this chapter, we compute δ -invariants of singular Du Val del

Pezzo surfaces of degree 6.

MAIN THEOREM Let X be a singular del Pezzo surface of degree 6. Then the δ -invariant of X is
uniquely determined by the degree of X , the number of lines on X , and the type of singularities
on X which is given in the following table:

K2
X # lines Sing(X) δ (X)

6 3 A1
3
4

6 4 A1
9
11

6 2 2A1
9
14

6 2 A2
3
5

6 1 A2 +A1
1
2

Table 4.1: δ -invariants of Du Val del Pezzo surfaces of degree 6

4.1 General results for degree 6
Let X be a del Pezzo surface of degree 6 with at most Du Val singularities, S be a minimal

resolution of X and P be a point on S. Then:

Lemma 4.1.1. Let P be a general point on S. Consider the blowup σ : S̃ → S of S at P with the

exceptional divisor A there exist (−1)-curves and (−2)-curves which form one of the following

dual graphs:

a) b) c)

Figure 4.1: Dual graph: (−KS)
2 = 6 for a general point

21
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Then τ(A) = 3 and the Zariski Decomposition of the divisor σ∗(−KS)− vA is given by:

a). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(B1 +B2 +B3) if v ∈ [2,3].

N(v) =

0 if v ∈ [0,2],

(v−2)(B1 +B2 +B3) if v ∈ [2,3].

b). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(2B1 +C1 +B2) if v ∈ [2,3].

N(v) =

0 if v ∈ [0,2],

(v−2)(2B1 +C1 +B2) if v ∈ [2,3].

c). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(3B1 +2C1 +D1) if v ∈ [2,3].

N(v) =

0 if v ∈ [0,2],

(v−2)(3B1 +2C1 +D1) if v ∈ [2,3].

Moreover,

(P(v))2 =

6− v2 if v ∈ [0,2],

2(3− v)2 if v ∈ [2,3].
P(v) ·A =

v if v ∈ [0,2],

2(3− v) if v ∈ [2,3].

In this case δP(S)≥ 1.

Proof. The Zariski Decomposition in part a). follows from σ∗(−KS)− vA ∼ (3− v)A+B1 +

B2 +B3. A similar statement holds in other parts. We have SS(A) = 5
3 . Thus, δP(S)≤ 2

5/3 = 6
5 .

Moreover,

h(v) =

v2

2 if v ∈ [0,2],

2(3− v)(2v−3) if v ∈ [2,3].

So S(W A
•,•;O)≤ 1. We get that δP(S)≥ 1.

Now we consider a curve A on S. Small circles correspond to a (−1)-curves and large circles

correspond to a (−2)-curves on dual graphs.

Lemma 4.1.2. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph: Then τ(A) = 2 and the Zariski Decomposition of
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a) b)

Figure 4.2: Dual graph: (−KS)
2 = 6 and δP(S) = 1

the divisor −KS − vA is given by:

a). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +B2) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +B2) if v ∈ [1,2].

b). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(2B+C) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(2B+C) if v ∈ [1,2].

Moreover,

(P(v))2 =

6−2v− v2 if v ∈ [0,1],

(2− v)(4− v) if v ∈ [1,2].
P(v) ·A =

v+1 if v ∈ [0,1],

3− v if v ∈ [1,2].

In this case δP(S) = 1 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R
(
2− v

)
A+ 1

2

(
3B1 +

C1 +3B2 +C2
)
. A similar statement holds in other parts. We have SS(A) = 1. Thus, δP(S)≤ 1

for P ∈ A. Moreover, for P ∈ A\B:

h(v)≤


(v+1)2

2 if v ∈ [0,1],
(3−v)(v+1)

2 if v ∈ [1,2].

So S(W A
•,•;P)≤ 1. We get that δP(S) = 1 for P ∈ A\B.

Lemma 4.1.3. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 4.3: Dual graph: (−KS)
2 = 6 and δP(S) = 9

10
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =−KS − vA− v
2

B and N(v) =
v
2

B if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(6+ v)

2
and P(v) ·A = 1+

v
2

if v ∈ [0,2].

In this case δP(S) = 9
10 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R
(
2− v

)
A+ 3B+ 4C + 2D. We

have SS(A) = 10
9 . Thus, δP(S)≤ 9

10 for P ∈ A. Note that if P ∈ A\B we have h(v) = (2+v)2

8 if v ∈
[0,2]. So S(W A

•,•;P)≤ 7
9 ≤ 10

9 . Thus, δP(S) = 9
10 if P ∈ A\B.

Lemma 4.1.4. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and

(−2)-curves which form the following dual graph and no other (−1)-curves and (−2)-curves

intersect A:

a) b)

Figure 4.4: Dual graph: (−KS)
2 = 6 and δP(S) = 9

11 with τ(A) = 2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +B2) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +B2) if v ∈ [1,2].

b). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(2B1 +C) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(2B1 +C) if v ∈ [1,2].

Moreover,

(P(v))2 =

6−2v2 if v ∈ [0,1],

8−4v if v ∈ [1,2].
P(v) ·A =

2v if v ∈ [0,1],

2 if v ∈ [1,2].

In this case δP(S) = 9
11 if P ∈ A\B.
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Proof. The Zariski Decomposition in part a). follows from −KS−vA ∼R
(
2−v

)
A+2B1+C1+

2B2 +C2. A similar statement holds in other parts. We have SS(A) = 11
9 . Thus, δP(S)≤ 9

11 for

P ∈ A\B. Moreover,

h(v) =

2v2 if v ∈ [0,1],

2v if v ∈ [1,2].

So S(W A
•,•;P)≤ 11

9 . We get that δP(S) = 9
11 for P ∈ A\B.

Lemma 4.1.5. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 4.5: Dual graph: (−KS)
2 = 6 and δP(S) = 9

11 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)B1 if v ∈ [1,2],

−KS − vA− (v−1)(B+B1)− (v−2)C if v ∈ [2,3],

N(v) =


v
2B if v ∈ [0,1],
v
2B+(v−1)B1 if v ∈ [1,2],

(v−1)(B+B1)+(v−2)C if v ∈ [2,3].

Moreover,

(P(v))2 =


(2−v)(6+v)

2 if v ∈ [0,1],
v2

2 −4v+7 if v ∈ [1,2],

(3− v)2 if v ∈ [2,3].

P(v) ·A =


1+ v

2 if v ∈ [0,1],

2− v
2 if v ∈ [1,2],

3− v if v ∈ [2,3].

In this case δP(S) = 9
11 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R
(
3− v

)
A+ 2B1 + 2B+C. We

have SS(A) = 11
9 . Thus, δP(S)≤ 9

11 for P ∈ A. Moreover, if P ∈ A\B:

h(v)≤


(v+2)2

8 if v ∈ [0,1],
3(4−v)v

8 if v ∈ [1,2],
(3−v)(v+1)

2 if v ∈ [2,3].

So S(W A
•,•;P)≤ 1 ≤ 11

9 . We get that δP(S) = 9
11 for P ∈ A\B.
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Lemma 4.1.6. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 4.6: Dual graph: (−KS)
2 = 6 and δP(S) = 4

5

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B+C) if v ∈

[
0, 3

2

]
,

−KS − vA− (v−1)(2B+C)− (2v−3)C′ if v ∈
[3

2 ,3
]
.

N(v) =

 v
3(2B+C) if v ∈

[
0, 3

2

]
,

(v−1)(2B+C)+(2v−3)C′ if v ∈
[3

2 ,3
]
.

Moreover,

(P(v))2 =

6−2v− v2

3 if v ∈
[
0, 3

2

]
,

(3− v)2 if v ∈
[3

2 ,3
]
.

P(v) ·A =

1+ v
3 if v ∈

[
0, 3

2

]
,

3− v if v ∈
[3

2 ,3
]
.

In this case δP(S) = 4
5 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R
(
3− v

)
A+ 4B+ 2C+ 3C′. We

have SS(A) = 5
4 . Thus, δP(S)≤ 4

5 for P ∈ A. Moreover, if P ∈ A\B:

h(v) =


(3+v)2

18 if v ∈
[
0, 3

2

]
,

(3−v)2

2 if v ∈
[3

2 ,3
]
.

So S(W A
•,•;P)≤ 7

12 ≤ 5
4 . We get that δP(S) = 4

5 for P ∈ A\B.

Lemma 4.1.7. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b) c)

Figure 4.7: Dual graph: (−KS)
2 = 6 and δP(S) = 3

4 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +B2 +B3) if v ∈ [1,3].
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N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +B2 +B3) if v ∈ [1,3].

b). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +2B+C) if v ∈ [1,3].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +2B+C) if v ∈ [1,3].

c). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(3B+2C+D) if v ∈ [1,3].

N(v) =

0 if v ∈ [0,1],

(v−1)(3B+2C+D) if v ∈ [1,3].

Moreover,

(P(v))2 =

2(3− v2) if v ∈ [0,1],

(3− v)2 if v ∈ [1,3].
P(v) ·A =

2v if v ∈ [0,1],

3− v if v ∈ [1,3].

In this case δP(S) = 3
4 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS−vA∼R
(
3−v

)
A+2B1+2B2+

2B3. A similar statement holds in other parts. We have SS(A) = 4
3 . Thus, δP(S)≤ 3

4 for P ∈ A.

Note that if P ∈ A\B we have:

h(v)≤

2v2 if v ∈ [0,1],
(3−v)(v+1)

2 if v ∈ [1,3].

So S(W A
•,•;P)≤ 10

9 ≤ 4
3 . Thus, δP(S) = 3

4 if P ∈ A\B.

Lemma 4.1.8. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) a')

Figure 4.8: Dual graph: (−KS)
2 = 6 and δP(S) = 3

4 with τ(A) = 2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =−KS − vA− v
2

B and N(v) =
v
2

B if v ∈ [0,2].
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Moreover,

(P(v))2 =
3(2− v)(6+ v)

2
and P(v) ·A =

3v
2

if v ∈ [0,2].

In this case δP(S) = 3
4 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R
(
2− v

)
A+4B+3C+

3C′. We have SS(A) = 4
3 . Thus, δP(S) ≤ 3

4 for P ∈ A. Note that if P ∈ A\B we have h(v) =
9v2

8 if v ∈ [0,2]. So S(W A
•,•;P)≤ 4

3 . Thus, δP(S) = 3
4 if P ∈ A\B.

Lemma 4.1.9. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 4.9: Dual graph: (−KS)
2 = 6 and δP(S) = 9

14

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2(B+B′) if v ∈ [0,2],

−KS − vA− v
2B′− (v−1)B− (v−2)C if v ∈ [2,4].

N(v) =

 v
2(B+B′) if v ∈ [0,2],
v
2B′+(v−1)B+(v−2)C if v ∈ [2,4].

Moreover,

(P(v))2 =

2(3− v) if v ∈ [0,2],
(v−4)2

2 if v ∈ [2,4].
P(v) ·A =

1 if v ∈ [0,2],

2− v
2 if v ∈ [2,4].

In this case δP(S) = 9
14 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R
(
4− v

)
A+ 3B+ 2C + 2B′. We

have SS(A) = 14
9 . Thus, δP(S)≤ 9

14 for P ∈ A. Moreover if P ∈ A∩B′ or P ∈ A\B′:

h(v) =

v+1
2 if v ∈ [0,2],

(4−v)(4+v)
8 if v ∈ [2,4].

or h(v)≤

v+1
2 if v ∈ [0,2],

3(4−v)v
8 if v ∈ [2,4].

So S(W A
•,•;P)≤ 11

9 ≤ 14
9 or S(W A

•,•;P)≤ 4
3 ≤ 14

9 . We get that δP(S) = 9
14 for P ∈ A.

Lemma 4.1.10. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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a) b)

Figure 4.10: Dual graph: (−KS)
2 = 6 and δP(S) = 3

5

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(B2 +B3) if v ∈ [1,4].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 − (v−1)(B2 +B3) if v ∈ [1,4].

b). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(2B+C) if v ∈ [1,4].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 − (v−1)(2B+C) if v ∈ [1,4].

Moreover,

(P(v))2 =


3(2−v)(2+v)

2 if v ∈ [0,1],
(4−v)2

2 if v ∈ [1,4].
P(v) ·A =

3v
2 if v ∈ [0,1],

2− v
2 if v ∈ [1,4].

In this case δP(S) = 3
5 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R
(
4− v

)
A+ 2B1 + 3B2 + 3B3. A

similar statement holds in other parts. We have SS(A) = 5
3 . Thus, δP(S) ≤ 3

5 for P ∈ E2. Note

that if P ∈ A\B1 or if P ∈ A∩B1: then:

h(v)≤

9v2

8 if v ∈ [0,1],
3(4−v)v

8 if v ∈ [1,4].
or h(v)≤

15v2

8 if v ∈ [0,1],
(4−v)(4+v)

8 if v ∈ [1,4].

So S(W A
•,•;P)≤ 5

4 ≤ 5
3 or S(W A

•,•;P)≤ 4
3 ≤ 5

3 . Thus, δP(S) = 3
5 if P ∈ A\B.

Lemma 4.1.11. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 4.11: Dual graph: (−KS)
2 = 6 and δP(S) = 1

2
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Then τ(A) = 6 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =−KS − vA− v
3
(2B1 +C1)−

v
2

B2 and N(v) =
v
3
(2B1 +C1)+

v
2

B2 if v ∈ [0,6].

Moreover,

(P(v))2 =
(6− v)2

2
P(v) ·A = 1− v

6
if v ∈ [0,6].

In this case δP(S) = 1
2 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R
(
6 − v

)
A + 4B1 + 2C1 + 3B2.

We have SS(A) = 2. Thus, δP(S) ≤ 1
2 for P ∈ A. Note that h(v) ≤ (6−v)(7v+6)

72 if v ∈ [0,6]. So

S(W A
•,•;P)≤ 5

3 ≤ 2. Thus, δP(S) = 1
2 if P ∈ A.

4.2 Finding δ -invariants for degree 6
Let X be a singular del Pezzo surface of degree 6 with and S be a minimal resolution of X .

Then there are several possible cases:

I. X has an A1 singularity and contains 3 lines. In this case, we let E be the exceptional

divisor, Li for i ∈ {1,2,3} are the lines on S,

II. X has an A1 singularity and contains 4 lines. In this case, we let E be the exceptional

divisor, Li and L′
i for i ∈ {1,2} be the lines on S,

III. X has two A1 singularities and contains 2 lines. In this case, we let Ei for i ∈ {1,2} be

the exceptional divisors, L1 and L12 are the lines on S,

IV. X has an A2 singularity and contains 2 lines. In this case, we let Ei for i ∈ {1,2} be the

exceptional divisors, L1 and L′
1 be the lines on S,

V. X has A2 and A1 singularities and contains 1 line. In this case, we let Ei for i ∈ {1,2,3}
be the exceptional divisors, L13 be the line on S.

such that the dual graph of the (−1)-curves and (−2)-curves on S is given the picture below.

Figure 4.12: Du Val del Pezzo surfaces with (−KS)
2 = 6
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Then

I. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E (L1 ∪L2 ∪L3)\E o/w
δP(S) 3

4
9
10 ≥ 1

Table 4.2: Local δ -invariants: (−KS)
2 = 6 and A1 singularity, 3 lines

II. δ (X) = 9
11 since since depending on the position of point P ∈ S we have

P E ∪L1 ∪L2 (L′
1 ∪L′

2)\(L1 ∪L2) o/w
δP(S) 9

10 1 ≥ 1

Table 4.3: Local δ -invariants: (−KS)
2 = 6 and A1 singularity, 4 lines

III. δ (X) = 9
14 since since depending on the position of point P ∈ S we have

P L12 E1\L12 E2\L12 L1\E1 o/w
δP(S) 9

14
3
4

9
11

9
10 ≥ 1

Table 4.4: Local δ -invariants: (−KS)
2 = 6 and 2A1 singularities

IV. δ (X) = 3
5 since since depending on the position of point P ∈ S we have

P E1 E2\E1 (L1 ∪L′
1)\E1 o/w

δP(S) 3
5

3
4

4
5 ≥ 1

Table 4.5: Local δ -invariants: (−KS)
2 = 6 and A2 singularity

V. δ (X) = 1
2 since since depending on the position of point P ∈ S we have

P L13 E1\L13 (E2 ∪E3)\(E1\L13) o/w
δP(S) 1

2
3
5

3
4 ≥ 1

Table 4.6: Local δ -invariants: (−KS)
2 = 6 and A2A1 singularities

Proof. We prove each case separately using lemmas from the previous section.

I. If P ∈ E the assertion follows from Lemma 4.1.7. If P ∈ (L1 ∪L2 ∪L3)\E the assertion

follows from Lemma 4.1.3. If P is a general point the assertion follows from Lemma 4.1.1.

II. If P ∈ E the assertion follows from Lemma 4.1.4 [a).]. If P ∈ (L1 ∪L2)\E the assertion

follows from Lemma 4.1.5. If P ∈ (L′
1 ∪L′

2)\(L1 ∪L2) the assertion follows from Lemma

4.1.2 [b).]. If P is a general point the assertion follows from Lemma 4.1.1.

III. If P ∈ L12 the assertion follows from Lemma 4.1.9. If P ∈ E1\L12 the assertion follows

from Lemma 4.1.7 [b).]. If P ∈ E2\L12 the assertion follows from Lemma 4.1.4 [b).]. If

P ∈ L1\E1 the assertion follows from Lemma 4.1.3. If P is a general point the assertion

follows from Lemma 4.1.1.
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IV. If P∈E1 the assertion follows from Lemma 4.1.10 [a).]. If P∈E2\E1 the assertion follows

from Lemma 4.1.8. If P ∈ (L1 ∪L′
1)\E1 the assertion follows from Lemma 4.1.6. If P is a

general point the assertion follows from Lemma 4.1.1.

V. If P ∈ L12 the assertion follows from Lemma 4.1.11. If P ∈ E1\L13 the assertion follows

from Lemma 4.1.10 [b).]. If P ∈ E2\E1 the assertion follows from Lemma 4.1.8. If P ∈
E2\L13 the assertion follows from Lemma 4.1.7. If P is a general point the assertion

follows from Lemma 4.1.1.



Chapter 5

Du Val Del Pezzo surfaces of degree 5

In (Araujo et al., 2023, Lemma 2.11) it was proven that δ (X) = 15
13 when X is a smooth del

Pezzo surface of degree 5. In this chapter, we compute δ -invariants of singular Du Val del

Pezzo surfaces of degree 5.

MAIN THEOREM Let X be a singular Du Val del Pezzo surface of degree 5. Then the δ -invariant
of X is uniquely determined by the degree of X , the number of lines on X , and the type of
singularities on X which is given in the following table:

K2
X # lines Sing(X) δ (X)

5 7 A1
15
17

5 5 2A1
15
19

5 4 A2
5
7

K2
X # lines Sing(X) δ (X)

5 3 A2 +A1
15
23

5 2 A3
5
9

5 1 A4
3
7

Table 5.1: δ -invariants of Du Val del Pezzo surfaces of degree 5

5.1 General results for degree 5
Let X be a del Pezzo surface of degree 5 with at most Du Val singularities, S be a minimal

resolution of X and P is a point on S. Then:

Lemma 5.1.1. Suppose is a general point on S. Consider the blowup σ : S̃ → S of S at P with

the exceptional divisor A. There exist (−1)-curves and (−2)-curves which form one of the

following dual graphs:

33
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a) b) v c) v

v

d) v v e) v v v

f) v vv g) v vvv

Figure 5.1: Dual graph: (−KS)
2 = 5 for a general point

Then τ(A) = 5
2 and the Zariski decomposition of the divisor σ∗(−KS)− vEP is given by:

a). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(B1 +B2 +B3 +B4 +B5) if v ∈
[
2, 5

2

]
.

N(v) =

0 if v ∈ [0,2],

(v−2)(B1 +B2 +B3 +B4 +B5) if v ∈
[
2, 5

2

]
.

b). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(2B1 +C1 +B2 +B3 +B4) if v ∈
[
2, 5

2

]
.

N(v) =

0 if v ∈ [0,2],

(v−2)(2B1 +C1 +B2 +B3 +B4) if v ∈
[
2, 5

2

]
.

c). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(2B1 +C1 +2B2 +C2 +B3) if v ∈
[
2, 5

2

]
.

N(v) =

0 if v ∈ [0,2],

(v−2)(2B1 +C1 +2B2 +C2 +B3) if v ∈
[
2, 5

2

]
.

d). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(3B1 +2C1 +D1 +B2 +B3) if v ∈
[
2, 5

2

]
.

N(v) =

0 if v ∈ [0,2],

(v−2)(3B1 +2C1 +D1 +B2 +B3) if v ∈
[
2, 5

2

]
.

e). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(3B1 +2C1 +D1 +2B2 +C2) if v ∈
[
2, 5

2

]
.

N(v) =

0 if v ∈ [0,2],

(v−2)(3B1 +2C1 +D1 +2B2 +C2) if v ∈
[
2, 5

2

]
.
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f). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(4B1 +3C1 +2D1 +E1 +B2) if v ∈
[
2, 5

2

]
.

N(v) =

0 if v ∈ [0,2],

(v−2)(4B1 +3C1 +2D1 +E1 +B2) if v ∈
[
2, 5

2

]
.

g). P(v) =

σ∗(−KS)− vA if v ∈ [0,2],

σ∗(−KS)− vA− (v−2)(5B1 +4C1 +3D1 +2E1 +F1) if v ∈
[
2, 5

2

]
.

N(v) =

0 if v ∈ [0,2],

(v−2)(5B1 +4C1 +3D1 +2E1 +F1) if v ∈
[
2, 5

2

]
.

Moreover,

(P(v))2 =

5− v2 if v ∈ [0,2],

(2v−5)2 if v ∈
[
2, 5

2

]
.

P(v) ·A =

v if v ∈ [0,2],

2(5−2v) if v ∈
[
2, 5

2

]
.

In this case δP(S)≥ 6
5 .

Proof. The Zariski Decomposition in part a). follows from

σ
∗(−KS)− vA ∼R

(5
2
− v
)

A+
1
2

(
B1 +B2 +B3 +B4 +B5

)
.

A similar statement holds in other parts. We have SS(A) = 3
2 . Thus, δP(S)≤ 2

3/2 =
4
3 . Moreover,

h(v)≤

v2

2 if v ∈ [0,2],

2(5−2v)(3v−5) if v ∈
[
2, 5

2

]
.

So S(W A
•,•;O)≤ 5

6 . We get that δP(S)≥ 6
5 .

Now we consider a curve A on S. Small circles correspond to a (−1)-curves and large circles

correspond to a (−2)-curves on dual graphs.

Lemma 5.1.2. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b) v c) vv

Figure 5.2: Dual graph: (−KS)
2 = 5 and δP(S) = 15

13
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +B2 +B3) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +B2 +B3) if v ∈ [1,2].

b). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +2B+C) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +2B+C) if v ∈ [1,2].

c). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(3B+2C+D) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(3B+2C+D) if v ∈ [1,2].

Moreover,

(P(v))2 =

5−2v− v2 if v ∈ [0,1],

2(2− v)2 if v ∈ [1,2].
P(v) ·A =

v+1 if v ∈ [0,1],

2(2− v) if v ∈ [1,2].

In this case δP(S) = 15
13 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS−vA∼R (2−v)A+B1+B2+B3.

A similar statement holds in other parts. We have SS(A) = 15
13 . Thus, δP(S) ≤ 15

13 for P ∈ A.

Moreover for P ∈ A\B,

h(v)≤


(v+1)2

2 if v ∈ [0,1],

2(2− v) if v ∈ [1,2].

So S(W A
•,•;P)≤ 15

13 . We get that δP(S) = 15
13 for P ∈ A\B.

Lemma 5.1.3. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.3: Dual graph: (−KS)
2 = 5 and δP(S) = 1
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)B1 if v ∈ [1,2].

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)B1 if v ∈ [1,2].

Moreover,

(P(v))2 =

5−2v− v2

2 if v ∈ [0,1],
(2−v)(6−v)

2 if v ∈ [1,2].
P(v) ·A =

1+ v
2 if v ∈ [0,1],

2− v
2 if v ∈ [1,2].

In this case δP(S) = 1 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA∼R (2−v)A+2B1+C1+B. We have

SS(A) = 1. Thus, δP(S)≤ 1 for P ∈ A. Note that for P ∈ A\B:

h(v)≤


(v+2)2

8 if v ∈ [0,1],
3(4−v)v

8 if v ∈ [1,2].

So S(W A
•,•;P)≤ 13

15 < 1. Thus, δP(S) = 1 if P ∈ A\B.

Lemma 5.1.4. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.4: Dual graph: (−KS)
2 = 5 and δP(S) = 30

31

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B+C) if v ∈

[
0, 3

2

]
,

−KS − vA− (v−1)(2B+C)− (2v−3)C′ if v ∈
[3

2 ,2
]
.

N(v) =

 v
3(2B+C) if v ∈

[
0, 3

2

]
,

(v−1)(2B+C)+(2v−3)C′ if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =

5−2v− v2

3 if v ∈
[
0, 3

2

]
,

(2− v)(4− v) if v ∈
[3

2 ,2
]
.

P(v) ·A =

1+ v
3 if v ∈

[
0, 3

2

]
,

3− v if v ∈
[3

2 ,2
]
.

In this case δP(S) = 30
31 if P ∈ A\B.
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Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 3B+ 2C+D+ 2C′.

We have SS(A) = 31
30 . Thus, δP(S)≤ 30

31 for P ∈ A. Moreover if P ∈ A\B:

h(v) =


(v+3)2

18 if v ∈
[
0, 3

2

]
,

(3−v)2

2 if v ∈
[3

2 ,2
]
.

So S(W A
•,•;P)≤ 19

30 ≤ 31
30 . We get that δP(S) = 30

31 for P ∈ A\B.

Lemma 5.1.5. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.5: Dual graph: (−KS)
2 = 5 and δP(S) = 15

16

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =−KS − vA− v
4
(3B+2C+D) and N(v) =

v
4
(3B+2C+D) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(10+ v)

2
and P(v) ·A = 1+

v
4

if v ∈ [0,2].

In this case δP(S) = 15
16 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+3B+4C+2D+3D′.

We have SS(A) = 16
15 . Thus, δP(S)≤ 15

16 for P ∈ A. Moreover if P ∈ A\B:

h(v) =
(v+4)2

32
if v ∈ [0,2].

So S(W A
•,•;P)≤ 19

30 ≤ 16
15 . We get that δP(S) = 15

16 for P ∈ A\B.

Lemma 5.1.6. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b) v c) vv

Figure 5.6: Dual graph: (−KS)
2 = 5 and δP(S) = 15

17 with τ(A) = 2
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +B2 +B3) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +B2 +B3) if v ∈ [1,2].

b). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +2B+C) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +2B+C) if v ∈ [1,2].

c). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(3B+2C+D) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(3B+2C+D) if v ∈ [1,2].

Moreover,

(P(v))2 =

5−2v2 if v ∈ [0,1],

(2− v)(4− v) if v ∈ [1,2].
P(v) ·A =

2v if v ∈ [0,1],

3− v if v ∈ [1,2].

In this case δP(S) = 15
17 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R (2− v)A+
1
3

(
4B1 +4B2 +4B3 +C1 +C2 +C3

)
.

A similar statement holds in other parts. We have SS(A) = 17
15 . Thus, δP(S)≤ 15

17 for P ∈ A. Note

that we have:

h(v)≤

2v2 if v ∈ [0,1],
(3−v)(v+1)

2 if v ∈ [1,2].

So S(W A
•,•;P)≤ 1 ≤ 17

15 . Thus, δP(S) = 15
17 if P ∈ A\B.

Lemma 5.1.7. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 5.7: Dual graph: (−KS)
2 = 5 and δP(S) = 15

17 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)B1 if v ∈ [1,3].

N(v) =

 v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)B1 if v ∈ [1,3].

Moreover,

(P(v))2 =

5−2v− v2

3 if v ∈ [0,1],
2(3−v)2

3 if v ∈ [1,3].
P(v) ·A =

1+ v
3 if v ∈ [0,1],

2(1− v
3) if v ∈ [1,3].

In this case δP(S) = 15
17 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3− v)A+ 2B+C + 2B1. We

have SS(A) = 17
15 . Thus, δP(S)≤ 15

17 for P ∈ A. Moreover, for P ∈ A\B:

h(v)≤


(v+3)2

18 if v ∈ [0,1],
4(3−v)

9 if v ∈ [1,3].

So S(W A
•,•;P)≤ 13

15 ≤ 17
15 . We get that δP(S) = 15

17 for P ∈ A\B.

Lemma 5.1.8. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

va) b)

Figure 5.8: Dual graph: (−KS)
2 = 5 and δP(S) = 15

19 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2(B1 +B2) if v ∈ [0,2],

−KS − vA− (v−1)(B1 +B2)− (v−2)(C1 +C2) if v ∈ [2,3].

N(v) =

 v
2(B1 +B2) if v ∈ [0,2],

(v−1)(B1 +B2)+(v−2)(C1 +C2) if v ∈ [2,3].
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b). P(v) =

−KS − vA− v
2(2B+C+C′) if v ∈ [0,2],

−KS − vA− (v−1)(2B+C)− (2v−3)C′− (2v−4)D′ if v ∈ [2,3].

N(v) =

 v
2(2B+C+C′) if v ∈ [0,2],

(v−1)(2B+C)+(2v−3)C′+(2v−4)D′ if v ∈ [2,3].

Moreover,

(P(v))2 =

5−2v if v ∈ [0,2],

(3− v)2 if v ∈ [2,3].
P(v) ·A =

1 if v ∈ [0,2],

3− v if v ∈ [2,3].

In this case δP(S) = 15
19 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (3−v)A+2B1 +C1 +

2B2 +C2. A similar statement holds in other parts. We have SS(A) = 19
15 . Thus, δP(S)≤ 15

19 for

P ∈ A. Moreover,

h(v)≤

1+v
2 if v ∈ [0,2],

(3−v)(v+1)
2 if v ∈ [2,3].

So S(W A
•,•;P)≤ 17

15 ≤ 19
15 . We get that δP(S) = 15

19 for P ∈ A.

Lemma 5.1.9. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.9: Dual graph: (−KS)
2 = 5 and δP(S) = 15

19 with τ(A) = 2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)B1 if v ∈ [1,2].

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)B1 if v ∈ [1,2].

Moreover,

(P(v))2 =

5− 3v2

2 if v ∈ [0,1],
(2−v)(6+v)

2 if v ∈ [1,2].
P(v) ·A =

3v
2 if v ∈ [0,1],

1+ v
2 if v ∈ [1,2].

In this case δP(S) = 15
19 if P ∈ A\B.
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Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 3B1 + 2C1 +B. We

have SS(A) = 19
15 . Thus, δP(S)≤ 15

19 for P ∈ A. Moreover, if P ∈ A\B then:

h(v)≤

9v2

8 if v ∈ [0,1],
(v+2)(5v−2)

8 if v ∈ [1,2].

So S(W A
•,•;P)≤ 17

15 ≤ 19
15 . We get that δP(S) = 15

19 for P ∈ A\B.

Lemma 5.1.10. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.10: Dual graph: (−KS)
2 = 5 and δP(S) = 10

13

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B+C) if v ∈

[
0, 3

2

]
,

−KS − vA− (v−1)(2B+C)− (2v−3)C′ if v ∈
[3

2 ,2
]
.

N(v) =

 v
3(2B+C) if v ∈

[
0, 3

2

]
,

(v−1)(2B+C)+(2v−3)C′ if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =

5− 4v2

3 if v ∈
[
0, 3

2

]
,

4(2− v) if v ∈
[3

2 ,2
]
.

P(v) ·A =

4v
3 if v ∈

[
0, 3

2

]
,

2 if v ∈
[3

2 ,2
]
.

In this case δP(S) = 10
13 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+4B+3C+2D+3C′.

We have SS(A) = 13
10 . Thus, δP(S)≤ 10

13 for P ∈ A. Moreover if P ∈ A\B:

h(v) =

8v2

9 if v ∈
[
0, 3

2

]
,

2 if v ∈
[3

2 ,2
]
.

So S(W A
•,•;P)≤ 4

5 ≤ 13
10 . We get that δP(S) = 10

13 for P ∈ A\B.

Lemma 5.1.11. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 5.11: Dual graph: (−KS)
2 = 5 and δP(S) = 3

4

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =−KS − vA− v
4
(3B+2C+D) and N(v) =

v
4
(3B+2C+D) if v ∈ [0,2].

Moreover,

(P(v))2 =
5(2− v)(2+ v)

2
and P(v) ·A =

5v
4

if v ∈ [0,2].

In this case δP(S) = 3
4 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+4B+6C+3D+5D′.

We have SS(A) = 4
3 . Thus, δP(S) ≤ 3

4 for P ∈ A. Moreover if P ∈ A\B then h(v) = 25v2

32 if v ∈
[0,2]. So S(W A

•,•;P)≤ 5
6 ≤ 4

3 . We get that δP(S) = 3
4 for P ∈ A\B.

Lemma 5.1.12. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

Figure 5.12: Dual graph: (−KS)
2 = 5 and δP(S) = 5

7

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =


−KS − vA− v

2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(B2 +B3) if v ∈ [1,2],

−KS − vA− (v−1)(B1 +B2 +B3)− (v−2)C1 if v ∈ [2,3].

N(v) =


v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(B2 +B3) if v ∈ [1,2],

(v−1)(B1 +B2 +B3)+(v−2)C1 if v ∈ [2,3].

b). P(v) =


−KS − vA− v

2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(2B2 +C2) if v ∈ [1,2],

−KS − vA− (v−1)(B1 +2B2 +C2)− (v−2)C1 if v ∈ [2,3].

N(v) =


v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(2B2 +C2) if v ∈ [1,2],

(v−1)(B1 +2B2 +C2)+(v−2)C1 if v ∈ [2,3].
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Moreover,

(P(v))2 =


5− 3v2

2 if v ∈ [0,1],

7−4v+ v2

2 if v ∈ [1,2],

(3− v)2 if v ∈ [2,3].

P(v) ·A =


3v
2 if v ∈ [0,1],

2− v
2 if v ∈ [1,2],

3− v if v ∈ [2,3].

In this case δP(S) = 5
7 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (3−v)A+2B1 +C1 +

2B2 + 2B3. A similar statement holds in other parts. We have SS(A) = 7
5 . Thus, δP(S) ≤ 5

7 for

P ∈ A. Moreover, if P ∈ A∩B1 or if P ∈ A\B1 then:

h(v) =


15v2

8 if v ∈ [0,1],
(4−v)(v+4)

8 if v ∈ [1,2],
(3−v)(v+1)

2 if v ∈ [2,3].

or h(v)≤


9v2

8 if v ∈ [0,1],
3(4−v)v

8 if v ∈ [1,2],
(3−v)(v+1)

2 if v ∈ [2,3].

So S(W A
•,•;P)≤ 19

15 ≤ 7
5 or S(W A

•,•;P)≤ 31
30 ≤ 7

5 . We get that δP(S) = 5
7 for P ∈ A.

Lemma 5.1.13. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.13: Dual graph: (−KS)
2 = 5 and δP(S) = 30

43

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)B1 if v ∈

[
1, 3

2

]
,

−KS − vA− (v−1)(2B+C+B1)− (2v−3)C′ if v ∈
[3

2 ,3
]
.

N(v) =


v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)B1 if v ∈

[
1, 3

2

]
,

(v−1)(2B+C+B1)+(2v−3)C′ if v ∈
[3

2 ,3
]
.

Moreover,

(P(v))2 =


5− 4v2

3 if v ∈ [0,1],

6−2v− v2

3 if v ∈
[
1, 3

2

]
,

(3− v)2 if v ∈
[3

2 ,3
]
.

P(v) ·A =


4v
3 if v ∈ [0,1],

1+ v
3 if v ∈

[
1, 3

2

]
,

3− v if v ∈
[3

2 ,3
]
.
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In this case δP(S) = 30
43 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3− v)A+4B+2C+3C′+2B1.

We have SS(A) = 43
30 . Thus, δP(S)≤ 30

43 for P ∈ A. Note that if P ∈ A\B

h(v) =


8v2

9 if v ∈ [0,1],
(v+3)(7v−3)

18 if v ∈
[
1, 3

2

]
,

(3−v)(v+1)
2 if v ∈

[3
2 ,3
]
.

So S(W A
•,•;P)≤ 16

15 ≤ 43
30 . Thus, δP(S) = 30

43 if P ∈ A\B.

Lemma 5.1.14. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.14: Dual graph: (−KS)
2 = 5 and δP(S) = 9

13

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(3B+2C+D) if v ∈

[
0, 4

3

]
,

−KS − vA− (v−1)(3B+2C+D)− (3v−4)C′ if v ∈
[4

3 ,3
]
.

N(v) =

 v
4(3B+2C+D) if v ∈

[
0, 4

3

]
,

(v−1)(3B+2C+D)+(3v−4)C′ if v ∈
[4

3 ,3
]
.

Moreover,

(P(v))2 =


5(2−v)(2+v)

2 if v ∈
[
0, 4

3

]
,

(3− v)2 if v ∈
[4

3 ,3
]
.

P(v) ·A =

5v
4 if v ∈

[
0, 4

3

]
,

3− v if v ∈
[4

3 ,3
]
.

In this case δP(S) = 9
13 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3− v)A+6B+4C+5C′+2D.

We have SS(A) = 13
9 . Thus, δP(S)≤ 9

13 for P ∈ A. Moreover if P ∈ A\B:

h(v) =

25
32v2 if v ∈

[
0, 4

3

]
,

(3−v)2

2 if v ∈
[4

3 ,3
]
.

So S(W A
•,•;P)≤ 5

9 ≤ 13
9 . We get that δP(S) = 9

13 for P ∈ A\B.
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Lemma 5.1.15. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.15: Dual graph: (−KS)
2 = 5 and δP(S) = 15

23

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B1 +C1)− v

2B2 if v ∈ [0,3],

−KS − vA− (v−1)B1 − (v−2)C1 − (v−3)D1 − v
2B2 if v ∈ [3,4].

N(v) =

 v
3(2B1 +C1)+

v
2B2 if v ∈ [0,3],

(v−1)B1 +(v−2)C1 +(v−3)D1 +
v
2B2 if v ∈ [3,4].

Moreover,

(P(v))2 =

5−2v+ v2

6 if v ∈ [0,3],
(4−v)2

2 if v ∈ [3,4].
P(v) ·A =

1− v
6 if v ∈ [0,3],

2− v
2 if v ∈ [3,4].

In this case δP(S) = 15
23 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (4−v)A+3B1+2C1+D1+2B2.

We have SS(A) = 23
15 . Thus, δP(S)≤ 15

23 for P ∈ A. Moreover, if P ∈ A\B1 or if P ∈ A∩B1:

h(v)≤


(6−v)(5v+6)

72 if v ∈ [0,3],
(4−v)(v+4)

8 if v ∈ [3,4].
or h(v)≤


(6−v)(7v+6)

72 if v ∈ [0,3],
3(4−v)v

8 if v ∈ [3,4].

So S(W A
•,•;P)≤ 17

15 ≤ 23
15 or S(W A

•,•;P)≤ 7
5 ≤ 23

15 . We get that δP(S) = 15
23 for P ∈ A.

Lemma 5.1.16. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.16: Dual graph: (−KS)
2 = 5 and δP(S) = 3

5

Then τ(A) = 5 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =−KS − vA− v
5
(2D+4C+6B+3C′) and N(v) =

v
5
(2D+4C+6B+3C′) if v ∈ [0,5].

Moreover,

(P(v))2 =
(5− v)2

2
and P(v) ·A = 1− v

5
if v ∈ [0,5].
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In this case δP(S) = 3
5 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (5− v)A+3C′+6B+4C+2D.

We have SS(A) = 5
3 . Thus, δP(S)≤ 3

5 for P ∈ A. Moreover if P ∈ A\B then h(v) = (5−v)2

50 if v ∈
[0,5]. So S(W A

•,•;P)≤ 1
3 ≤ 5

3 . We get that δP(S) = 3
5 for P ∈ A\B.

Lemma 5.1.17. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.17: Dual graph: (−KS)
2 = 5 and δP(S) = 5

9

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

2(B1 +B2) if v ∈ [0,1],

−KS − vA− v
2(B1 +B2)− (v−1)B3 if v ∈ [1,2],

−KS − vA− (v−1)(B1 +B3)− v
2B2 − (v−2)C1 if v ∈ [2,4].

N(v) =


v
2(B1 +B2) if v ∈ [0,1],
v
2(B1 +B2)+(v−1)B3 if v ∈ [1,2],

(v−1)(B1 +B3)+
v
2B2 +(v−2)C1 if v ∈ [2,4].

Moreover,

(P(v))2 =


5− v2 if v ∈ [0,1],

2(3− v) if v ∈ [1,2],
(4−v)2

2 if v ∈ [2,4].

P(v) ·A =


v if v ∈ [0,1],

1 if v ∈ [1,2],

2− v
2 if v ∈ [2,4].

In this case δP(S) = 5
9 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS−vA∼R (4−v)A+3B1+2C1+2B2+3B3.

We have SS(A) = 9
5 . Thus, δP(S) ≤ 5

9 for P ∈ A. Moreover, if P ∈ A\(B2 ∪B3) or if P ∈ A∩B2

or if P ∈ A∩B3:

h(v)≤


v2 if v ∈ [0,1],
(v+1)

2 if v ∈ [1,2],
3(4−v)v

8 if v ∈ [2,4].

or h(v)=


v2 if v ∈ [0,1],
(v+1)

2 if v ∈ [1,2],
(4−v)(v+4)

8 if v ∈ [2,4].

or h(v)=


v2

2 if v ∈ [0,1],

v− 1
2 if v ∈ [1,2],

3(4−v)v
8 if v ∈ [2,4].

So S(W A
•,•;P) ≤ 43

30 ≤ 9
5 or S(W A

•,•;P) ≤ 13
10 ≤ 9

5 or S(W A
•,•;P) ≤ 19

15 ≤ 9
5 . We get that δP(S) = 5

9

for P ∈ A.
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Lemma 5.1.18. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.18: Dual graph: (−KS)
2 = 5 and δP(S) = 6

11

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2B1 − v

3(2B+C) if v ∈
[
0, 3

2

]
,

−KS − vA− v
2B1 − (v−1)(2B+C)− (2v−3)C′ if v ∈

[3
2 ,4
]
.

N(v) =

 v
2B1 +

v
3(2B+C) if v ∈

[
0, 3

2

]
,

v
2B1 +(v−1)(2B+C)+(2v−3)C′ if v ∈

[3
2 ,4
]
.

Moreover,

(P(v))2 =

5− 5v2

2 if v ∈
[
0, 3

2

]
,

(4−v)2

2 if v ∈
[3

2 ,4
]
.

P(v) ·A =

5v
6 if v ∈

[
0, 3

2

]
,

2− v
2 if v ∈

[3
2 ,4
]
.

In this case δP(S) = 6
11 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (4− v)A+2B1 +6B+3C+5C′.

We have SS(A) = 11
6 . Thus, δP(S)≤ 6

11 for P ∈ A. Moreover, if P ∈ A\B then:

h(v)≤

55v2

72 if v ∈
[
0, 3

2

]
,

(4−v)(v+4)
8 if v ∈

[3
2 ,4
]
.

So S(W A
•,•;P)≤ 4

3 ≤ 11
6 . We get that δP(S) = 6

11 for P ∈ A\B.

Lemma 5.1.19. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 5.19: Dual graph: (−KS)
2 = 5 and δP(S) = 3

7

Then τ(A) = 6 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B1 +C1)− v

2B2 if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− v

2B2 − (v−1)B3 if v ∈ [1,6].
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N(v) =

 v
3(2B1 +C1)+

v
2B2 if v ∈ [0,1],

v
3(2B1 +C1)+

v
2B2 +(v−1)B3 if v ∈ [1,6].

Moreover,

(P(v))2 =

5−5 v2

2 if v ∈ [0,1],
(6−v)2

2 if v ∈ [1,6].
P(v) ·A =

5v
6 if v ∈ [0,1],

1− v
6 if v ∈ [1,6].

In this case δP(S) = 3
7 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS−vA∼R (6−v)A+4B1+2C1+3B2+5B3.

We have SS(A) = 7
3 . Thus, δP(S)≤ 3

7 for P ∈ A. Moreover, if P ∈ A∩B3 or if P ∈ A\B3 then:

h(v) =

25v2

72 if v ∈ [0,1],
(6−v)(11v−6)

72 if v ∈ [1,6].
or h(v) =

65v2

72 if v ∈ [0,1],
(6−v)(7v+6)

72 if v ∈ [1,6].

So S(W A
•,•;P)≤ 5

3 ≤ 7
3 or S(W A

•,•;P)≤ 11
6 ≤ 7

3 . We get that δP(S) = 3
7 for P ∈ A.

5.2 Finding δ -invariants for degree 5
Let X be a singular del Pezzo surface of degree 5 with and S be a minimal resolution of X .

Then there are several possible cases:

I. X has an A1 singularity and contains 7 lines. In this case, we let E be the exceptional

divisor, L123, Li, L′
i for i ∈ {1,2,3} be the lines on S,

II. X has two A1 singularities and contains 5 lines. In this case, we let Ei for i ∈ {1,2} be

the exceptional divisors, L12, Li, L′
i for i ∈ {1,2} be the lines on S,

III. X has an A2 singularity and contains 4 lines. In this case, we let Ei for i ∈ {1,2} be the

exceptional divisors, Li, L′
i for i ∈ {1,2} be the lines on S,

IV. X has A2 and A1 singularities and contains 3 lines. In this case, we let Ei for i ∈ {1,2,3}
be the exceptional divisors, L13 L2, L′

2 be the lines on S,

V. X has an A3 singularity and contains 2 lines. In this case, we let Ei for i ∈ {1,2,3} be

the exceptional divisors, L1 and L2 be the lines on S,

VI. X has an A4 singularity and contains 1 line. In this case, we let Ei for i ∈ {1,2,3,4} be

the exceptional divisors, L3 be the line on S.

such that the dual graph of the (−1)-curves and (−2)-curves on S is given on the picture

below:
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Figure 5.20: Du Val del Pezzo surfaces with (−KS)
2 = 5

One has:

I. δ (X) = 15
17 since depending on the position of point P ∈ S we have

P E (L1 ∪L2 ∪L3)\E (L′
1 ∪L′

2 ∪L′
3 ∪L123)\(L1 ∪L2 ∪L3) o/w

δP(S) 15
17 1 15

13 ≥ 6
5

Table 5.2: Local δ -invariants: (−KS)
2 = 5 and A1 singularity

II. δ (X) = 15
19 since depending on the position of point P ∈ S we have

P L12 (E1 ∪E2)\L12 (L1 ∪L2)\(E1 ∪E2) (L′
1 ∪L′

2)\(L1 ∪L2) o/w
δP(S) 15

19
15
17 1 15

13 ≥ 6
5

Table 5.3: Local δ -invariants: (−KS)
2 = 5 and 2A1 singularities

III. δ (X) = 5
7 since depending on the position of point P ∈ S we have

P E1 E2\E1 L2\E2 (L1 ∪L′
1)\E1 L′

2\L2 o/w
δP(S) 5

7
15
19

15
17

30
31

15
13 ≥ 6

5

Table 5.4: Local δ -invariants: (−KS)
2 = 5 and A2 singularity

IV. δ (X) = 15
23 since depending on the position of point P ∈ S we have

P L13 E1\L13 E2\E1 (E3 ∪L2)\(L13 ∪E2) L′
2\L2 o/w

δP(S) 15
23

5
7

15
19

15
17

15
13 ≥ 6

5

Table 5.5: Local δ -invariants: (−KS)
2 = 5 and A2A1 singularities

V. δ (X) = 5
9 since depending on the position of point P ∈ S we have

P E2 E1\E2 E3\E2 L2\E2 L1\E1 o/w
δP(S) 5

9
30
43

10
13

15
19

15
16 ≥ 6

5

Table 5.6: Local δ -invariants: (−KS)
2 = 5 and A3 singularity
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VI. δ (X) = 3
7 since depending on the position of point P ∈ S we have

P E3 E2\E3 L3\E3 E4\E3 E1\E2 o/w
δP(S) 3

7
6

11
3
5

9
13

3
4 ≥ 6

5

Table 5.7: Local δ -invariants: (−KS)
2 = 5 and A4 singularity

Proof. We prove each case separately using lemmas from the previous section.

I. If P ∈ E the assertion follows from Lemma 5.1.6. If P ∈ (L1 ∪L2 ∪L3)\E the assertion

follows from Lemma 5.1.3. If P ∈ L123\(L′
1 ∪L′

2 ∪L′
3) the assertion follows from Lemma

5.1.2 [a).]. If P ∈ (L′
1 ∪L′

2 ∪L′
3)\(L1 ∪L2 ∪L3) the assertion follows from Lemma 5.1.2

[b).]. If P is a general point the assertion follows from Lemma 5.1.1.

II. If P ∈ L12 the assertion follows from Lemma 5.1.8. If P ∈ (E1 ∪E2)\L12 the assertion

follows from Lemma 5.1.6 [b).]. If P ∈ (L1 ∪ L2)\(E1 ∪E2) the assertion follows from

Lemma 5.1.3. If P ∈ (L′
1 ∪L′

2)\(L1 ∪L2) the assertion follows from Lemma 5.1.2 [b).]. If

P is a general point the assertion follows from Lemma 5.1.1.

III. If P ∈ E1 the assertion follows from Lemma 5.1.12 [a).]. If P ∈ E2\E1 the assertion

follows from Lemma 5.1.9. If P ∈ L2\E2 the assertion follows from Lemma 5.1.7. If P ∈
(L1 ∪L′

1)\E1 the assertion follows from Lemma 5.1.4. If P ∈ L′
2\L2 the assertion follows

from Lemma 5.1.2 [c).]. If P is a general point the assertion follows from Lemma 5.1.1.

IV. If P ∈ L13 the assertion follows from Lemma 5.1.15. If P ∈ E1\L13 the assertion follows

from Lemma 5.1.12 [b).]. If P ∈ E2\E1 the assertion follows from Lemma 5.1.9. If P ∈
L2\E2 the assertion follows from Lemma 5.1.7. If P ∈ E3\L13 the assertion follows from

Lemma 5.1.6. If P ∈ L′
2\L2 the assertion follows from Lemma 5.1.2 [c).]. If P is a general

point the assertion follows from Lemma 5.1.1.

V. If P ∈ E2 the assertion follows from Lemma 5.1.17. If P ∈ E1\E2 the assertion follows

from Lemma 5.1.13. If P ∈ E3\E2 the assertion follows from Lemma 5.1.10. If P ∈ L2\E2

the assertion follows from Lemma 5.1.8 [b)]. If P ∈ L1\E1 the assertion follows from

Lemma 5.1.5. If P is a general point the assertion follows from Lemma 5.1.1.

VI. If P ∈ E3 the assertion follows from Lemma 5.1.19. If P ∈ E2\E3 the assertion follows

from Lemma 5.1.18. If P ∈ L3\E3 the assertion follows from Lemma 5.1.16. If P ∈ E4\E3

the assertion follows from Lemma 5.1.14. If P∈E1\E2 the assertion follows from Lemma

5.1.11. If P is a general point the assertion follows from Lemma 5.1.1.



Chapter 6

Du Val del Pezzo Surfaces of Degree 4

In (Araujo et al., 2023, Lemma 2.12) it was proven that δ (X) = 4
3 when X is a smooth del

Pezzo surface of degree 4. In this chapter, we compute δ -invariants of singular Du Val del

Pezzo surfaces of degree 4.

MAIN THEOREM Let X be a singular Du Val del Pezzo surface of degree 4. Then the δ -invariant
of X is uniquely determined by the degree of X , the number of lines on X , and the type of
singularities on X which is given in the following table:

K2
X # lines Sing(X) δ (X)

4 12 A1 1

4 9 2A1 1

4 8 2A1 1

4 6 3A1 1

4 4 4A1 1

K2
X # lines Sing(X) δ (X)

4 8 A2
6
7

4 6 A2 +A1
6
7

4 4 A2 +2A1
6
7

4 5 A3
2
3

4 4 A3
3
4

Table 6.2: δ -invariants of Du Val
del Pezzo surfaces of degree 4

K2
X # lines Sing(X) δ (X)

4 3 A3 +A1
3
4

4 2 A3 +2A1
3
4

4 3 A4
6
11

4 2 D4
1
2

4 1 D5
3
8

6.1 General results for degree 4
Let X be a del Pezzo surface of degree 4 with at most Du Val singularities, S be a minimal

resolution of X and P is a point on S. Then:

Lemma 6.1.1. If P is a general point on S. Consider the blowup σ : S̃ → S of S at P with

the exceptional divisor EP. Such that τ(EP) = 2 and the Zariski decomposition of the divisor

σ∗(−KS)− vEP is given by: P(v) = σ∗(−KS)− vEP and N(v) = 0 if v ∈ [0,2]. and P(v)2 =

(2− v)(2+ v)P(v) ·EP = v if v ∈ [0,2]. In this case δP(S) = 3
2 .

Proof. The Zariski Decomposition follows from σ∗(−KS)−vEP ∼R (2−v)EP+Q+L where Q

and L are (−1)-curves which are strict transforms of a conic and a line on P2 respectively. We

have SS(EP) =
4
3 . Thus, δP(S)≤ 2

4/3 = 3
2 Moreover if O ∈ EP we have h(v) = v2

2 if v ∈ [0,2]. So

S(W EP•,• ;O)≤ 2
3 Thus, δP(S) = 3

2 .

52
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Lemma 6.1.2. Suppose P ∈ Q where Q is a (−1)-curve on S such that it does not intersect

(−2)-curves. Let LP be a (1)-curve which intersects with Q at this point with multiplicity 2 (one

can see that such curve exists by considering explicit models). Consider the blowup of S at P

with the exceptional divisor EP. After that we blow up the intersection of strict transforms Q, LP,

and EP with the exceptional divisor E, and contract a (−2)-curve. We call the resulting surface

S. Let LP, Q, E, and P be the images of strict transforms of LP, Q, E and EP respectively. Note

that P is a point. We denote this weighted blowup by σ : S → S.

Figure 6.1: (−KS)
2 = 4, a general point on a (−1)-curve

The intersections are given by

Q E LP

Q −3 1 0
E 1 −1

2 1
LP 0 1 −1

Table 6.4: (−KS)
2 = 4, a general point on a (−1)-curve

Then τ(E) = 4 and the Zariski decomposition of the divisor σ∗(−KS)− vE is given by:

P(v) =


σ∗(−KS)− vE if v ∈ [0,1],

σ∗(−KS)− vE − (v−1)
3 Q if v ∈ [1,3],

σ∗(−KS)− vE − (v−1)
3 Q− (v−3)LP if v ∈ [3,4].

N(v) =


0 if v ∈ [0,1],
(v−1)

3 Q if v ∈ [1,3],
(v−1)

3 Q+(v−3)LP if v ∈ [3,4].
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EP A1 A2 A3

EP −1 1 1 1
A1 1 −2 0 0
A2 1 0 −2 0
A3 1 0 0 −1

Table 6.5: (−KS)
2 = 4, the intersection of two (−1)-curves

Moreover

P(v)2 =


4− v2

2 if v ∈ [0,1],
26−4v−v2

6 if v ∈ [1,3],
5(4−v)2

6 if v ∈ [3,4].

P(v) ·E =


v
2 if v ∈ [0,1],
2+v

6 if v ∈ [1,3],
5(4−v)

6 if v ∈ [3,4].

In this case δP(S) = 18
13 .

Proof. The Zariski Decomposition follows from σ∗(−KS)− vE ∼ LP +Q+(4− v)E. We have

SS(E) = 13
6 . Thus, since AS(E) = 3 then δP(S) ≤ 3

13/6 = 18
13 . Moreover, if O ∈ E\(Q∪LP) or

O ∈ E ∩Q or if O ∈ E ∩LP:

h(v)≤


v2

8 if v ∈ [0,1],
(v+2)2

72 if v ∈ [1,3],
25(v−4)2

72 if v ∈ [3,4].

or h(v)≤


v2

8 if v ∈ [0,1],
(v+2)(5v−2)

72 if v ∈ [1,3],
5(4−v)(16−v)

72 if v ∈ [3,4].

or h(v)≤


v2

8 if v ∈ [0,1],
(v+2)2

72 if v ∈ [1,3],
5(4−v)(7v−16)

72 if v ∈ [3,4].

Thus if O ∈ E\(Q∪LP) then S(W E
•,•;O) = 11

36 , if O ∈ E ∩Q then S(W E
•,•;O) = 17

24 , if O ∈ EP∩LP

then S(W E
•,•;O) = 3

8 . Now, to get a lower bound for δP(S), we use Corollary 2.2.2 that gives

δP(S)⩾ min

{
18
13

, inf
O∈E

AE,∆E
(O)

S
(
W E

•,•;O
)},

where ∆E = 1
2θ(E). So δP(S)≥ min

{
18
13 ,

36
11 ,

36
22 ,

24
17 ,

8
3

}
= 18

13 thus δP(S) = 18
13 .

Lemma 6.1.3. Suppose A1 and A2 are (−1)-curves on S which intersect at point P. Consider

the blowup σ : S̃ → S of S at P with the exceptional divisor EP. Suppose A1 and A2 are strict

transforms of A1 and A2 on S̃ and A3 is another (−1)-curve on S such that the intersections

are given by Then τ(EP) = 3 and the Zariski decomposition of the divisor σ∗(−KS)− vEP is
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given by:

P(v) =


σ∗(−KS)− vEP if v ∈ [0,1],

σ∗(−KS)− vEP − (v−1)
2 (A1 +A2) if v ∈ [1,2],

σ∗(−KS)− vEP − (v−1)
2 (A1 +A2)− (v−2)A3 if v ∈ [2,3].

N(v) =


0 if v ∈ [0,1],
(v−1)

2 (A1 +A2) if v ∈ [1,2],
(v−1)

2 (A1 +A2)+(v−2)A3 if v ∈ [2,3].

with

P(v)2 =


(2− v)(2+ v) if v ∈ [0,1],

5−2v if v ∈ [1,2],

(3− v)2 if v ∈ [2,3].

P(v) ·EP =


v if v ∈ [0,1],

1 if v ∈ [1,2],

3− v if v ∈ [2,3].

In this case δP(S) = 4
3 .

Proof. The Zariski Decomposition follows from σ∗(−KS)−vEP ∼R (3−v)EP+A1+A2+A3.

We have SS(EP) =
3
2 . Thus δP(S)≤ 2

3/2 = 4
3 . Moreover, if O ∈ EP\A3 or if O ∈ EP ∩A3 then:

h(v)≤


v2

2 if v ∈ [0,1],
v
2 if v ∈ [1,2],

3− v if v ∈ [2,3].

or h(v)≤


v2

2 if v ∈ [0,1],
1
2 if v ∈ [1,2],
(3−v)(v−1)

2 if v ∈ [2,3].

So S(W EP•,• ;O)≤ 17
24 ≤ 3

4 or S(W EP•,• ;O)≤ 1
2 ≤ 3

4 Thus, δP(S) = 4
3 for A1 ∩A2.

Now we consider a curve A on S. Small circles correspond to a (−1)-curves and large circles

correspond to a (−2)-curves on dual graphs.

Lemma 6.1.4. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

Figure 6.2: Dual graph: (−KS)
2 = 4 and δP(S) = 6

5
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(B2 +B3) if v ∈ [1,2].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(B2 +B3) if v ∈ [1,2].

b). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(2B2 +C2) if v ∈ [1,2].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(2B2 +C2) if v ∈ [1,2].

Moreover:

(P(v))2 =

4−2v− v2

2 if v ∈ [0,1],
3(2−v)2

2 if v ∈ [1,2].
P(v) ·A =

1+ v
2 if v ∈ [0,1],

3− 3v
2 if v ∈ [1,2].

In this case δP(S) = 6
5 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from −KS−vA∼R (2−v)A+B1+B2+B3.

A similar statement holds in other parts. We have SS(A) = 5
6 . Thus, δP(S) ≤ 6

5 for P ∈ A.

Moreover,

h(v) =


(v+2)2

8 if v ∈ [0,1],
3(2−v)(5v−2)

8 if v ∈ [1,2].

So S(W A
•,•;P)≤ 5

6 . We get that δP(S) = 6
5 for P ∈ A\B1.

Lemma 6.1.5. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

Figure 6.3: Dual graph: (−KS)
2 = 4 and δP(S) = 8

7

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)B2 if v ∈

[
1, 3

2

]
,

−KS − vA− (v−1)(2B1 +C1 +B2)− (2v−3)C′
1 if v ∈

[3
2 ,2
]
.
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N(v) =


v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)B2 if v ∈

[
1, 3

2

]
,

(v−1)(2B1 +C1 +B2)+(2v−3)C′
1 if v ∈

[3
2 ,2
]
.

Moreover,

(P(v))2 =


4−2v− v2

3 if v ∈ [0,1],

5−4v+ 2v2

3 if v ∈
[
1, 3

2

]
,

2(v−2)2 if v ∈
[3

2 ,2
]
.

P(v) ·A =


1+ v

3 if v ∈ [0,1],

2(1− v
3) if v ∈

[
1, 3

2

]
,

4−2v if v ∈
[3

2 ,2
]
.

In this case δP(S) = 8
7 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 2B1 +C1 +C′
1 +B2.

We have SS(A) = 7
8 . Thus, δP(S)≤ 8

7 for P ∈ A. Note that for P ∈ A\B1 we have:

h(v) =


(v+3)2

18 if v ∈ [0,1],
4v(3−v)

9 if v ∈
[
1, 3

2

]
,

2(2− v) if v ∈
[3

2 ,2
]
.

So S(W A
•,•;P)≤ 17

24 ≤ 7
8 . Thus, δP(S) = 8

7 if P ∈ A\B1.

Lemma 6.1.6. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

Figure 6.4: Dual graph: (−KS)
2 = 4 and δP(S) = 9

8

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(3B1 +2C1 +D1) if v ∈

[
0, 4

3

]
,

−KS − vA− (v−1)(3B1 +2C1 +D1)− (3v−4)C′
1 if v ∈

[4
3 ,2
]
.

N(v) =

 v
4(3B1 +2C1 +D1) if v ∈

[
0, 4

3

]
,

(v−1)(3B1 +2C1 +D1)+(3v−4)C′
1 if v ∈

[4
3 ,2
]
.
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Moreover,

(P(v))2 =

4−2v− v2

4 if v ∈
[
0, 4

3

]
,

2(v−2)2 if v ∈
[4

3 ,2
]
.

P(v) ·A =

1+ v
4 if v ∈

[
0, 4

3

]
,

2(2− v) if v ∈
[4

3 ,2
]
.

In this case δP(S) = 9
8 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (2−v)A+3B1+2C1+D1+2C′
1.

Thus, SS(A) = 8
9 . Thus, δP(S)≤ 9

8 for P ∈ A. Note that we have that if P ∈ A\B1 then

h(v) =


(v+4)2

32 if v ∈
[
0, 4

3

]
,

2(2− v)2 if v ∈
[4

3 ,2
]
.

So for S(W A
•,•;P)≤ 5

9 ≤ 8
9 . Thus, δP(S) = 9

8 if P ∈ A\B1.

Lemma 6.1.7. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

Figure 6.5: Dual graph: (−KS)
2 = 4 and δP(S) = 12

11

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(3B+2C+D) if v ∈ [0,1],

−KS − vA− v
4(3B+2C+D)− (v−1)B1 if v ∈ [1,2].

N(v) =

 v
4(3B+2C+D) if v ∈ [0,1],
v
4(3B+2C+D)+(v−1)B1 if v ∈ [1,2].

Moreover,

(P(v))2 =

4−2v− v2

4 if v ∈ [0,1],
(2−v)(10−3v)

4 if v ∈ [1,2].
P(v) ·A =

2v if ∈ [0,1]

2− 3v
4 if v ∈ [1,2].

In this case δP(S) = 12
11 if P ∈ A\B.



6.1. General results for degree 4 59

Proof. The Zariski Decomposition follows from −KS−vA∼R (2−v)A+2B+2C+D+D′+B1.

We have SS(A) = 11
12 . Thus, δP(S)≤ 12

11 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(v+4)2

32 if v ∈ [0,1],
5(8−3v)v

32 if v ∈ [1,2].

So S(W A
•,•;P)≤ 17

24 ≤ 11
12 . Thus, δP(S) = 12

11 if P ∈ A\B.

Lemma 6.1.8. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

v

Figure 6.6: Dual graph: (−KS)
2 = 4 and δP(S) = 24

23

Then τ(A) = 5
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
5(4B+3C+2D+E)− (v−1)B1 if v ∈

[
1, 5

2

]
.

N(v) =

 v
5(4B+3C+2D+E) if v ∈ [0,1],
v
5(4B+3C+2D+E)+(v−1)B1 if v ∈

[
1, 5

2

]
.

Moreover,

(P(v))2 =

4−2v− v2

5 if v ∈ [0,1],
(2v−5)2

5 if v ∈
[
1, 5

2

]
.

P(v) ·A =

1+ v
5 if v ∈ [0,1],

2− 4v
5 if v ∈

[
1, 5

2

]
.

In this case δP(S) = 24
23 if P ∈ A\B.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(5
2
− v
)

A+
1
2

(
4B+3C+2D+E +3B1

)
.

We have SS(A) = 23
24 . Thus, δP(S)≤ 24

23 for P ∈ A\B. Note that we have:

h(v)≤


(v+5)2

50 if v ∈ [0,1],
6v(5−2v)

25 if v ∈
[
1, 5

2

]
.

So S(W A
•,•;P)≤ 73

120 ≤ 23
24 . Thus, δP(S) = 24

23 if P ∈ A\B.

Lemma 6.1.9. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:
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a)
c)

d)

e)b)

Figure 6.7: Dual graph: (−KS)
2 = 4 and δP(S) = 1 with −KS − vA nef on [0,1]

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +B2 +B3 +B4) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +B2 +B3 +B4) if v ∈ [1,2].

b). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(2B+C+B1 +B2) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(2B+C+B1 +B2) if v ∈ [1,2].

c). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(2B+C+2B′+C′) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(2B+C+2B′+C′) if v ∈ [1,2].

d). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(3B+2C+D+B1) if v ∈ [1,2]

N(v) =

0 if v ∈ [0,1]

(v−1)(3B+2C+D+B1) if v ∈ [1,2].

e). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(4B+3C+2D+E) if v ∈ [1,2].

N(v) =

0 if v ∈ [0,1],

(v−1)(4B+3C+2D+E) if v ∈ [1,2].

Moreover:

(P(v))2 =

4−2v2 if v ∈ [0,1],

2(2− v)2 if v ∈ [1,2].
P(v) ·A =

2v if v ∈ [0,1],

2(2− v) if v ∈ [1,2].
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In this case δP(S) = 1 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R (2− v)A+B1 +B2 +

B3 +B4. A similar statement holds in other parts. Consider a point P described above. We

have SS(A) = 1. Thus, δP(S)≤ 1 for P ∈ A. Note that we have:

h(v)≤

2v2 if v ∈ [0,1],

2v(2− v) if v ∈ [1,2].

So S(W A
•,•;P)≤ 1. Thus, δP(S) = 1.

Lemma 6.1.10. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

a)

b)

c)

Figure 6.8: Dual graph: (−KS)
2 = 4 and δP(S) = 1 with −KS − vA nef on [0,2]

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
2
(B1 +B2) if v ∈ [0,2].

N(v) =
v
2
(B1 +B2) if v ∈ [0,2].

b). P(v) =−KS − vA− v
2
(2B1 +C1 +C′

1) if v ∈ [0,2].

N(v) =
v
2
(2B1 +C1 +C′

1) if v ∈ [0,2].

c). P(v) =−KS − vA− v
2
(2B1 +2C1 +D1 +D′

1) if v ∈ [0,2].

N(v) =
v
2
(2B1 +2C1 +D1 +D′

1) if v ∈ [0,2].

Moreover,

(P(v))2 = 4−2v and P(v) ·A = 1 if v ∈ [0,2].

In this case δP(S) = 1 if P ∈ A\(B1 ∪B2).

Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R (2− v)A+ 1
2

(
3B1 +

C1 +C′
1 + 3B2 +C2 +C′

2

)
. A similar statement holds in other parts. We have SS(A) = 1.

Thus, δP(S) ≤ 1 for P ∈ A. Moreover, if P ∈ A\(B1 ∪B2) we have h(v) = 1/2 if v ∈ [0,2]. So

S(W A
•,•;P)≤ 1

2 ≤ 1. We get that δP(S) = 1 for P ∈ A\(B1 ∪B2).
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Lemma 6.1.11. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

a) b)

b) b')

Figure 6.9: Dual graph: (−KS)
2 = 4 and δP(S) = 6

7 with τ(A) = 2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(B2 +B3) if v ∈ [1,2].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(B2 +B3) if v ∈ [1,2].

b). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(2B2 +C2) if v ∈ [1,2].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(2B2 +C2) if v ∈ [1,2].

Moreover,

(P(v))2 =

4− 3v2

2 if v ∈ [0,1],
(v−2)(v−6)

2 if v ∈ [1,2].
P(v) ·A =

2v if 3v
2 ∈ [0,1]

2− v
2 if v ∈ [1,2].

In this case δP(S) = 6
7 if P ∈ A.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (2−v)A+2B1 +C1 +

C′
1 +B2 +B3. A similar statement holds in other parts. We have SS(A) = 7

6 . Thus, δP(S) ≤ 6
7

for P ∈ A. Note that we have if P ∈ A\B1 or if P ∈ A∩B1:

h(v)≤

9v2

8 if v ∈ [0,1],
(4−v)(7v−4)

8 if v ∈ [1,2].
or

15v2

8 if v ∈ [0,1],
(4−v)(4+v)

8 if v ∈ [1,2].

So S(W A
•,•;P)≤ 7

6 . Thus, δP(S) = 6
7 if P ∈ A.
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Lemma 6.1.12. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

Figure 6.10: Dual graph: (−KS)
2 = 4 and δP(S) = 6

7 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B1 +C1)− v

2B2 if v ∈ [0,2],

−KS − vA− v
3(2B1 +C1)− (v−1)B2 − (v−2)C2 if v ∈ [2,3].

N(v) =

 v
3(2B1 +C1)+

v
2B2 if v ∈ [0,2],

v
3(2B1 +C1)+(v−1)B2 +(v−2)C2 if v ∈ [2,3].

Moreover,

(P(v))2 =

4−2v+ v2

6 if v ∈ [0,2],
2(v−3)2

3 if v ∈ [2,3].
P(v) ·A =

2v if 1− v
6 ∈ [0,2],

2(1− v
3) if v ∈ [2,3].

In this case δP(S) = 6
7 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3− v)A+2B1 +C1 +2B2 +C2.

We have SS(A) = 7
6 . Thus, δP(S)≤ 6

7 for P ∈ A. Note that for P ∈ A\B1 we have:

h(v)≤


(6−v)(5v+6)

72 if v ∈ [0,2],
4v(3−v)

9 if v ∈ [2,3].

So S(W A
•,•;P)≤ 1 ≤ 7

6 . Thus, δP(S) = 6
7 if P ∈ A\B1.

Lemma 6.1.13. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)B1 if v ∈

[
1, 3

2

]
,

−KS − vA− (v−1)(2B+C+B1)− (2v−3)C′ if v ∈
[3

2 ,2
]
.
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N(v) =


v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)B1 if v ∈

[
1, 3

2

]
,

(v−1)(2B+C+B1)+(2v−3)C′ if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =


4− 4v2

3 if v ∈ [0,1],

5−2v− v2

3 if v ∈
[
1, 3

2

]
,

(2− v)(4− v) if v ∈
[3

2 ,2
]
.

P(v) ·A =


4v
3 if v ∈ [0,1],

1+ v
3 if v ∈

[
1, 3

2

]
,

3− v if v ∈
[3

2 ,2
]
.

In this case δP(S) = 24
29 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+3B+2C+D+2C′+

B1. We have SS(A) = 29
24 . Thus, δP(S)≤ 24

29 for P ∈ A. Note that for P ∈ A\B we have:

h(v) =


8v2

9 if v ∈ [0,1],
(v+3)(7v−3)

18 if v ∈
[
1, 3

2

]
,

(3−v)(v+1)
2 if v ∈

[3
2 ,2
]
.

So S(W A
•,•;P)≤ 11

12 ≤ 29
24 . Thus, δP(S) = 24

29 if P ∈ A\B.

Lemma 6.1.14. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

v

Figure 6.11: Dual graph: (−KS)
2 = 4 and δP(S) = 24

29

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(3C′+6B+4C+2D) if v ∈

[
0, 5

2

]
,

−KS − vA− (v−1)(2B+C′)− (2v−3)C− (2v−4)D− (2v−5)E if v ∈
[5

2 ,3
]
.

N(v) =

 v
5(3C′+6B+4C+2D) if v ∈

[
0, 5

2

]
,

(v−1)(2B+C′)+(2v−3)C+(2v−4)D+(2v−5)E if v ∈
[5

2 ,3
]
.

Moreover,

(P(v))2 =

4−2v+ v2

5 if v ∈
[
0, 5

2

]
,

(3− v)2 if v ∈
[5

2 ,3
]
.

P(v) ·A =

1− v
5 if v ∈

[
0, 5

2

]
,

3− v if v ∈
[5

2 ,3
]
.
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In this case δP(S) = 24
29 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (3−v)A+2C′+4B+3C+2D+

E. We have SS(A) = 29
24 . Thus, δP(S)≤ 24

29 for P ∈ A. Note that if P ∈ A\B then

h(v) =


(5−v)2

50 if v ∈
[
0, 5

2

]
,

(3−v)2

2 if v ∈
[5

2 ,3
]
.

So S(W A
•,•;P)≤ 3

8 ≤ 29
24 . Thus, δP(S) = 24

29 if P ∈ A\B.

Lemma 6.1.15. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

v

Figure 6.12: Dual graph: (−KS)
2 = 4 and δP(S) = 9

11

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(3B+2C+D) if v ∈

[
0, 4

3

]
,

−KS − vA− (v−1)(3B+2C+D)− (3v−4)C′ if v ∈
[4

3 ,2
]
.

N(v) =

 v
4(3B+2C+D) if v ∈

[
0, 4

3

]
,

(v−1)(3B+2C+D)+(3v−4)C′ if v ∈
[4

3 ,2
]
.

Moreover,

(P(v))2 =

4− 5v2

4 if v ∈
[
0, 4

3

]
,

(2− v)(4− v) if v ∈
[4

3 ,2
]
.

P(v) ·A =

5v
4 if v ∈

[
0, 4

3

]
,

3− v if v ∈
[4

3 ,2
]
.

In this case δP(S) = 9
11 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (2−v)A+2C′+3B+3C+2D+

E. We have SS(A) = 11
9 . Thus, δP(S)≤ 9

11 for P ∈ A. Note that we have that if P ∈ A\B then

h(v)≤

25v2

32 if v ∈
[
0, 4

3

]
,

(3−v)2

2 if v ∈
[4

3 ,2
]
.

So S(W A
•,•;P)≤ 11

18 ≤ 11
9 . Thus, δP(S) = 9

11 if P ∈ A\B.

Lemma 6.1.16. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:
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Figure 6.13: Dual graph: (−KS)
2 = 4 and δP(S) = 4

5

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(3B+2C+D) if v ∈ [0,1],

−KS − vA− v
4(3B+2C+D)− (v−1)B1 if v ∈ [1,2].

N(v) =

 v
4(3B+2C+D) if v ∈ [0,1],
v
4(3B+2C+D)+(v−1)B1 if v ∈ [1,2].

Moreover,

(P(v))2 =

4− 5v2

4 if v ∈ [0,1],
(v+10)(2−v)

4 if v ∈ [1,2].
P(v) ·A =

5v
4 if v ∈ [0,1],

1+ v
4 if v ∈ [1,2].

In this case δP(S) = 4
5 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (2−v)A+3B+4C+2D+3D′+

B1. We have SS(A) = 5
4 . Thus, δP(S)≤ 4

5 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤

25v2

32 if v ∈ [0,1],
(v+4)(9v−4)

32 if v ∈ [1,2].

So S(W A
•,•;P)≤ 23

24 ≤ 5
4 . Thus, δP(S) = 4

5 if P ∈ A\B.

Lemma 6.1.17. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

a)

b)

c)

Figure 6.14: Dual graph: (−KS)
2 = 4 and δP(S) = 3

4 with τ(A) = 2
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
2
(B1 +B2) and N(v) =

v
2
(B1 +B2) if v ∈ [0,2].

b). P(v) =−KS − vA− v
2
(2B+C+C′) and N(v) =

v
2
(2B+C+C′) if v ∈ [0,2].

c). P(v) =−KS − vA− v
2
(2B+2C+D+D′) and N(v) =

v
2
(2B+2C+D+D′) if v ∈ [0,2].

Moreover,

(P(v))2 = (2− v)(v+2) and P(v) ·A = v if v ∈ [0,2].

In this case δP(S) = 3
4 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (2−v)A+2B1 +C1 +

C′
1+2B2+C2+C′

2. A similar statement holds in other parts. We have SS(A) = 4
3 . Thus, δP(S)≤

3
4 for P ∈ A. Moreover h(v) ≤ v2 if v ∈ [0,2]. So S(W A

•,•;P) ≤ 4
3 . We get that δP(S) = 3

4 P ∈
A\B.

Lemma 6.1.18. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

Figure 6.15: Dual graph: (−KS)
2 = 4 and δP(S) = 3

4 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)(B2 +B3) if v ∈ [1,3].

N(v) =

 v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)(B2 +B3) if v ∈ [1,3].

b). P(v) =

−KS − vA− v
3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)(2B2 +C2) if v ∈ [1,3].

N(v) =

 v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)(2B2 +C2) if v ∈ [1,3].
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Moreover,

(P(v))2 =

4− 4v2

3 if v ∈ [0,1],
2(3−v)2

3 if v ∈ [1,3].
P(v) ·A =

4v
3 if v ∈ [0,1],

2(1− v
3) if v ∈ [1,3].

In this case δP(S) = 3
4 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (3−v)A+2B1 +C1 +

2B2+2B3. A similar statement holds in other parts. SS(A) = 4
3 . Thus, δP(S)≤ 3

4 for P ∈ A. Note

that for P ∈ A\B1 we have:

h(v)≤

8v2

9 if v ∈ [0,1],
2(3−v)(5v−3)

9 if v ∈ [1,3].

So S(W A
•,•;P)≤ 4

3 . Thus, δP(S) = 3
4 if P ∈ A\B1.

Lemma 6.1.19. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

vvb)a)

Figure 6.16: Dual graph: (−KS)
2 = 4 and δP(S) = 3

4 with τ(A) = 4

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
4
(2B′+3B+2C+D) if v ∈ [0,4].

N(v) =
v
4
(2B′+3B+2C+D) if v ∈ [0,4].

b). P(v) =−KS − vA− v
4
(5B+6C+4D+2E +3D′) if v ∈ [0,4].

N(v) =
v
4
(5B+6C+4D+2E +3D′) if v ∈ [0,4].

Moreover,

(P(v))2 =
(v−4)2

4
P(v) ·A = 1− v

4
if v ∈ [0,4].

In this case δP(S) = 3
4 if P ∈ A.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (4−v)A+2B′+3B+

2C +D. A similar statement holds in other parts. We have SS(A) = 4
3 . Thus, δP(S) ≤ 3

4 for

P ∈ A. Moreover for P ∈ A\B1 we have h(v) ≤ (4−v)(3v+4)
32 if v ∈ [0,4]. So S(W A

•,•;P) ≤ 1 ≤ 4
3 .

We get that δP(S) = 3
4 for P ∈ A\B1.
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Lemma 6.1.20. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

vv b)a)

Figure 6.17: Dual graph: (−KS)
2 = 4 and δP(S) = 2

3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =


−KS − vA− v

2(B+B′) if v ∈ [0,1],

−KS − vA− v
2(B+B′)− (v−1)B1 if v ∈ [1,2],

−KS − vA− (v−1)(B+B′+B1)− (v−2)(C+C′) if v ∈ [2,3].

N(v) =


v
2(B+B′) if v ∈ [0,1],
v
2(B+B′)+(v−1)B1 if v ∈ [1,2],

(v−1)(B+B′+B1)+(v−2)(C+C′) if v ∈ [2,3].

b). P(v) =


−KS − vA− v

2(2B+C+C′) if v ∈ [0,1],

−KS − vA− v
2(2B+C+C′)− (v−1)B1 if v ∈ [1,2],

−KS − vA− (v−1)(2B+C′+B1)− (2v−3)C− (2v−4)D if v ∈ [2,3].

N(v) =


v
2(2B+C+C′) if v ∈ [0,1],
v
2(2B+C+C′)+(v−1)B1 if v ∈ [1,2],

(v−1)(2B+C′+B1)+(2v−3)C+(2v−4)D if v ∈ [2,3].

Moreover,

(P(v))2 =


(2− v)(2+ v) if v ∈ [0,1],

5−2v if v ∈ [1,2],

(3− v)2 if v ∈ [2,3].

P(v) ·A =


v if v ∈ [0,1],

1 if v ∈ [1,2],

3− v if v ∈ [2,3].

In this case δP(S) = 2
3 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R (3− v)A+C′+2B′+

2B+C′+2B1. We have SS(A) = 3
2 . Thus, δP(S)≤ 2

3 for P ∈ A. Note that fo P ∈ A\B we have:

h(v)≤


v2

2 if v ∈ [0,1],

v+ 1
2 if v ∈ [1,2],

(3−v)(v+1)
2 if v ∈ [2,3].
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So S(W A
•,•;P)≤ 1 ≤ 3

2 . Thus, δP(S) = 2
3 if P ∈ A\B.

Lemma 6.1.21. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

v

Figure 6.18: Dual graph: (−KS)
2 = 4 and δP(S) = 24

37

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

2B1 − v
3(2B+C) if v ∈

[
0, 3

2

]
,

−KS − vA− v
2B1 − (v−1)(2B+C)− (2v−3)C′ if v ∈

[3
2 ,2
]
,

−KS − vA− (v−1)(2B+C+B1)− (2v−3)C′− (v−2)C1 if v ∈ [2,3].

N(v) =


v
2B1 +

v
3(2B+C) if v ∈

[
0, 3

2

]
,

v
2B1 +(v−1)(2B+C)+(2v−3)C′ if v ∈

[3
2 ,2
]
,

(v−1)(2B+C+B1)+(2v−3)C′+(v−2)C1 if v ∈ [2,3].

Moreover,

(P(v))2 =


4− 5v2

6 if v ∈
[
0, 3

2

]
,

7−4v+ v2

2 if v ∈
[3

2 ,2
]
,

(3− v)2 if v ∈ [2,3].

P(v) ·A


5v
6 if v ∈

[
0, 3

2

]
,

2− v
2 if v ∈

[3
2 ,2
]
,

3− v if v ∈ [2,3].

In this case δP(S) = 24
37 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (3−v)A+2B1+C1+4B+2C+

3C′. We have SS(A) = 37
24 . Thus, δP(S)≤ 24

37 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


55v2

72 if v ∈
[
0, 3

2

]
,

(4−v)(4+v)
8 if v ∈

[3
2 ,2
]
,

(3−v)(v+1)
2 if v ∈ [2,3].

So S(W A
•,•;P)≤ 13

12 ≤ 37
24 . Thus, δP(S) = 24

37 if P ∈ A\B.

Lemma 6.1.22. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:
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vv

Figure 6.19: Dual graph: (−KS)
2 = 4 and δP(S) = 9

14

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(6B+4C+3C′+2D) if v ∈

[
0, 5

3

]
,

−KS − vA− (v−1)(3B+2C+D)− (3v−4)C′− (3v−5)D′ if v ∈
[5

3 ,3
]
.

N(v) =

 v
5(6B+4C+3C′+2D) if v ∈

[
0, 5

3

]
,

(v−1)(3B+2C+D)+(3v−4)C′+(3v−5)D′ if v ∈
[5

3 ,3
]
.

Moreover,

(P(v))2 =

4− 4v2

5 if v ∈
[
0, 5

3

]
,

(3− v)2 if v ∈
[5

3 ,3
]
.

P(v) ·A =

4v
5 if v ∈

[
0, 5

3

]
,

3− v if v ∈
[5

3 ,3
]
.

In this case δP(S) = 9
14 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (3−v)A+4D′+5C′+6B+4C+

2D. We have SS(A) = 14
9 . Thus, δP(S)≤ 9

14 for P ∈ A. Note that if P ∈ A\B then

h(v) =

8v2

25 if v ∈
[
0, 5

3

]
,

(3−v)2

2 if v ∈
[5

3 ,3
]
.

So S(W A
•,•;P)≤ 14

9 . Thus, δP(S) = 9
14 if P ∈ A\B.

Lemma 6.1.23. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

v

Figure 6.20: Dual graph: (−KS)
2 = 4 and δP(S) = 6

11

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

3(2B1 +C1)− v
2B2 if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− v

2B2 − (v−1)B3 if v ∈ [1,3],

−KS − vA− (v−1)(B1 +B3)− (v−2)C1 − (v−3)D1 − v
2B2 if v ∈ [3,4].
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N(v) =


v
3(2B1 +C1)+

v
2B2 if v ∈ [0,1],

v
3(2B1 +C1)+

v
2B2 +(v−1)B3 if v ∈ [1,3],

(v−1)(B1 +B3)+(v−2)C1 +(v−3)D1 +
v
2B2 if v ∈ [3,4].

Moreover,

(P(v))2 =


4− 5v2

6 if v ∈ [0,1],

5−2v+ v2

6 if v ∈ [1,3],
(4−v)2

2 if v ∈ [3,4].

P(v) ·A =


5v
6 if v ∈ [0,1],

1− v
6 if v ∈ [1,3],

2− v
2 if v ∈ [3,4].

In this case δP(S) = 6
11 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (4− v)A+ 3B1 + 2C1 +D1 +

2B2 + 3B3. We have SS(A) = 11
6 . Thus, δP(S) ≤ 6

11 for P ∈ A. Note that if P ∈ A\(B1 ∪B3) or

P ∈ A∩B1 or P ∈ A∩B3 we have:

h(v)≤


55v2

72 if v ∈ [0,1],
(6−v)(5v+6)

72 if v ∈ [1,3],
(4−v)(v+4)

8 if v ∈ [3,4].

or h(v)≤


65v2

72 if v ∈ [0,1],
(6−v)(7v+6)

72 if v ∈ [1,3],
3(4−v)v

8 if v ∈ [3,4].

or h(v)≤


25v2

72 if v ∈ [0,1],
(6−v)(11v−6)

72 if v ∈ [1,3],
3(4−v)v

8 if v ∈ [3,4].

So S(W A
•,•;P) ≤ 11

9 ≤ 11
6 or S(W A

•,•;P) ≤ 37
24 ≤ 11

6 S(W A
•,•;P) ≤ 29

24 ≤ 11
6 . Thus, δP(S) = 6

11 if

P ∈ A.

Lemma 6.1.24. If P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

b)a)

Figure 6.21: Dual graph: (−KS)
2 = 4 and δP(S) = 1

2 with τ(A) = 4

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2(B1 +B2 +B3) if v ∈ [0,2],

−KS − vA− v
2B1 − (v−1)(B2 +B3)− (v−2)(C2 +C3) if v ∈ [2,4].
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N(v) =

 v
2(B1 +B2 +B3) if v ∈ [0,2],
v
2B1 +(v−1)(B2 +B3)+(v−2)(C2 +C3) if v ∈ [2,4].

b). P(v) =

−KS − vA− v
2(B1 +2B+C+C′) if v ∈ [0,2],

−KS − vA− v
2E1 − (v−1)(2B+C′)− (2v−3)C− (2v−4)D if v ∈ [2,4].

N(v) =

 v
2(B1 +2B+C+C′) if v ∈ [0,2],
v
2B1 +(v−1)(2B+C′)+(2v−3)C+(2v−4)D if v ∈ [2,4].

Moreover,

(P(v))2 =

4− v2

2 if v ∈ [0,2],
(4−v)2

2 if v ∈ [2,4].
P(v) ·A =

 v
2 if v ∈ [0,2]

2− v
2 if v ∈ [2,4].

In this case δP(S) = 1
2 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS−vA ∼R (4−v)A+3B1+2C1+

3B2+2C2+2B3. A similar statement holds in other parts. Thus, SS(A) = 2 Thus, δP(S)≤ 1
2 for

P ∈ A. Note that we have that

h(v)≤

3v2

8 if v ∈ [0,2],
(4−v)(v+4)

8 if v ∈ [2,4].
or h(v) =

3v2

8 if v ∈ [0,2],
3(4−v)v

8 if v ∈ [2,4].

So S(W A
•,•;P)≤ 3

2 ≤ 2 or S(W A
•,•;P)≤ 4

3 ≤ 2. Thus, δP(S) = 1
2 .

Lemma 6.1.25. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

vv

Figure 6.22: Dual graph: (−KS)
2 = 4 and δP(S) = 1

2 with τ(A) = 5

Then τ(A) = 5 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(6B+4C+3C′+2D) if v ∈ [0,1],

−KS − vA− v
5(6B+4C+3C′+2D)− (v−1)B1 if v ∈ [1,5].

N(v) =

 v
5(6B+4C+3C′+2D) if v ∈ [0,1],
v
5(6B+4C+3C′+2D)+(v−1)B1 if v ∈ [1,5].
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Moreover,

(P(v))2 =

4− 4v2

5 if v ∈ [0,1],
(5−v)2

5 if v ∈ [1,5].
P(v) ·A =

4v
5 if v ∈ [0,1],

1− v
5 if v ∈ [1,5].

In this case δP(S) = 1
2 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (5−v)A+3C′+6B+4C+2D+

4B1. We have SS(A) = 2. Thus, δP(S)≤ 1
2 for P ∈ A. Note that for P ∈ A\B we have:

h(v) =

8v2

25 if v ∈ [0,1],
(5−v)(9v−5)

50 if v ∈ [1,5].

So S(W A
•,•;P)≤ 4

3 ≤ 2. Thus, δP(S) = 1
2 if P ∈ A\B.

Lemma 6.1.26. If P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-curves

which form the following dual graph:

vv

Figure 6.23: Dual graph: (−KS)
2 = 4 and δP(S) = 3

8

Then τ(A) = 6 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
6(4C2 +2B2 +3B3 +3B1) if v ∈ [0,2],

−KS − vA− v
6(4C2 +2B2 +3B3)− (v−1)B1 − (v−2)C1 if v ∈ [2,6].

N(v) =

 v
6(4C2 +2B2 +3B3 +3B1) if v ∈ [0,2],
v
6(4C2 +2B2 +3B3)+(v−1)B1 +(v−2)C1 if v ∈ [2,6].

Moreover,

(P(v))2 =

4− v2

3 if v ∈ [0,2],
(6−v)2

6 if v ∈ [2,6].
P(v) ·A =

 v
3 if v ∈ [0,2],

1− v
6 if v ∈ [2,6].

In this case δP(S) = 3
8 if P ∈ A.
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Proof. The Zariski Decomposition follows from −KS − vA ∼R (6− v)A+ 5B1 + 4C1 + 4B2 +

2C2 +3B3. We have SS(A) = 8
3 . Thus, δP(S)≤ 3

8 for P ∈ A. Note that

h(v)≤

5v2

18 if v ∈ [0,2],
(6−v)(7v+6)

72 if v ∈ [2,6].
or h(v)≤

2v2

9 if v ∈ [0,2],
(6−v)(5v+6)

72 if v ∈ [2,6].

So S(W A
•,•;P)≤ 8

3 or S(W A
•,•;P)≤ 14

9 ≤ 8
3 . Thus, δP(S) = 3

8 if P ∈ A.

6.2 Finding δ -invariants for degree 4
Let X be a singular del Pezzo surface of degree 4 with and S be a minimal resolution of X .

Then there are several possible cases:

I. X has an A1 singularity and contains 12 lines. In this case, we let E be the exceptional

divisor, Li, Li, j for i ∈ {1,2,3,4}, j ∈ {1,2} be the lines on S,

II. X has two A1 singularities and contains 9 lines. In this case, we let Ei be for i ∈ {1,2}
be the exceptional divisors, L12, Li, j, L12,i j for i, j ∈ {1,2} be the lines on S,

III. X has two A1 singularities and contains 8 lines. In this case, we let Ei be for i ∈ {1,2}
be the exceptional divisors, Li, j, for i ∈ {1,2}, j ∈ {1,2,3,4} be the lines on S,

IV. X has three A1 singularities and contains 6 lines. In this case, we let E1, E ′
1 and E2 be

the exceptional divisors, L12, L′
12, L1,i and L′

1,i for i ∈ {1,2} be the lines on S,

V. X has four A1 singularities and contains 4 lines. In this case, we let Ei for i ∈ {1,2,3,4}
be the exceptional divisors, L12, L23, L34, L14 be the lines on S,

VI. X has an A2 singularity and contains 8 lines. In this case, we let E and E ′ be the

exceptional divisors, Li, Li,1 and L′
i,1 for i ∈ {1,2} be the lines on S,

VII. X has A2 and A1 singularities and contains 6 lines. In this case, we let E1, E ′
1 and E2 be

the exceptional divisors, L1,i, L12,i for i ∈ {1,2}, L2 and L12 be the lines on S,

VIII. X has A2 and two A1 singularities and contains 4 lines. In this case, we let Ei and E ′
i for

i ∈ {1,2} be the exceptional divisors, L2, L′
2, L12 and L′

12 be the lines on S,

IX. X has an A3 singularity and contains 5 lines. In this case, we let E1, E ′
1 and E2 be the

exceptional divisors, L2, L1, L′
1, L1,1 and L′

1,1 be the lines on S,

X. X has an A3 singularity and contains 4 lines. In this case, we let E1, E ′
1 and E2 be the

exceptional divisors, L1,i and L′
1,i for i ∈ {1,2} be the lines on S,

XI. X has A3 and A1 singularities and contains 3 lines. In this case, we let E1, E ′
1, E2 and

E3 be the exceptional divisors, L13, L1,1 and L1,2 be the lines on S,

XII. X has A3 and two A1 singularities and contains 2 lines. In this case, we let E1, E ′
1, E2,

E3 and E ′
3 be the exceptional divisors, L13 and L′

13 be the lines on S,

XIII. X has an A4 singularity and contains 3 lines. In this case, we let Ei for i ∈ {1,2,3,4} be

the exceptional divisors, L2, L4 and L4,1 be the lines on S,
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XIV. X has an D4 singularity and contains 2 lines. In this case, we let E, E1, E ′
1 and E2 be the

exceptional divisors, L1 and L′
1 be the lines on S,

XV. X has an D5 singularity and contains 1 line. In this case, we let E and Ei for i∈{1,2,3,4}
be the exceptional divisors, L4 be a line on S.

such that the dual graph of the (−1)-curves and (−2)-curves on S is given on the picture

below:

Figure 6.24: Du Val del Pezzo surfaces with (−KS)
2 = 4 (pic. 1/3)

v v

Figure 6.25: Du Val del Pezzo surfaces with (−KS)
2 = 4 (pic. 2/3)
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v

v vv

Figure 6.26: Du Val del Pezzo surfaces with (−KS)
2 = 4 (pic. 2/2)

One has:

I. δ (X) = 1 since depending on the position of point P ∈ S we have

P E
(⋃

i∈{1,2,3,4}Li
)
\E 2 curves in L1 1 curve in L1\

(⋃
i∈{1,2,3,4}Li

)
o/w

δP(S) 1 6
5

4
3

18
13

3
2

Table 6.6: Local δ -invariants: (−KS)
2 = 4 and A1 singularity

where L1 :=
{

Li, j
∣∣i ∈ {1,2,3,4}, j ∈ {1,2}

}
.

II. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 ∪L12
(⋃

i, j∈{1,2}Li, j
)
\E2 L2 L12\

(
L2 ∪

⋃
i, j∈{1,2}Li, j

)
o/w

δP(S) 1 6
5

4
3

18
13

3
2

Table 6.7: Local δ -invariants: (−KS)
2 = 4 and 2A1 singularities (9 lines)

where E2 := E1 ∪E2, L2 :=
(
L12,11 ∩L12,22

)
∪
(
L12,12 ∩L12,21

)
, L12 :=

⋃
i, j∈{1,2}L12,i j.

III. δ (X) = 1 since depending on the position of point P ∈ S we have

P E1 ∪E2
(⋃

i∈{1,2}, j∈{1,2,3,4}Li, j
)
\(E1 ∪E2) o/w

δP(S) 1 6
5

3
2

Table 6.8: Local δ -invariants: (−KS)
2 = 4 and 2A1 singularities (8 lines)

IV. δ (X) = 1 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1 ∪E2 ∪L12 ∪L′

12
(⋃

i∈{1,2}L1,i ∪L′
1,i
)
\(E1 ∪E ′

1) o/w
δP(S) 1 6

5
3
2

Table 6.9: Local δ -invariants: (−KS)
2 = 4 and 3A1 singularities
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V. δ (X) = 1 since depending on the position of point P ∈ S we have

P
(⋃

i∈{1,2,3,4}Ei
)
∪L12 ∪L23 ∪L34 ∪L14 o/w

δP(S) 1 3
2

Table 6.10: Local δ -invariants: (−KS)
2 = 4 and 4A1 singularities

VI. δ (X) = 6
7 since depending on the position of point P ∈ S we have

P E6
(⋃

i∈{1,2}Li ∪L′
i
)
\E6 L6

(⋃
i∈{1,2}Li,1 ∪L′

i,1
)
\
(

L6 ∪E6

)
o/w

δP(S) 6
7

8
7

4
3

18
13

3
2

where E6 := E ∪E ′, L6 :=
(
L1,1 ∩L′

1,1
)
∪
(
L1,1 ∩L′

2,1
)
∪
(
L2,1 ∩L′

1,1
)
∪
(
L2,1 ∩L′

2,1
)
.

Table 6.11: Local δ -invariants: (−KS)
2 = 4 and A2 singularity

VII. δ (X) = 6
7 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1 ∪L12 E2\L12 L7\E ′

1 L2\E2 (L12,1 ∪L12,2)\(L7 ∪L2) o/w
δP(S) 6

7 1 8
7

6
5

18
13

3
2

where L7 := L1,1 ∪L1,2.

Table 6.12: Local δ -invariants: (−KS)
2 = 4 and A2A1 singularities

VIII. δ (X) = 6
7 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1 ∪L12 ∪L′

12 (E2 ∪E ′
2)\(L12 ∪L′

12) (L2 ∪L′
2)\(E2 ∪E ′

2) o/w
δP(S) 6

7 1 6
5

3
2

Table 6.13: Local δ -invariants: (−KS)
2 = 4 and A22A1 singularities

IX. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E2 E9\E2 (L1 ∪L′
1)\E9 L2\E2 L9 (L1,1 ∪L′

1,1)\L9 o/w
δP(S) 2

3
24
29

12
11 1 4

3
18
13

3
2

where E9 := E1 ∪E ′
1, L9 := L1,1 ∩L′

1,1.

Table 6.14: Local δ -invariants: (−KS)
2 = 4 and A3 singularity (5 lines)

X. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1 ∪E2

(⋃
i∈{1,2}L1,i ∪L′

1,i
)
\(E1 ∪E ′

1) o/w
δP(S) 3

4
9
8

3
2

Table 6.15: Local δ -invariants: (−KS)
2 = 4 and A3 singularity (4 lines)
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XI. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1 ∪E2 ∪L13 E3\L13 (L1,1 ∪L1,2)\E ′

1 o/w
δP(S) 3

4 1 9
8

3
2

Table 6.16: Local δ -invariants: (−KS)
2 = 4 and A3A1 singularities

XII. δ (X) = 3
4 since

P E1 ∪E ′
1 ∪E2 ∪L13 ∪L′

13 (E3 ∪E ′
3)\(L13 ∪L′

13) o/w
δP(S) 3

4 1 3
2

Table 6.17: Local δ -invariants: (−KS)
2 = 4 and A32A1 singularities

XIII. δ (X) = 6
11 since depending on the position of point P ∈ S we have

P E2 E3\E2 E4\E3 L2\E2 E1\E2 L4\E4 L4,1\L4 o/w
δP(S) 6

11
24
37

4
5

24
29

9
11

24
23

18
13

3
2

Table 6.18: Local δ -invariants: (−KS)
2 = 4 and A4 singularity

XIV. δ (X) = 1
2 since depending on the position of point P ∈ S we have

P E (E1 ∪E ′
1)\E E2\E (L1 ∪L′

1)\(E1 ∪E ′
1) o/w

δP(S) 1
2

2
3

3
4 1 3

2

Table 6.19: Local δ -invariants: (−KS)
2 = 4 and D4 singularity

XV. δ (X) = 3
8 since depending on the position of point P ∈ S we have

P E3 (E2 ∪E4)\E3 E\E3 (E1 ∪L4)\(E2 ∪E4) o/w
δP(S) 3

8
1
2

9
14

3
4

3
2

Table 6.20: Local δ -invariants: (−KS)
2 = 4 and D5 singularity

Proof. We prove each case separately using lemmas from the previous section.

I. If P ∈ E, the assertion follows from Lemma 6.1.9 [a).]. If P ∈
(⋃

i∈{1,2,3,4}Li
)
\E, the

assertion follows from Lemma 6.1.4 [a).]. If P is the intersection of two (−1)-curves in{
Li, j
∣∣i ∈ {1,2,3,4}, j ∈ {1,2}

}
, the assertion follows from Lemma 6.1.3. If P belongs

to exactly one curve in
{

Li, j
∣∣i ∈ {1,2,3,4}, j ∈ {1,2}

}
\
(⋃

i∈{1,2,3,4}Li
)
, the assertion

follows from Lemma 6.1.2. If P is a general point, the assertion follows from Lemma

6.1.1.
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II. If P ∈ E1 ∪E2, the assertion follows from Lemma 6.1.9 [b).]. If P ∈ L12\(E1 ∪E2), the

assertion follows from Lemma 6.1.10. If P ∈
(⋃

i, j∈{1,2}Li, j
)
\(E1 ∪E2), the assertion

follows from Lemma 6.1.4 [a).]. If P ∈
(
L12,11 ∩L12,22

)
∪
(
L12,12 ∩L12,21

)
, the assertion

follows from Lemma 6.1.3. If P∈
(⋃

i, j∈{1,2}L12,i j)\
((

L12,11∩L12,22
)
∪
(
L12,12∩L12,21

)
∪⋃

i, j∈{1,2}Li, j

)
, the assertion follows from Lemma 6.1.2. If P is a general point, the

assertion follows from Lemma 6.1.1.

III. If P ∈ E1 ∪ E2, the assertion follows from Lemma 6.1.9 [a).]. If P ∈(⋃
i∈{1,2}, j∈{1,2,3,4}Li, j

)
\(E1 ∪ E2), the assertion follows from Lemma 6.1.4 [b).].

If P is a general point, the assertion follows from Lemma 6.1.1.

IV. If P ∈ E2, the assertion follows from Lemma 6.1.9 [c).]. If P ∈ E1 ∪E ′
1, the assertion

follows from Lemma 6.1.9 [b).]. If P ∈ (L12 ∪L′
12)\(E1 ∪E ′

1 ∪E2), the assertion follows

from Lemma 6.1.10. If P ∈
(⋃

i∈{1,2}L1,i ∪ L′
1,i
)
\(E1 ∪E ′

1), the assertion follows from

Lemma 6.1.4 [b).]. If P is a general point, the assertion follows from Lemma 6.1.1.

V. If P∈
⋃

i∈{1,2,3,4}Ei, the assertion follows from Lemma 6.1.9 [c).]. If P∈ (L12∪L23∪L34∪
L14)\

(⋃
i∈{1,2,3,4}Ei

)
, the assertion follows from Lemma 6.1.10 [a).]. If P is a general

point, the assertion follows from Lemma 6.1.1.

VI. If P ∈ E ∪ E ′, the assertion follows from Lemma 6.1.11 [a).]. If P ∈
(⋃

i∈{1,2}Li ∪
L′

i
)
\(E ∪ E ′), the assertion follows from Lemma 6.1.5. If P ∈

(
L1,1 ∩ L′

1,1
)
∪
(
L1,1 ∩

L′
2,1
)
∪
(
L2,1 ∩ L′

1,1
)
∪
(
L2,1 ∩ L′

2,1
)
, the assertion follows from Lemma 6.1.3. If P ∈(⋃

i∈{1,2}Li,1∪L′
i,1
)
\
((

L1,1∩L′
1,1
)
∪
(
L1,1∩L′

2,1
)
∪
(
L2,1∩L′

1,1
)
∪
(
L2,1∩L′

2,1
)
∪E∪E ′

)
,

the assertion follows from Lemma 6.1.2. If P is a general point, the assertion follows from

Lemma 6.1.1.

VII. If P ∈ E ′
1, the assertion follows from Lemma 6.1.11 [a).]. If P ∈ E1, the assertion follows

from Lemma 6.1.11 [b).]. If P ∈ L12\E1, the assertion follows from Lemma 6.1.12. If

P ∈ E2\L12, the assertion follows from Lemma 6.1.9 [d).]. If P ∈ (L1,1 ∪ L1,2)\E1, the

assertion follows from Lemma 6.1.5. If P ∈ L2\E2, the assertion follows from Lemma

6.1.4 [a).]. If P ∈ (L12,1 ∪ L12,2)\(L1,1 ∪ L1,2 ∪ L2), the assertion follows from Lemma

6.1.2. If P is a general point, the assertion follows from Lemma 6.1.1.

VIII. If P ∈ (L12 ∪L′
12)\(E1 ∪E ′

1), the assertion follows from Lemma 6.1.12. If P ∈ E1 ∪E ′
1,

the assertion follows from Lemma 6.1.11 [b).]. If P ∈ (E2∪E ′
2)\(L12∪L′

12), the assertion

follows from Lemma 6.1.9 [d).]. If P ∈ (L2 ∪ L′
2)\(E2 ∪E ′

2), the assertion follows from

Lemma 6.1.4 [b).]. If P is a general point, the assertion follows from Lemma 6.1.1.

IX. If P ∈ E2, the assertion follows from Lemma 6.1.17. If P ∈ (E1 ∪E ′
1)\E2, the assertion

follows from Lemma 6.1.13. If P∈ (L1∪L′
1)\(E1∪E ′

1), the assertion follows from Lemma

6.1.7. If P ∈ L2\E2, the assertion follows from Lemma 6.1.10 [b).]. If P = L1,1 ∩ L′
1,1,

the assertion follows from Lemma 6.1.3. If P ∈ (L1,1 ∪L′
1,1)\(L1,1 ∩L′

1,1), the assertion

follows from Lemma 6.1.2. If P is a general point, the assertion follows from Lemma

6.1.1.
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X. If P ∈ E2, the assertion follows from Lemma 6.1.17. If P ∈ (E1 ∪E ′
1)\E2, the assertion

follows from Lemma 6.1.18 [a).]. If P ∈
(⋃

i∈{1,2}L1,i ∪ L′
1,i
)
\(E1 ∪ E ′

1), the assertion

follows from Lemma 6.1.6. If P is a general point, the assertion follows from Lemma

6.1.1.

XI. If P ∈ E2, the assertion follows from Lemma 6.1.20 [a).]. If P ∈ E ′
1\E2, the assertion

follows from Lemma 6.1.18 [a).]. If P ∈ E1\E2, the assertion follows from Lemma 6.1.18

[b).]. If P ∈ L13\E1, the assertion follows from Lemma 6.1.19 [a).]. If P ∈ E3\L13, the

assertion follows from Lemma 6.1.9 [e).]. If P ∈ (L1,1 ∪L1,2)\E ′
1, the assertion follows

from Lemma 6.1.6. If P is a general point, the assertion follows from Lemma 6.1.1.

XII. If P ∈ E2, the assertion follows from Lemma 6.1.17. If P ∈ (E1 ∪E ′
1)\E2, the assertion

follows from Lemma 6.1.18. If P ∈ (L13 ∪ L′
13)\(E1 ∪ E ′

1), the assertion follows from

Lemma 6.1.19 [a).]. If P ∈ (E3∪E ′
3)\(L13∪L′

13), the assertion follows from Lemma 6.1.9

[e).]. If P is a general point, the assertion follows from Lemma 6.1.1.

XIII. If P ∈ E2, the assertion follows from Lemma 6.1.23. If P ∈ E3\E2, the assertion follows

from Lemma 6.1.21. If P ∈ E1\E2, the assertion follows from Lemma 6.1.15. If P ∈
E4\E3, the assertion follows from Lemma 6.1.16. If P∈ L2\E2, the assertion follows from

Lemma 6.1.14. If P ∈ L4\E4, the assertion follows from Lemma 6.1.8. If P ∈ L4,1\L4, the

assertion follows from Lemma 6.1.2. If P is a general point, the assertion follows from

Lemma 6.1.1.

XIV. If P ∈ E, the assertion follows from Lemma 6.1.24 [a).]. If P ∈ (E1∪E ′
1)\E, the assertion

follows from Lemma 6.1.20 [b).]. If P ∈ E2\E, the assertion follows from Lemma 6.1.17

[b).]. If P ∈ (L1 ∪L′
1)\(E1 ∪E ′

1), the assertion follows from Lemma 6.1.10 [c).]. If P is a

general point, the assertion follows from Lemma 6.1.1.

XV. If P ∈ E3, the assertion follows from Lemma 6.1.26. If P ∈ E2\E3, the assertion follows

from Lemma 6.1.24 [b).]. If P ∈ E4\E3, the assertion follows from Lemma 6.1.25. If

P ∈ E2\E3, the assertion follows from Lemma 6.1.17 [c).]. If P ∈ L4\E4, the assertion

follows from Lemma 6.1.19 [b).]. If P ∈ E\E3, the assertion follows from Lemma 6.1.22.

If P is a general point, the assertion follows from Lemma 6.1.1.



Chapter 7

Du Val del Pezzo Surfaces of Degree 3

In (Araujo et al., 2023, Lemma 2.13) it was proven that δ (X) = 3
2 when X is a smooth del Pezzo

surface of degree 3 which contains an Eckardt point and δ (X) = 27
17 when X is a smooth del

Pezzo surface of degree 3 which does not contain an Eckardt point. In this section, we compute

δ -invariants of Du Val del Pezzo surfaces of degree 3.

MAIN THEOREM Let X be a singular Du Val del Pezzo surface of degree 3. Then the δ -invariant
of X is uniquely determined by the degree of X , the number of lines on X , and the type of
singularities on X which is given in the following table:

K2
X # lines Sing(X) δ (X)

3 21 A1
6
5

3 16 2A1
6
5

3 12 3A1
6
5

3 9 4A1
6
5

3 15 A2 1

3 11 A2 +A1 1

3 8 A2 +2A1 1

K2
X # lines Sing(X) δ (X)

3 7 2A2 1

3 5 2A2 +A1 1

3 3 3A2 1

3 10 A3
9

11

3 7 A3 +A1
9

11

3 5 A3 +2A1
9

11

Table 7.2: δ -invariants of Du Val
del Pezzo surfaces of degree 3

K2
X # lines Sing(X) δ (X)

3 6 A4
9
13

3 4 A4 +A1
9
13

3 3 A5
3
5

3 2 A5 +A1
3
5

3 6 D4
3
5

3 3 D5
9
19

3 1 E6
1
3

7.1 General results for degree 3
Let X be a del Pezzo surface of degree 3 with at most Du Val singularities. Let S be a weak

resolution of X . We will call an image of a (−1)-curve in S on X a line as was done in Cheltsov

and Prokhorov (2021).

Lemma 7.1.1. Assume that the point Q is not contained in any line that passes through a

singular point of X . Then δQ(X)≥ 3
2 .

Proof. Follows from the proof of Lemma (Araujo et al., 2023, 2.13).

82
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Now we consider a curve A on S. Small circles correspond to a (−1)-curves and large circles

correspond to a (−2)-curves on dual graphs.

Lemma 7.1.2. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph: Then τ(A) = 4

3 and the Zariski Decomposition of

a)

b)

c)

d)

e)

f)

g)

Figure 7.1: Dual graph: (−KS)
2 = 3 and δP(S) = 27

17

the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(B1 +B2 +B3 +B4 +B5) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(B1 +B2 +B3 +B4 +B5) if v ∈

[
1, 4

3

]
.

b). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(2B′+C′+B1 +B2 +B3) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(2B′+C′+B1 +B2 +B3) if v ∈

[
1, 4

3

]
.

c). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(B1 +2B′+C′+2B′′+C′′) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(B1 +2B′+C′+2B′′+C′′) if v ∈

[
1, 4

3

]
.

d). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(B1 +B2 +3B′+2C′+D′) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(B1 +B2 +3B′+2C′+D′) if v ∈

[
1, 4

3

]
.

e). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(3B′+2C′+D′+2B′′+C′′) if v ∈

[
1, 4

3

]
.
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N(v) =

 v
2B1 if v ∈ [0,1],
v
2B+(v−1)(3B′+2C′+D′+2B′′+C′′) if v ∈

[
1, 4

3

]
.

f). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(B1 +4B′+3C′+2D′+E ′) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(B1 +4B′+3C′+2D′+E ′) if v ∈

[
1, 4

3

]
.

g). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(5B′+4C′+3D′+2E ′+F ′) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(5B′+4C′+3D′+2E ′+F ′) if v ∈

[
1, 4

3

]
.

Moreover:

(P(v))2 =

3−2v− v2

2 if v ∈ [0,1],
(4−3v)2

2 if v ∈
[
1, 4

3

]
.

P(v) ·A =

1+ v
2 if v ∈ [0,1],

3(4−3v)
2 if v ∈

[
1, 4

3

]
.

In this case δP(S) = 27
17 if P ∈ A\(B∪B′∪B′′).

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(4
3
− v
)

A+
1
3

(
2B+B1 +B2 +B3 +B4 +B5

)
.

A similar statement holds in other parts. We have SS(A) = 17
27 . Thus, δP(S)≤ 27

17 for P ∈ A. Note

that for P ∈ A\B we have:

h(v)≤


(2+v)2

8 if v ∈ [0,1],
3(4−3v)(8−5v)

8 if v ∈
[
1, 4

3

]
.

So S(W A
•,•;P)≤ 17

27 . Thus, δP(S) = 27
17 .

Remark 7.1.3. Minor additional computation shows that in cases b), c) we have δP(S) ≥ 35
54

for all points P ∈ A.

Lemma 7.1.4. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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a) b) c)

Figure 7.2: Dual graph: (−KS)
2 = 3 and δP(S) = 3

2

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)(B2 +B3 +B4) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)(B2 +B3 +B4) if v ∈

[
1, 3

2

]
.

b). P(v) =

−KS − vA− v
3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)(2B2 +C2 +B3) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)(2B2 +C2 +B3) if v ∈

[
1, 3

2

]
.

c). P(v) =

−KS − vA− v
3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)(3B2 +2C2 +D2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)(3B2 +2C2 +D2) if v ∈

[
1, 3

2

]
.

Moreover,

(P(v))2 =

3−2v− v2

3 if v ∈ [0,1],
2(3−2v)2

2 if v ∈
[
1, 3

2

]
.

P(v) ·A =

1+ v
3 if v ∈ [0,1],

4(1− 2v
3 ) if v ∈

[
1, 3

2

]
.

In this case δP(S) = 3
2 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
2B1 +C1 +B2 +B3 +B4

)
.

A similar statement holds in other parts. We have SS(A) = 2
3 . Thus, δP(S)≤ 3

2 for P ∈ A. Note

that for P ∈ A\B1 we have:

h(v)≤


(3+v)2

18 if v ∈ [0,1],
4(3−2v)(5v−3)

9 if v ∈
[
1, 3

2

]
.
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So S(W A
•,•;P)≤ 2

3 . Thus, δP(S) = 3
2 if P ∈ A\B1.

Lemma 7.1.5. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.3: Dual graph: (−KS)
2 = 3 and δP(S) = 54

37

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

4(3B1 +2C1 +D1) if v ∈ [0,1],

−KS − vA− v
4(3B1 +2C1 +D1)− (v−1)(B2 +B3) if v ∈

[
1, 4

3

]
,

−KS − vA− (v−1)(3B1 +2C1 +D1 +B2 +B3)− (3v−4)C2 if v ∈
[4

3 ,
3
2

]
.

N(v) =


v
4(3B1 +2C1 +D1) if v ∈ [0,1],
v
4(3B1 +2C1 +D1)+(v−1)(B2 +B3) if v ∈

[
1, 4

3

]
,

(v−1)(3B1 +2C1 +D1 +B2 +B3)+(3v−4)C2 if v ∈
[4

3 ,
3
2

]
.

Moreover,

(P(v))2 =


3−2v− v2

4 if v ∈ [0,1],
(10−7v)(2−v)

4 if v ∈
[
1, 4

3

]
,

(3−2v)2 if v ∈
[4

3 ,
3
2

]
.

P(v) ·A =


1+ v

4 if v ∈ [0,1],

3− 7v
4 if v ∈

[
1, 4

3

]
,

2(3−2v) if v ∈
[4

3 ,
3
2

]
.

In this case δP(S) = 54
37 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
3B1 +2C1 +D1 +B2 +B3 +C2

)
.

We have SS(A) = 37
54 . Thus, δP(S)≤ 54

37 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v)≤


(v+4)2

32 if v ∈ [0,1],
(12−7v)(v+4)

32 if v ∈
[
1, 4

3

]
,

2(3−2v)(2− v) if v ∈
[4

3 ,
3
2

]
.

So S(W A
•,•;P)≤ 7

12 ≤ 37
54 . Thus, δP(S) = 54

37 if P ∈ A\B1.
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Lemma 7.1.6. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.4: Dual graph: (−KS)
2 = 3 and δP(S) = 36

25

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− (v−1)B2 if v ∈

[
1, 5

4

]
−KS − vA− (v−1)(4B1 +3C1 +2D1 +E1)− (v−1)B2 − (4v−5)C′

1 if v ∈
[5

4 ,
3
2

]
.

N(v) =


v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],
v
5(4B1 +3C1 +2D1 +E1)+(v−1)B2 if v ∈

[
1, 5

4

]
,

(v−1)(4B1 +3C1 +2D1 +E1)+(v−1)B2 +(4v−5)C′
1 if v ∈

[5
4 ,

3
2

]
.

Moreover,

(P(v))2 =


3−2v− v2

5 if v ∈ [0,1],
4v2

5 −4v+4 if v ∈
[
1, 5

4

]
,

(3−2v)2 if v ∈
[5

4 ,
3
2

]
.

P(v) ·A =


1+ v

5 if v ∈ [0,1],

2(1− 2v
5 ) if v ∈

[
1, 5

4

]
,

2(3−2v) if v ∈
[5

4 ,
3
2

]
.

In this case δP(S) = 36
25 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
4B1 +3C1 +2D1 +E1 +2C′

1 +B2

)
.

We have SS(A) = 25
36 . Thus, δP(S)≤ 36

25 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v)≤


(v+5)2

50 if v ∈ [0,1],
6v(5−2v)

25 if v ∈
[
1, 5

4

]
,

2(3−2v)(2− v) if v ∈
[5

4 ,
3
2

]
.

So S(W A
•,•;P)≤ 7

12 < 25
36 . Thus, δP(S) = 36

25 if P ∈ A\B1.

Lemma 7.1.7. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 7.5: Dual graph: (−KS)
2 = 3 and δP(S) = 10

7

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
6(5B1 +4C1 +3D1 +2E1 +F1) if v ∈

[
0, 6

5

]
,

−KS − vA− (v−1)(5B1 +4C1 +3D1 +2E1 +F1)− (5v−6)C′
1 if v ∈

[6
5 ,

3
2

]
,

N(v) =

 v
6(5B1 +4C1 +3D1 +2E1 +F1) if v ∈ [0, 6

5

]
,

(v−1)(5B1 +4C1 +3D1 +2E1 +F1)+(5v−6)C′
1 if v ∈

[6
5 ,

3
2

]
.

Moreover,

(P(v))2 =

3−2v− v2

6 if v ∈
[
0, 6

5

]
,

(3−2v)2 if v ∈
[6

5 ,
3
2

]
.

P(v) ·A =

1+ v
6 if v ∈

[
0, 6

5

]
,

2(3−2v) if v ∈
[6

5 ,
3
2

]
.

In this case δP(S) = 10
7 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
6B1 +5C1 +4D1 +3E1 +2F1 +4C′

1

)
.

We have SS(A) = 7
10 . Thus, δP(S)≤ 10

7 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v)≤


(6+v)2

72 if v ∈
[
0, 6

5

]
,

2(3−2v)2 if v ∈
[6

5 ,
3
2

]
.

So S(W A
•,•;P)≤ 8

15 < 7
10 . Thus, δP(S) = 10

7 if P ∈ A\B1.

Lemma 7.1.8. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.6: Dual graph: (−KS)
2 = 3 and δP(S) = 27

19
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Then τ(A) = 5
3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− (v−1)(B2 +B3) if v ∈

[
1, 5

3

]
.

N(v) =

 v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],
v
5(4B1 +3C1 +2D1 +E1)+(v−1)(B2 +B3) if v ∈

[
1, 5

3

]
.

b). P(v) =

−KS − vA− v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− (v−1)(2B2 +C2) if v ∈

[
1, 5

3

]
.

N(v) =

 v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],
v
5(4B1 +3C1 +2D1 +E1)+(v−1)(2B2 +C2) if v ∈

[
1, 5

3

]
.

Moreover,

(P(v))2 =

3−2v− v2

5 if v ∈ [0,1],
(5−3v)2

5 if v ∈
[
1, 5

3

]
.

P(v) ·A =

1+ v
5 if v ∈ [0,1],

3− 9v
5 if v ∈

[
1, 5

3

]
.

In this case δP(S) = 27
19 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(5
3
− v
)

A+
1
3

(
4B1 +3C1 +2D1 +E1 +2B2 +2B3

)
.

A similar statement holds in other parts. We have SS(A) = 19
27 . Thus, δP(S) ≤ 27

19 for P ∈ A.

Moreover, for P ∈ A\B1 we have:

h(v)≤


(v+5)2

50 if v ∈ [0,1],
3(5−3v)(11v−5)

50 if v ∈
[
1, 5

3

]
.

So S(W A
•,•;P)≤ 17

27 < 19
27 . Thus, δP(S) = 27

19 if P ∈ A\B1.

Lemma 7.1.9. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2(B1 +B′

1) if v ∈ [0,1],

−KS − vA− v
2(B1 +B′

1)− (v−1)B2 if v ∈ [1,2].
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Figure 7.7: Dual graph: (−KS)
2 = 3 and δP(S) = 9

7

N(v) =

 v
2(B1 +B′

1) if v ∈ [0,1],
v
2(B1 +B′

1)+(v−1)B2 if v ∈ [1,2].

b). P(v) =

−KS − vA− v
2(2B1 +C1 +C′

1) if v ∈ [0,1],

−KS − vA− v
2(2B1 +C1 +C′

1)− (v−1)B2 if v ∈ [1,2].

N(v) =

 v
2(2B1 +C1 +C′

1) if v ∈ [0,1],
v
2(2B1 +C1 +C′

1)+(v−1)B2 if v ∈ [1,2].

c). P(v) =

−KS − vA− v
2(2B1 +2C1 +D1 +D′

1) if v ∈ [0,1],

−KS − vA− v
2(2B1 +2C1 +D1 +D′

1)− (v−1)B2 if v ∈ [1,2].

N(v) =

 v
2(2B1 +2C1 +D1 +D′

1) if v ∈ [0,1],
v
2(2B1 +2C1 +D1 +D′

1)+(v−1)B2 if v ∈ [1,2].

d). P(v) =

−KS − vA− v
2(2B1 +2C1 +2D1 +E1 +E ′

1) if v ∈ [0,1],

−KS − vA− v
2(2B1 +2C1 +2D1 +E1 +E ′

1)− (v−1)B2 if v ∈ [1,2].

N(v) =

 v
2(2B1 +2C1 +2D1 +E1 +E ′

1) if v ∈ [0,1],
v
2(2B1 +2C1 +2D1 +E1 +E ′

1)+(v−1)B2 if v ∈ [1,2].

Moreover,

(P(v))2 =

3−2v if v ∈ [0,1],

(2− v)2 if v ∈ [1,2].
P(v) ·A =

1 if v ∈ [0,1],

2− v if v ∈ [1,2].

In this case δP(S) = 9
7 if P ∈ A\(B1 ∪B′

1).
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Proof. The Zariski Decomposition in part a). follows from −KS−vA∼R (2−v)A+B1+B′
1+B2.

A similar statement holds in other parts. We have SS(A) = 7
9 . Thus, δP(S)≤ 9

7 for P ∈ A. Note

that for P as above we have:

h(v)≤

1
2 if v ∈ [0,1],
(2−v)v

2 if v ∈ [1,2].

So S(W E1•,•;P)≤ 5
9 ≤ 7

9 . Thus, δP(S) = 9
7 .

Lemma 7.1.10. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

f)

g)

h)

i)

j)

k)

a)

b)

c)

d)

e)

Figure 7.8: Dual graph: (−KS)
2 = 3 and δP(S) = 6

5 with τ(A) = 3
2

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(B1 +B2 +B3 +B4 +B5 +B6) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(B1 +B2 +B3 +B4 +B5 +B6) if v ∈
[
1, 3

2

]
.

b). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(2B1 +C1 +B2 +B3 +B4 +B5) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(2B1 +C1 +B2 +B3 +B4 +B5) if v ∈
[
1, 3

2

]
.

c). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(2B1 +C1 +2B2 +C2 +B3 +B4) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(2B1 +C1 +2B2 +C2 +B3 +B4) if v ∈
[
1, 3

2

]
.
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d). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(2B1 +C1 +2B2 +C2 +2B3 +C3) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(2B1 +C1 +2B2 +C2 +2B3 +C3) if v ∈
[
1, 3

2

]
.

e). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(3B1 +2C1 +D1 +B2 +B3 +B4) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(3B1 +2C1 +D1 +B2 +B3 +B4) if v ∈
[
1, 3

2

]
.

f). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(3B1 +2C1 +D1 +2B2 +C2 +B3) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(3B1 +2C1 +D1 +2B2 +C2 +B3) if v ∈
[
1, 3

2

]
.

g). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(3B1 +2C1 +D1 +3B2 +2C2 +D2) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(3B1 +2C1 +D1 +3B2 +2C2 +D2) if v ∈
[
1, 3

2

]
.

h). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(4B+3C+2D+E +B1 +B2) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(4B+3C+2D+E +B1 +B2) if v ∈
[
1, 3

2

]
.

i). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(4B+3C+2D+E +2B1 +C1) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(4B+3C+2D+E +2B1 +C1) if v ∈
[
1, 3

2

]
.

j). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(5B+4C+3D+2E +F +B1) if v ∈
[
1, 3

2

]
.

N(v) =

0 if v ∈ [0,1],

(v−1)(5B+4C+3D+2E +F +B1) if v ∈
[
1, 3

2

]
.

k). P(v) =

−KS − vA if v ∈ [0,1],

−KS − vA− (v−1)(6B+5C+4D+3E +2F +G) if v ∈
[
1, 3

2

]
.
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N(v) =

0 if v ∈ [0,1],

(v−1)(6B+5C+4D+3E +2F +G) if v ∈
[
1, 3

2

]
.

Moreover:

(P(v))2 =

3−2v2 if v ∈ [0,1],

(3−2v)2 if v ∈
[
1, 3

2

]
.

P(v) ·A =

2v if v ∈ [0,1],

2(3−2v) if v ∈
[
1, 3

2

]
.

In this case δP(S) = 6
5 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
B1 +B2 +B3 +B4 +B5 +B6

)
.

A similar statement holds in other parts. We have SS(A) = 5
6 , Thus, δP(S)≤ 6

5 for P ∈ A. Note

that for P ∈ A we have:

h(v)≤

2v2 if v ∈ [0,1],

2v(3−2v) if v ∈
[
1, 3

2

]
.

So we have S(W A
•,•;P)≤ 5

6 . Thus, δP(S) = 6
5 if P ∈ A\B.

Lemma 7.1.11. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.9: Dual graph: (−KS)
2 = 3 and δP(S) = 6

5 with τ(A) = 2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B1 +C1)− v

2B2 if v ∈
[
0, 3

2

]
,

−KS − vA− (v−1)(2B1 +C1)− v
2B2 − (2v−3)C′

1 if v ∈
[3

2 ,2
]
.

N(v) =

 v
3(2B1 +C1)+

v
2B2 if v ∈

[
0, 3

2

]
,

(v−1)(2B1 +C1)+
v
2B2 +(2v−3)C′

1 if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =

3−2v+ v2

6 if v ∈
[
0, 3

2

]
,

3(2−v)2

2 if v ∈
[3

2 ,2
]
.

P(v) ·A =

1− v
6 if v ∈

[
0, 3

2

]
,

3− 3v
2 if v ∈

[3
2 ,2
]
.
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In this case δP(S) = 6
5 if P ∈ A\(B1 ∪B2).

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 2B1 +C1 +B2 +C′
1.

We have SS(A) = 5
6 . Thus, δP(S)≤ 6

5 for P ∈ A. Note that for P ∈ A\(B1 ∪B2) we have:

h(v) =


(6−v)2

72 if v ∈
[
0, 3

2

]
,

9(2−v)2

8 if v ∈
[3

2 ,2
]
.

So S(W A
•,•;P)≤ 5

6 . Thus, δP(S) = 6
5 if P ∈ A\(B1 ∪B2).

Lemma 7.1.12. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.10: Dual graph: (−KS)
2 = 3 and δP(S) = 27

23

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(6B1 +3C′

1 +4C1 +2D1) if v ∈
[
0, 5

3

]
,

−KS − vA− (v−1)(3B1 +2C1 +D1)− (3v−4)C′
1 − (3v−5)D′

1 if v ∈
[5

3 ,2
]
.

N(v) =

 v
5(6B1 +3C′

1 +4C1 +2D1) if v ∈
[
0, 5

3

]
,

(v−1)(3B1 +2C1 +D1)+(3v−4)C′
1 +(3v−5)D′

1 if v ∈
[5

3 ,2
]
.

Moreover,

(P(v))2 =

v2

5 −2v+3 if v ∈
[
0, 5

3

]
,

2(2− v)2 if v ∈
[5

3 ,2
]
.

P(v) ·A =

1− v
5 if v ∈

[
0, 5

3

]
,

2(2− v) if v ∈
[5

3 ,2
]
.

In this case δP(S) = 27
23 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 3B1 + 2C1 +D1 +

2C′
1 +D′

1. We have SS(A) = 23
27 . Thus, δP(S)≤ 27

23 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v) =


(5−v)2

50 if v ∈
[
0, 5

3

]
,

2(2− v)2 if v ∈
[5

3 ,2
]
.

So S(W A
•,•;P)≤ 11

27 < 23
27 . Thus, δP(S) = 27

23 if P ∈ A\B1.

Lemma 7.1.13. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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b)a)

Figure 7.11: Dual graph: (−KS)
2 = 3 and δP(S) = 9

8

Then the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
4
(3B1 +2C1 +D1 +2B2) if v ∈ [0,2].

N(v) =
v
4
(3B1 +2C1 +D1 +2B2) if v ∈ [0,2].

b). P(v) =−KS − vA− v
4
(5B1 +6C1 +3D′

1 +4D1 +2E1) if v ∈ [0,2].

N(v) =
v
4
(5B1 +6C1 +3D′

1 +4D1 +2E1) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(6− v)

4
if v ∈ [0,2] and P(v) ·A = 1− v

4
if v ∈ [0,2].

In this case δP(S) = 9
8 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from −KS−vA ∼R (2−v)A+2B1+2C1+

D1+D′
1+B2. A similar statement holds in other parts. We have SS(A) = 8

9 . Thus, δP(S)≤ 9
8 for

P ∈ A. Moreover, for P ∈ A\B1 we have h(v) = (4−v)(3v+4)
32 if v ∈ [0,2]. So S(W A

•,•;P)≤ 5
6 < 8

9 .

Thus, δP(S) = 9
8 if P ∈ A\B1.

Lemma 7.1.14. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.12: Dual graph: (−KS)
2 = 3 and δP(S) = 18

17

Then τ(A) = 5
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2B2 − v

5(4B1 +3C1 +2D1 +E1) if v ∈ [0,2],

−KS − vA− (v−1)B2 − (v−2)C2 − v
5(4B1 +3C1 +2D1 +E1) if v ∈

[
2, 5

2

]
.

N(v) =

 v
2B2 +

v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,2],

(v−1)B2 +(v−2)C2 +
v
5(4B1 +3C1 +2D1 +E1) if v ∈

[
2, 5

2

]
.
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Moreover,

(P(v))2 =

3v2

10 −2v+3 if v ∈ [0,2],
(5−2v)2

5 if v ∈
[
2, 5

2

]
.

P(v) ·A =

1− 3v
10 if v ∈ [0,2],

2(1− 2v
5 ) if v ∈

[
2, 5

2

]
.

In this case δP(S) = 18
17 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(5
2
− v
)

A+
1
2

(
4B1 +3C1 +2D1 +E1 +3B2 +C2

)
.

We have SS(A) = 17
18 . Thus, δP(S)≤ 18

17 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v) =


(10−3v)(7v+10)

200 if v ∈ [0,2],
6v(5−2v)

25 if v ∈
[
2, 5

2

]
.

So S(W A
•,•;P)≤ 5

6 < 17
18 . Thus, δP(S) = 18

17 if P ∈ A\B1.

Lemma 7.1.15. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

b) c)a)

Figure 7.13: Dual graph: (−KS)
2 = 3 and δP(S) = 1 with τ(A) = 2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(B2 +B3 +B4) if v ∈ [1,2].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(B2 +B3 +B4) if v ∈ [1,2].

b). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(2B2 +C2 +B3) if v ∈ [1,2].

N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(2B2 +C2 +B3) if v ∈ [1,2].

c). P(v) =

−KS − vA− v
2B1 if v ∈ [0,1],

−KS − vA− v
2B1 − (v−1)(3B2 +2C2 +D2) if v ∈ [1,2].
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N(v) =

 v
2B1 if v ∈ [0,1],
v
2B1 +(v−1)(3B2 +2C2 +D2) if v ∈ [1,2].

Moreover,

(P(v))2 =

3− 3v2

2 if v ∈ [0,1],
3(2−v)2

2 if v ∈ [1,2].
P(v) ·A =

3v
2 if v ∈ [0,1],

3− 3v
2 if v ∈ [1,2].

In this case δP(S) = 1 if P ∈ A.

Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R (2− v)A+B1 +B2 +

B3 +B4. A similar statement holds in other parts. We have SS(A) = 1. Thus, δP(S) ≤ 1 for

P ∈ A. Moreover if P ∈ A∩B1 or if P ∈ A\B1:

h(v)≤

15v2

8 if v ∈ [0,1],
3(2−v)(6−v)

8 if v ∈ [1,2].
or h(v)≤

15v2

8 if v ∈ [0,1],
9(2−v)(3v−2)

8 if v ∈ [1,2].

So S(W A
•,•;P)≤ 1. Thus, δP(S) = 1 if P ∈ A.

Lemma 7.1.16. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b) v

c) v v vd)

Figure 7.14: Dual graph: (−KS)
2 = 3 and δP(S) = 1 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
3
(2B1 +C1 +2B2 +C2) if v ∈ [0,3].

N(v) =
v
3
(2B1 +C1 +2B2 +C2) if v ∈ [0,3].

b). P(v) =−KS − vA− v
6
(4B1 +3C1 +2D1 +E1 +2C′

1) if v ∈ [0,3].

N(v) =
v
6
(4B1 +3C1 +2D1 +E1 +2C′

1) if v ∈ [0,3].

c). P(v) =−KS − vA− v
6
(5B1 +4C1 +3D1 +2E1 +F1 +3B) if v ∈ [0,3].

N(v) =
v
6
(5B1 +4C1 +3D1 +2E1 +F1 +3B) if v ∈ [0,3].

d). P(v) =−KS − vA− v
6
(2F1 +4E1 +6D1 +5C1 +4B1 +3E ′

1) if v ∈ [0,3].
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N(v) =
v
6
(2F1 +4E1 +6D1 +5C1 +4B1 +3E ′

1) if v ∈ [0,3].

Moreover,

(P(v))2 =
(3− v)2

2
if v ∈ [0,3] and P(v) ·A = 1− v

3
if v ∈ [0,3].

In this case δP(S) = 1 if P ∈ A\(B1 ∪B2).

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (3−v)A+2B1 +C1 +

2B2 +C2. A similar statement holds in other parts. We have SS(A) = 1. Thus, δP(S) ≤ 1 for

P ∈ A. Moreover, for P ∈ A\(B1 ∪B2) we have h(v) = (3−v)(2v+3)
18 if v ∈ [0,3]. So S(W A

•,•;P) ≤
5
6 < 1. Thus, δP(S) = 1 if P ∈ A\(B1 ∪B2).

Lemma 7.1.17. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.15: Dual graph: (−KS)
2 = 3 and δP(S) = 18

19

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =


−KS − vA− v

3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)(B2 +B3) if v ∈

[
1, 3

2

]
,

−KS − vA− (v−1)(2B1 +C1 +B2 +B3)− (2v−3)C′
1 if v ∈

[3
2 ,2
]
.

N(v) =


v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)(B2 +B3) if v ∈

[
1, 3

2

]
,

(v−1)(2B1 +C1 +B2 +B3)+(2v−3)C′
1 if v ∈

[3
2 ,2
]
.

b). P(v) =


−KS − vA− v

3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
3(2B1 +C1)− (v−1)(2B2 +C2) if v ∈

[
1, 3

2

]
,

−KS − vA− (v−1)(2B1 +C1 +2B2 +C2)− (2v−3)C′
1 if v ∈

[3
2 ,2
]
.

N(v) =


v
3(2B1 +C1) if v ∈ [0,1],
v
3(2B1 +C1)+(v−1)(2B2 +C2) if v ∈

[
1, 3

2

]
,

(v−1)(2B1 +C1 +2B2 +C2)+(2v−3)C′
1 if v ∈

[3
2 ,2
]
.
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Moreover,

(P(v))2 =


(3−2v)(3+2v)

3 if v ∈ [0,1],
2v2

3 −4v+5 if v ∈
[
1, 3

2

]
,

2(2− v)2 if v ∈
[3

2 ,2
]
.

P(v) ·A =


4
3v if v ∈ [0,1],

2(1− v
3) if v ∈

[
1, 3

2

]
,

2(2− v) if v ∈
[3

2 ,2
]
.

In this case δP(S) = 18
19 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (2−v)A+2B1 +C1 +

C′
1 +B2 +B3. A similar statement holds in other parts. We have SS(A) = 19

18 . Thus, δP(S)≤ 18
19

for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v)≤


8v2

9 if v ∈ [0,1],
4v(3−v)

9 if v ∈
[
1, 3

2

]
,

2v(2− v) if v ∈
[3

2 ,2
]
.

So S(W A
•,•;P)≤ 8

9 ≤ 19
18 . Thus, δP(S) = 18

19 if P ∈ A\B1.

Lemma 7.1.18. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.16: Dual graph: (−KS)
2 = 3 and δP(S) = 27

29

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

4(3B1 +2C1 +D1) if v ∈ [0,1],

−KS − vA− v
4(3B1 +2C1 +D1)− (v−1)B2 if v ∈

[
1, 4

3

]
.

−KS − vA− (v−1)(3B1 +2C1 +D1 +B2)− (3v−4)C′
1 if v ∈

[4
3 ,2
]
.

N(v) =


v
4(3B1 +2C1 +D1) if v ∈ [0,1],
v
4(3B1 +2C1 +D1)+(v−1)B2 if v ∈

[
1, 4

3

]
,

(v−1)(3B1 +2C1 +D1 +B2)+(3v−4)C′
1 if v ∈

[4
3 ,2
]
.

Moreover,

(P(v))2 =


3− 5v2

4 if v ∈ [0,1],

4−2v− v2

4 if v ∈
[
1, 4

3

]
,

2(2− v)2 if v ∈
[4

3 ,2
]
.

P(v) ·A =


5v
4 if v ∈ [0,1],

1+ v
4 if v ∈

[
1, 4

3

]
,

2(2− v) if v ∈
[4

3 ,2
]
.
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In this case δP(S) = 27
29 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 3B1 + 2C1 +D1 +

2C′
1 +B2. We have SS(A) = 29

27 . Thus, δP(S)≤ 27
29 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v)≤


25v2

32 if v ∈ [0,1],
(v+4)(9v−4)

32 if v ∈
[
0, 4

3

]
,

2(2− v) if v ∈
[4

3 ,2
]
.

So S(W A
•,•;P)≤ 19

27 < 29
27 . Thus, δP(S) = 27

29 if P ∈ A\B1.

Lemma 7.1.19. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.17: Dual graph: (−KS)
2 = 3 and δP(S) = 12

13

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(4B1 +3C1 +2D1 +E1) if v ∈

[
0, 5

4

]
,

−KS − vA− (v−1)(4B1 +3C1 +2D1 +E1)− (4v−5)C′
1 if v ∈

[5
4 ,2
]
,

N(v) =

 v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0, 5

4

]
,

(v−1)(4B1 +3C1 +2D1 +E1)+(4v−5)C′
1 if v ∈

[5
4 ,2
]
.

Moreover,

(P(v))2 =

3− 6v2

5 if v ∈
[
0, 5

4

]
,

2(2− v)2 if v ∈
[5

4 ,2
]
,

P(v) ·A =

6v
5 if v ∈

[
0, 5

4

]
,

2(2− v) if v ∈
[5

4 ,2
]
.

In this case δP(S) = 12
13 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 4B1 + 3C1 + 2D1 +

E1 +3C′
1. We have SS(A) = 13

12 . Thus, δP(S)≤ 12
13 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v)≤

18v2

25 if v ∈
[
0, 5

4

]
,

2(2− v)2 if v ∈
[5

4 ,2
]
.

So S(W A
•,•;P)≤ 1

2 < 13
12 . Thus, δP(S) = 12

13 if P ∈ A\B1.
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Lemma 7.1.20. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

Figure 7.18: Dual graph: (−KS)
2 = 3 and δP(S) = 9

10

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
4(3B1 +2C1 +D1) if v ∈ [0,1],

−KS − vA− v
4(3B1 +2C1 +D1)− (v−1)(B2 +B3) if v ∈ [1,2].

N(v) =

 v
4(3B1 +2C1 +D1) if v ∈ [0,1],
v
4(3B1 +2C1 +D1)+(v−1)(B2 +B3) if v ∈ [1,2].

b). P(v) =

−KS − vA− v
4(3B1 +2C1 +D1) if v ∈ [0,1],

−KS − vA− v
4(3B1 +2C1 +D1)− (v−1)(2B2 +C2) if v ∈ [1,2].

N(v) =

 v
4(3B1 +2C1 +D1) if v ∈ [0,1],
v
4(3B1 +2C1 +D1)+(v−1)(2B2 +C2) if v ∈ [1,2].

Moreover,

(P(v))2 =

3− 5v2

4 if v ∈ [0,1],
(2−v)(10−3v)

2 if v ∈ [1,2].
P(v) ·A =

5v
4 if v ∈ [0,1],

2− 3v
4 if v ∈ [1,2].

In this case δP(S) = 9
10 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from −KS−vA ∼R (2−v)A+2B1+2C1+

D1+D′
1+B2+B3. A similar statement holds in other parts. We have SS(A)= 10

9 . Thus, δP(S)≤
9
10 for P ∈ A. Moreover, for P ∈ A\B1 we have:

h(v)≤

25v2

32 if v ∈ [0,1],
(8−3v)(13v−8)

32 if v ∈ [1,2].

So we have S(W A
•,•;P)≤ 17

18 < 10
9 . Thus, δP(S) = 9

10 if P ∈ A\B1.

Lemma 7.1.21. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 7.19: Dual graph: (−KS)
2 = 3 and δP(S) = 6

7

Then τ(A) = 5
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− (v−1)(B2 +B3) if v ∈

[
1, 5

2

]
.

N(v) =

 v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1

]
,

v
5(4B1 +3C1 +2D1 +E1)+(v−1)(B2 +B3) if v ∈

[
1, 5

2

]
.

b). P(v) =

−KS − vA− v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1],

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− (v−1)(2B2 +C2) if v ∈

[
1, 5

2

]
.

N(v) =

 v
5(4B1 +3C1 +2D1 +E1) if v ∈ [0,1

]
,

v
5(4B1 +3C1 +2D1 +E1)+(v−1)(2B2 +C2) if v ∈

[
1, 5

2

]
.

Moreover,

(P(v))2 =

3− 6v2

5 if v ∈ [0,1],
(5−2v)2

5 if v ∈
[
1, 5

2

]
.

P(v) ·A =

6v
5 if v ∈ [0,1],

2(1− 2v
5 ) if v ∈

[
1, 5

2

]
.

In this case δP(S) = 6
7 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(5
2
− v
)

A+
1
2

(
4B1 +3C1 +2D1 +E1 +3B2 +3B3

)
.

A similar statement holds in other parts. We have SS(A) = 7
6 . Thus, δP(S) ≤ 6

7 for P ∈ A.

Moreover, for P ∈ A\B1 we have:

h(v)≤

18v2

25 if v ∈ [0,1],
6v(5−2v)

25 if v ∈
[
1, 5

2

]
.

So S(W A
•,•;P)≤ 7

10 < 7
6 . Thus, δP(S) = 6

7 if P ∈ A\B1.

Lemma 7.1.22. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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a) b) c)

Figure 7.20: Dual graph: (−KS)
2 = 3 and δP(S) = 9

11

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2(B2 +B3) if v ∈ [0,1],

−KS − vA− v
2(B2 +B3)− (v−1)B1 if v ∈ [1,2].

N(v) =

 v
2(B2 +B3) if v ∈ [0,1],
v
2(B2 +B3)+(v−1)B1 if v ∈ [1,2].

b). P(v) =

−KS − vA− v
2(2B+C+C′) if v ∈ [0,1],

−KS − vA− v
2(2B+C+C′)− (v−1)B1 if v ∈ [1,2].

N(v) =

 v
2(2B+C+C′) if v ∈ [0,1],
v
2(2B+C+C′)+(v−1)B1 if v ∈ [1,2].

c). P(v) =

−KS − vA− v
2(2B+2C+D+D′) if v ∈ [0,1],

−KS − vA− v
2(2B+2C+D+D′)− (v−1)B1 if v ∈ [1,2].

N(v) =

 v
2(2B+2C+D+D′) if v ∈ [0,1],
v
2(2B+2C+D+D′)+(v−1)B1 if v ∈ [1,2].

Moreover,

(P(v))2 =

3− v2 if v ∈ [0,1],

4−2v if v ∈ [1,2].
P(v) ·A =

v if v ∈ [0,1],

1 if v ∈ [1,2].

In this case δP(S) = 9
11 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R (2− v)A+B2 +B3 +

2B1 +C1. A similar statement holds in other parts. We have SS(A) = 11
9 . Thus, δP(S)≤ 9

11 for

P ∈ A. Moreover, for P ∈ A\B we have:

h(v)≤

v2

2 if v ∈ [0,1],

v− 1
2 if v ∈ [1,2].

or h(v)≤

v2 if v ∈ [0,1],
(v+1)

2 if v ∈ [1,2].

So S(W A
•,•;P)≤ 7

9 < 11
9 or S(W A

•,•;P)≤ 19
18 < 11

9 . Thus, δP(S) = 9
11 if P ∈ A.
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Lemma 7.1.23. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) a')

Figure 7.21: Dual graph: (−KS)
2 = 3 and δP(S) = 18

23

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2B1 − v

3(2B2 +C2) if v ∈
[
0, 3

2

]
,

−KS − vA− v
2B1 − (v−1)(2B2 +C2)− (2v−3)C′

2 if v ∈
[3

2 ,2
]
.

N(v) =

 v
2B1 +

v
3(2B2 +C2) if v ∈

[
0, 3

2

]
,

v
2B1 +(v−1)(2B2 +C2)+(2v−3)C′

2 if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =

3− 5v2

6 if v ∈
[
0, 3

2

]
,

(2−v)(6−v)
2 if v ∈

[3
2 ,2
]
,

P(v) ·A =

5v
6 if v ∈

[
0, 3

2

]
.

2− v
2 if v ∈

[3
2 ,2
]
.

In this case δP(S) = 18
23 if P ∈ A\B2.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (2−v)A+2B1+C1+C′
1+2B2+

C2 +C′
2. We have SS(A) = 23

18 . Thus, δP(S)≤ 18
23 for P ∈ A. Moreover, for P ∈ A\B2 we have:

h(v)≤

55v2

72 if v ∈
[
0, 3

2

]
,

(4+v)(4−v)
8 if v ∈

[3
2 ,2
]
.

So S(W A
•,•;P)≤ 10

9 < 23
18 . Thus, δP(S) = 18

23 if P ∈ A\B2.

Lemma 7.1.24. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

v

v

v v v

Figure 7.22: Dual graph: (−KS)
2 = 3 and δP(S) = 27

35
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(6B+4C+2D+3C′) if v ∈

[
0, 5

3

]
,

−KS − vA− (v−1)(3B+2C+D)− (3v−4)C′− (3v−5)D′ if v ∈
[5

3 ,2
]
.

N(v) =

 v
5(6B+4C+2D+3C′) if v ∈ [0, 5

3

]
,

(v−1)(3B+2C+D)+(3v−4)C′+(3v−5)D′ if v ∈
[5

3 ,2
]
.

Moreover,

(P(v))2 =

3− 4v2

5 if v ∈
[
0, 5

3

]
,

(2− v)(4− v) if v ∈
[5

3 ,2
]
.

P(v) ·A =

4v
5 if v ∈

[
0, 5

3

]
,

3− v if v ∈
[5

3 ,2
]
.

In this case δP(S) = 27
35 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+4B+3C+2D+E +

3C′+2D′. We have SS(A) = 35
27 . Thus, δP(S)≤ 27

35 for P ∈ A. Moreover, for P ∈ A\B we have:

h(v)≤

16v2

50 if v ∈
[
0, 5

3

]
,

(3−v)2

2 if v ∈
[5

3 ,2
]
.

So S(W A
•,•;P)≤ 13

27 < 35
27 . Thus, δP(S) = 27

35 if P ∈ A\B.

Lemma 7.1.25. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

va) b) v vc)

Figure 7.23: Dual graph: (−KS)
2 = 3 and δP(S) = 3

4

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
4
(2B2 +3B1 +2C1 +D1) if v ∈ [0,2].

N(v) =
v
4
(2B2 +3B1 +2C1 +D1) if v ∈ [0,2].

b). P(v) =−KS − vA− v
4
(5B1 +6C1 +4D1 +2E1 +3D′

1) if v ∈ [0,2].

N(v) =
v
4
(5B1 +6C1 +4D1 +2E1 +3D′

1) if v ∈ [0,2].

Moreover,

(P(v))2 =
3(2− v)(2+ v)

4
if v ∈ [0,2] and P(v) ·A =

3v
4

if v ∈ [0,2].
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In this case δP(S) = 3
4 if P ∈ A\B1.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (2−v)A+B2+3B1+

4C1+2D1+3D′
1. A similar statement holds in other parts. We have SS(A) = 4

3 . Thus, δP(S)≤ 3
4

for P∈A. Moreover, for P∈A\B1 we have h(v)≤ 21v2

32 if v∈ [0,2]. So S(W A
•,•;P)≤ 7

6 <
4
3 . Thus,

δP(S) = 3
4 if P ∈ A\B1.

Lemma 7.1.26. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.24: Dual graph: (−KS)
2 = 3 and δP(S) = 9

13

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

2B2 − v
3(2B1 +C1) if v ∈ [0,1],

−KS − vA− v
2B2 − v

3(2B1 +C1)− (v−1)B3 if v ∈ [1,2],

−KS − vA− v
3(2B1 +C1)− (v−1)(B2 +B3)− (v−2)C2 if v ∈ [2,3].

N(v) =


v
2B2 +

v
3(2B1 +C1) if v ∈ [0,1],

v
2B2 +

v
3(2B1 +C1)+(v−1)B3 if v ∈ [1,2],

v
3(2B1 +C1)+(v−1)(B2 +B3)+(v−2)C2 if v ∈ [2,3].

Moreover,

(P(v))2 =


3− 5v2

6 if v ∈ [0,1],
v2

6 −2v+4 if v ∈ [1,2],
2(3−v)2

3 if v ∈ [2,3].

P(v) ·A =


5v
6 if v ∈ [0,1],

1− v
6 if v ∈ [1,2],

2(1− v
3) if v ∈ [2,3].

In this case δP(S) = 9
13 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3 − v)A + 2B1 +C1 + 2B2 +

C2 + 2B3. We have SS(A) = 13
9 . Thus, δP(S) ≤ 9

13 for P ∈ A. Moreover, for P ∈ A we have if

P ∈ A\(B1 ∪B2) or if P ∈ A\(B1 ∪B3) or if P ∈ A\(B2 ∪B3):

h(v) =


25v2

72 if v ∈ [0,1],
(6−v)(11v−6)

72 if v ∈ [1,2],
4v(3−v)

9 if v ∈ [2,3].

or h(v) =


55v2

72 if v ∈ [0,1],
(6−v)(5v+6)

72 if v ∈ [1,2],
4v(3−v)

9 if v ∈ [2,3].
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or h(v) =


65v2

72 if v ∈ [0,1],
(6−v)(7v+6)

72 if v ∈ [1,2],
2(3−v)(v+3)

9 if v ∈ [2,3].

So S(W A
•,•;P) ≤ 23

27 < 13
9 or S(W A

•,•;P) ≤ 29
27 < 13

9 or S(W A
•,•;P) ≤ 23

18 < 13
9 . Thus, δP(S) = 9

13 if

P ∈ A.

Lemma 7.1.27. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 7.25: Dual graph: (−KS)
2 = 3 and δP(S) = 2

3 with −KS − vA nef on
[
0, 3

2

]
Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B1 +C1 +C2 +2B2) if v ∈

[
0, 3

2

]
,

−KS − vA− v
3(2B1 +C1)− (v−1)(C2 +2B2)− (2v−3)C′

2 if v ∈
[3

2 ,3
]
.

N(v) =

 v
3(2B1 +C1 +C2 +2B2) if v ∈ [0, 3

2

]
,

v
3(2B1 +C1)+(v−1)(C2 +2B2)+(2v−3)C′

2 if v ∈
[3

2 ,3
]
.

Moreover,

(P(v))2 =

3− 2v2

3 if v ∈
[
0, 3

2

]
,

2(3−v)2

3 if v ∈
[3

2 ,3
]
.

P(v) ·A =

2v
3 if v ∈

[
0, 3

2

]
,

2(1− v
3) if v ∈

[3
2 ,3
]
.

In this case δP(S) = 2
3 if P ∈ A\B2.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3 − v)A + 2B1 +C1 + 4B2 +

2C2 +3C′
2. We have SS(A) = 3

2 . Thus, δP(S)≤ 2
3 for P ∈ A. Moreover, for P ∈ A\B2 we have:

h(v)≤

2v2

3 if v ∈
[
0, 3

2

]
,

2(3−v)(v+3)
9 if v ∈

[3
2 ,3
]
.

So S(W A
•,•;P)≤ 4

3 < 3
2 . Thus, δP(S) = 2

3 if P ∈ A\B2.

Lemma 7.1.28. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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v

v

v v v

Figure 7.26: Dual graph: (−KS)
2 = 3 and δP(S) = 2

3 with −KS − vA nef on [0,1]

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

5(6B1 +4C1 +2D1 +3C′
1) if v ∈ [0,1],

−KS − vA− v
5(6B1 +4C1 +2D1 +3C′

1)− (v−1)B2 if v ∈
[
1, 5

2

]
,

−KS − vA− (v−1)(C′
1 +B2)− (2v−2)B1 − (2v−3)C1 − (2v−4)D1 − (2v−5)E1 if v ∈

[5
2 ,3
]
.

N(v) =


v
5(6B1 +4C1 +2D1 +3C′

1) if v ∈ [0,1
]
,

v
5(6B1 +4C1 +2D1 +3C′

1)+(v−1)B2 if v ∈ [1, 5
2

]
,

(v−1)(C′
1 +B2)+(2v−2)B1 +(2v−3)C1 +(2v−4)D1 +(2v−5)E1 if v ∈

[5
2 ,3
]
.

Moreover,

(P(v))2 =


3− 4v2

5 if v ∈ [0,1],
v2

5 −2v+4 if v ∈
[
1, 5

2

]
,

(3− v)2 if v ∈
[5

2 ,3
]
.

P(v) ·A =


4v
5 if v ∈ [0,1],

1− v
5 if v ∈

[
1, 5

2

]
,

3− v if v ∈
[5

2 ,3
]
.

In this case δP(S) = 2
3 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3− v)A+ 2C′
1 + 4B1 + 3C1 +

2D1 +E1 + 2B2. We have SS(A) = 3
2 . Thus, δP(S) ≤ 2

3 for P ∈ A. Moreover, for P ∈ A\B1 we

have:

h(v)≤


16v2

50 if v ∈ [0,1],
(5−v)(9v−5)

50 if v ∈
[
1, 5

2

]
,

(3−v)(v+1)
2 if v ∈

[5
2 ,3
]
.

So S(W A
•,•;P)≤ 8

9 < 3
2 . Thus, δP(S) = 2

3 if P ∈ A\B1.

Lemma 7.1.29. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

v vb)va)

Figure 7.27: Dual graph: (−KS)
2 = 3 and δP(S) = 3

5 with τ(A) = 4
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Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
4(2B2 +3B1 +2C1 +D1) if v ∈ [0,1],

−KS − vA− v
4(2B2 +3B1 +2C1 +D1)− (v−1)B3 if v ∈ [1,4].

N(v) =

 v
4(2B2 +3B1 +2C1 +D1) if v ∈ [0,1],
v
4(2B2 +3B1 +2C1 +D1)+(v−1)B3 if v ∈ [1,4].

b). P(v) =

−KS − vA− v
4(5B+6C+4D+2E +3D′) if v ∈ [0,1],

−KS − vA− v
4(5B+6C+4D+2E +3D′)− (v−1)B1 if v ∈ [1,4].

N(v) =

 v
4(5B+6C+4D+2E +3D′) if v ∈ [0,1],
v
4(5B+6C+4D+2E +3D′)+(v−1)B1 if v ∈ [1,4].

Moreover,

(P(v))2 =


3(2−v)(2+v)

4 if v ∈ [0,1],
(4−v)2

4 if v ∈ [1,4].
P(v) ·A =

3v
4 if v ∈ [0,1],

1− v
4 if v ∈ [1,4].

In this case δP(S) = 3
5 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS−vA∼R (4−v)A+2B2+3B1+

2C1+D1+3B3. A similar statement holds in other parts. We have SS(A) = 5
3 . Thus, δP(S)≤ 3

5

for P ∈ A. Moreover, for P ∈ A we have:

h(v)≤

27v2

32 if v ∈ [0,1],
(4−v)(5v+4)

32 if v ∈ [1,4].
or h(v)≤

9v2

32 if v ∈ [0,1],
(4−v)(7v−4)

32 if v ∈ [1,4].

So S(W A
•,•;P)≤ 3

2 < 5
3 or S(W A

•,•;P)≤ 1 < 5
3 . Thus, δP(S) = 3

5 if P ∈ A.

Lemma 7.1.30. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)
v v

c)

Figure 7.28: Dual graph: (−KS)
2 = 3 and δP(S) = 3

5 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2(B1 +B2 +B3) if v ∈ [0,2],

−KS − vA− (v−1)(B1 +B2 +B3)− (v−2)(C1 +C2 +C3) if v ∈ [2,3].
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N(v) =

 v
2(B1 +B2 +B3) if v ∈ [0,2

]
,

(v−1)(B1 +B2 +B3)+(v−2)(C1 +C2 +C3) if v ∈ [2,3].

b). P(v) =

−KS − vA− v
2(B1 +2B+C+C′) if v ∈ [0,2],

−KS − vA− (v−1)(B1 +C′)− (v−2)C1 − (2v−2)B− (2v−3)C− (2v−4)D if v ∈ [2,3].

N(v) =

 v
2(B1 +2B+C+C′) if v ∈ [0,2

]
,

(v−1)(B1 +C′)+(v−2)C1 +(2v−2)B+(2v−3)C+(2v−4)D if v ∈ [2,3].

c). P(v) =

−KS − vA− v
2(D

′+2C′+3B+2C+D) if v ∈ [0,2],

−KS − vA− (v−1)(D′+2C′+B)− (3v−4)C− (3v−5)D− (3v−6)E if v ∈ [2,3].

N(v) =

 v
2(D

′+2C′+3B+2C+D) if v ∈ [0,2
]
,

(v−1)(D′+2C′+B)+(3v−4)C+(3v−5)D+(3v−6)E if v ∈ [2,3].

Moreover,

(P(v))2 =

3− v2

2 if v ∈ [0,2],

(3− v)2 if v ∈ [2,3].
P(v) ·A =

 v
2 if v ∈ [0,2],

3− v if v ∈ [2,3].

In this case δP(S) = 3
5 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼R (3−v)A+2B1 +C1 +

2B2 +C2 + 2B3 +C3. A similar statement holds in other parts. We have SS(A) = 5
3 . Thus,

δP(S)≤ 3
5 for P ∈ A. Moreover, for P ∈ A\B we have:

h(v)≤

3v2

8 if v ∈ [0,2],
(3−v)(v+1)

2 if v ∈ [2,3].

So S(W A
•,•;P)≤ 11

9 < 5
3 . Thus, δP(S) = 3

5 if P ∈ A\B.

Lemma 7.1.31. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

v

v

v v v

Figure 7.29: Dual graph: (−KS)
2 = 3 and δP(S) = 9

19
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Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

2(B1 +B2)− v
3(2B3 +C3) if v ∈ [0,2],

−KS − vA− v
2B1 − v

3(2B3 +C3)− (v−1)B2 − (v−2)C2 if v ∈ [2,3],

−KS − vA− v
2B1 − (v−1)(B2 +B3)− (v−2)(C2 +C3)− (v−3)D3 if v ∈ [3,4].

N(v) =


v
2(B1 +B2)+

v
3(2B3 +C3) if v ∈ [0,2],

v
2B1 +

v
3(2B3 +C3)+(v−1)B2 +(v−2)C2 if v ∈ [2,3],

v
2B1 +(v−1)(B2 +B3)+(v−2)(C2 +C3)+(v−3)D3 if v ∈ [3,4].

Moreover,

(P(v))2 =


(3−v)(3+v)

3 if v ∈ [0,2],
v2

6 −2v+5 if v ∈ [2,3],
(4−v)2

2 if v ∈ [3,4].

P(v) ·A =


v
3 if v ∈ [0,2],

1− v
6 if v ∈ [2,3],

2− v
2 if v ∈ [3,4].

In this case δP(S) = 9
19 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (4− v)A+ 2B1 + 3B2 + 2C2 +

3B3+2C3+D3. We have SS(A) = 19
9 . Thus, δP(S)≤ 9

19 for P ∈ A. Moreover, if P ∈ A\(B1∪B2)

or if P ∈ A∩B2 or if P ∈ A∩B1 we have:

h(v) =


5v2

18 if v ∈ [0,2],
(6−v)(7v+6)

72 if v ∈ [2,3],
3(4−v)v

8 if v ∈ [3,4].

or h(v)≤


2v2

9 if v ∈ [0,2],
(6−v)(11v−6)

72 if v ∈ [2,3],
3(4−v)v

8 if v ∈ [3,4].

or h(v)≤


2v2

9 if v ∈ [0,2],
(6−v)(5v+6)

72 if v ∈ [2,3],
(4−v)(v+4)

8 if v ∈ [3,4].

So S(W A
•,•;P) ≤ 5

3 < 19
9 or S(W A

•,•;P) ≤ 3
2 < 19

9 or S(W A
•,•;P) ≤ 35

27 < 19
9 . Thus, δP(S) = 19

9 if

P ∈ A.

Lemma 7.1.32. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

v v

Figure 7.30: Dual graph: (−KS)
2 = 3 and δP(S) = 6

13
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Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(6B+4C+2D+3C′)− v

2 B1 if v ∈
[
0, 5

2

]
,

−KS − vA− (v−1)C′− (2v−2)B− (2v−3)C− (2v−4)D− (2v−5)E − v
2 B1 if v ∈

[5
2 ,4
]
.

N(v) =

 v
5(6B+4C+2D+3C′)+ v

2 B1 if v ∈ [0, 5
2

]
,

(v−1)C′+(2v−2)B+(2v−3)C+(2v−4)D+(2v−5)E + v
2 B1 if v ∈

[5
2 ,4
]
.

Moreover,

(P(v))2 =

3− 3v2

10 if v ∈
[
0, 5

2

]
,

(4−v)2

2 if v ∈
[5

2 ,4
]
.

P(v) ·A =

 3v
10 if v ∈

[
0, 5

2

]
,

2− v
2 if v ∈

[5
2 ,4
]
.

In this case δP(S) = 6
13 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS −vA ∼R (4−v)A+6B+5C+4D+3E +

3C′+2B1. We have SS(A) = 13
6 . Thus, δP(S)≤ 6

13 for P ∈ A. Moreover, for P ∈ A\B we have:

h(v)≤

39v2

200 if v ∈
[
0, 5

2

]
,

(4−v)(v+4)
8 if v ∈

[5
2 ,4
]
.

So S(W A
•,•;P)≤ 4

3 < 13
6 . Thus, δP(S) = 6

13 if P ∈ A\B.

Lemma 7.1.33. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

v v

Figure 7.31: Dual graph: (−KS)
2 = 3 and δP(S) = 3

7

Then τ(A) = 5 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(6B+4C+2D+3C′)− v

2B1 if v ∈ [0,2],

−KS − vA− v
5(6B+4C+2D+3C′)− (v−1)B1 − (v−2)C1 if v ∈ [2,5].

N(v) =

 v
5(6B+4C+2D+3C′)+ v

2B1 if v ∈ [0,2
]
,

v
5(6B+4C+2D+3C′)+(v−1)B1 +(v−2)C1 if v ∈ [2,5].

Moreover,

(P(v))2 =

3− 3v2

10 if v ∈ [0,2],
(5−v)2

5 if v ∈ [2,5].
P(v) ·A =

 3v
10 if v ∈ [0,2],

1− v
5 if v ∈ [2,5].
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In this case δP(S) = 3
7 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (5−v)A+6B+4C+2D+3C′+

4B1 +3C1. We have SS(A) = 7
3 . Thus, δP(S)≤ 3

7 for P ∈ A. Moreover, for P ∈ A\B we have:

h(v)≤

39v2

200 if v ∈ [0,2],
(5−v)(9v−5)

50 if v ∈ [2,5].

So S(W A
•,•;P)≤ 5

3 < 7
3 . Thus, δP(S) = 3

7 if P ∈ A\B.

Lemma 7.1.34. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

v v

Figure 7.32: Dual graph: (−KS)
2 = 3 and δP(S) = 1

3

Then τ(A) = 6 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2B1 − v

3(2B2 +C2 +2B3 +C3) if v ∈ [0,3],

−KS − vA− v
2B1 − v

3(2B2 +C2)− (v−1)B3 − (v−2)C3 − (v−3)D3 if v ∈ [3,6].

N(v) =

 v
2B1 +

v
3(2B2 +C2 +2B3 +C3) if v ∈ [0,3],

v
2B1 +

v
3(2B2 +C2)+(v−1)B3 +(v−2)C3 +(v−3)D3 if v ∈ [3,6].

Moreover,

(P(v))2 =

3− v2

6 if v ∈ [0,3],
(6−v)2

6 if v ∈ [3,6].
P(v) ·A =

 v
6 if v ∈ [0,3],

1− v
6 if v ∈ [3,6].

In this case δP(S) = 1
3 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (6− v)A+ 3B1 + 4B2 + 2C2 +

5B3+4C3+3D3. We have SS(A) = 3. Thus, δP(S)≤ 1
3 for P ∈ A. Moreover, if P ∈ A\(B1∪B3)

or if P ∈ A∩B3 or if P ∈ A∩B1 we have:

h(v)≤

v2

8 if v ∈ [0,3],
(6−v)(7v+6)

72 if v ∈ [3,6].
or h(v)≤

v2

8 if v ∈ [0,3],
(6−v)(11v−6)

72 if v ∈ [3,6].

or h(v)≤

7v2

72 if v ∈ [0,3],
(6−v)(5v+6)

72 if v ∈ [3,6].
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So S(W A
•,•;P)≤ 13

6 < 3 or S(W A
•,•;P)≤ 7

3 < 3 or S(W A
•,•;P)≤ 5

3 < 3. Thus, δP(S)= 1
3 if P∈A.

7.2 Finding δ -invariants for degree 3
Let X be a singular del Pezzo surface of degree 3 with and S be a minimal resolution of X .

Then there are several possible cases:

I. X has an A1 singularity and contains 21 lines. In this case, we let E be the exceptional

divisor, Li for i ∈ {1,2,3,4,5,6} be the lines on S,

II. X has two A1 singularities and contains 16 lines. In this case, we let E1 and E2 be the

exceptional divisors, Li, j for i ∈ {1,2}, j ∈ {1,2,3,4} be the lines on S,

III. X has three A1 singularities and contains 12 lines. In this case, we let E1, E2 and E3 be

the exceptional divisors, L12, L23, L13, Li, j for i ∈ {1,2,3}, j ∈ {1,2} be the lines on S,

IV. X has four A1 singularities and contains 9 lines. In this case, we let E1, E2, E3 and E4

be the exceptional divisors, Li j for (i, j)∈ {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)} be the

lines on S,

V. X has A2 singularity and contains 15 lines. In this case, we let E1 and E ′
1 be the

exceptional divisors, L1,i and L′
1,i for i ∈ {1,2,3} be the lines on S,

VI. X has A2 and A1 singularities and contains 11 lines. In this case, we let E1, E ′
1 and E2

be the exceptional divisors, L12, L1, Li, j for i ∈ {1,2} and j ∈ {1,2,3} be the lines on S,

VII. X has A2 and two A1 singularities and contains 8 lines. In this case, we let E1, E ′
1, E2

and E ′
2 be the exceptional divisors, L12, L′

12, Li,1 and L′
i,1 for i ∈ {1,2} be the lines on S

VIII. X has two A2 singularities and contains 7 lines. In this case, we let E1, E ′
1, E2 and E ′

2 be

the exceptional divisors, L12, Li, j for i ∈ {1,2} and j ∈ {1,2,3} be the lines on S,

IX. X has two A2 and A1 singularities and contains 5 lines. In this case, we let E1, E ′
1, E2,

E ′
2 and E3 be the exceptional divisors, L12, L13, L23, L1,1 and L2,1 be the lines on S,

X. X has three A2 singularities and contains 3 lines. In this case, we let E1, E ′
1, E2, E ′

2, E3

and E ′
3 be the exceptional divisors, L12, L13, L23 be the lines on S,

XI. X has A3 singularity and contains 10 lines. In this case, we let E1, E2 and E ′
1 be the

exceptional divisors, L2,1, L1,i and L′
1,i for i ∈ {1,2} be the lines on S,

XII. X has A3 and A1 singularities and contains 7 lines. In this case, we let E1, E ′
1, E2 and

E3 be the exceptional divisors, L13, L2,1, Li,1 and L′
i,1 for i ∈ {1,3} be the lines on S,

XIII. X has A3 and two A1 singularities and contains 5 lines. In this case, we let E1, E ′
1, E2,

E3 and E ′
3 be the exceptional divisors, L13, L′

13, L2,1 and L3 be the lines on S,

XIV. X has A4 singularity and contains 6 lines. In this case, we let E1, E2, E3 and E4 be the

exceptional divisors, L1,1, L3,1, L4,1 and L4,2 be the lines on S,

XV. X has A4 and A1 singularities and contains 4 lines. In this case, we let E1, E2, E3, E4

and E5 be the exceptional divisors, L1,1, L3,1 and L5,1 be the lines on S,
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XVI. X has A5 singularity and contains 3 lines. In this case, we let E1, E2, E3, E4 and E5 be

the exceptional divisors, L2,1, L5,1 and L5,2 be the lines on S,

XVII. X has A5 and A1 singularities and contains 2 lines. In this case, we let E1, E2, E3, E4

and E5 be the exceptional divisors, L2,1, L56 be the lines on S,

XVIII. X has D4 singularity and contains 6 lines. In this case, we let E1, E2, E3 and E be the

exceptional divisors, Li,1 for i ∈ {1,2,3} be the lines on S,

XIX. X has D5 singularity and contains 3 lines. In this case, we let E1, E2, E3, E4 and E be

the exceptional divisors, L and L4,1 be the lines on S,

XX. X has E6 singularity and contains 1 line. In this case, we let E1, E2, E3, E4, E5 and E be

the exceptional divisors, L5,1 be the line on S.

such that the dual graph of the (−1)-curves and (−2)-curves on S is given the picture below.
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v

v

v
v v

v

v
v
v v v

v v

Figure 7.33: Du Val del Pezzo surfaces with (−KS)
2 = 3

One has

I. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E
(⋃

i∈{1...6}Li
)
\E o/w

δP(S) 6
5

27
17 ≥ 3

2

Table 7.4: Local δ -invariants: (−KS)
2 = 3 and A1 singularity

II. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E2 L12\E2
(⋃

i∈{1,2}, j∈{1,2,3,4}Li, j
)
\
(

L2 ∪E2

)
L2 o/w

δP(S) 6
5

9
7

27
17 ≥ 54

35 ≥ 3
2

where E2 := E1 ∪E2, L2 :=
⋃

k∈{1,2,3,4}
(
L1,k ∩L2,k

)
.

Table 7.5: Local δ -invariants: (−KS)
2 = 3 and 2A1 singularities

III. δ (X) = 6
5 since depending on the position of point P ∈ S we have
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P E3 (L12 ∪L23 ∪L13)\E3
(⋃

i∈{1,2,3}, j∈{1,2}Li, j
)
\
(

L3 ∪E3

)
L3 o/w

δP(S) 6
5

9
7

27
17 ≥ 54

35 ≥ 3
2

where E3 := E1 ∪E2 ∪E3, L3 :=
⋃

k∈{1,2},i1,i2∈{1,2,3},i1 ̸=i2

(
Li1,k ∩Li2,k

)
.

Table 7.6: Local δ -invariants: (−KS)
2 = 3 and 3A1 singularities

IV. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E4 (L12 ∪L13 ∪L14 ∪L23 ∪L24 ∪L34)\E4 o/w
δP(S) 6

5
9
7 ≥ 3

2
where E4 := E1 ∪E2 ∪E3 ∪E4.

Table 7.7: Local δ -invariants: (−KS)
2 = 3 and 4A1 singularities

V. δ (X) = 1 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1

⋃
i∈{1,2,3}

(
L1,i ∪L′

1,i
)
\(E1 ∪E ′

1) o/w
δP(S) 1 3

2 ≥ 3
2

Table 7.8: Local δ -invariants: (−KS)
2 = 3 and A2 singularity

VI. δ (X) = 1 since depending on the position of point P ∈ S we have

P E(1)
6 (E2 ∪L12)\E1

(⋃
i∈{1,2,3}L1,i ∪L1

)
\E(1)

6 (L2,1 ∪L′
2,1)\E(2)

6 o/w
δP(S) 1 6

5
3
2

27
17 ≥ 3

2

where E(1)
6 := E1 ∪E ′

1, E(2)
6 := E2 ∪E ′

2.

Table 7.9: Local δ -invariants: (−KS)
2 = 3 and A2A1 singularities

VII. δ (X) = 1 since depending on the position of point P ∈ S we have

P E(1)
7 (E(2)

7 ∪L12 ∪L′
12)\E(1)

7 L2\E(2)
7 L(1)

7 \E(1)
7 L(2)

7 \E(2)
7 o/w

δP(S) 1 6
5

9
7

3
2

27
17 ≥ 3

2

where E(1)
7 := E1 ∪E ′

1, E(2)
7 := E2 ∪E ′

2, L(1)
7 := L1,1 ∪L′

1,1, L(2)
7 := L2,1 ∪L′

2,1.

Table 7.10: Local δ -invariants: (−KS)
2 = 3 and A22A1 singularities

VIII. δ (X) = 1 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1 ∪E2 ∪E ′

2 ∪L12
(⋃

i∈{1,2}, j∈{1,2,3}Li, j
)
\(E ′

1 ∪E ′
2) o/w

δP(S) 1 3
2 ≥ 3

2

Table 7.11: Local δ -invariants: (−KS)
2 = 3 and 2A2 singularities
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IX. δ (X) = 1 since depending on the position of point P ∈ S we have

P E9 ∪L12 (E3 ∪L13 ∪L23)\(E ′
1 ∪E ′

2) (L1,1 ∪L2,1)\(E ′
1 ∪E ′

2) o/w
δP(S) 1 6

5
3
2 ≥ 3

2
where E9 := E1 ∪E ′

1 ∪E2 ∪E ′
2 ∪L12.

Table 7.12: Local δ -invariants: (−KS)
2 = 3 and 2A2A1 singularities

X. δ (X) = 1 since depending on the position of point P ∈ S we have

P E1 ∪E ′
1 ∪E2 ∪E ′

2 ∪E3 ∪E ′
3 ∪L12 ∪L13 ∪L23 o/w

δP(S) 1 ≥ 3
2

Table 7.13: Local δ -invariants: (−KS)
2 = 3 and 3A2 singularities

XI. δ (X) = 9
11 since depending on the position of point P ∈ S we have

P E2 (E1 ∪E ′
1)\E2 L2,1\E2

⋃
i∈{1,2}

(
L1,i ∪L′

1,i
)
\(E1 ∪E ′

1) o/w
δP(S) 9

11
18
19

9
7

54
37 ≥ 3

2

Table 7.14: Local δ -invariants: (−KS)
2 = 3 and A3 singularity

XII. δ (X) = 9
11 since depending on the position of point P ∈ S we have

P E2 E12\E2 L13\E1 E3\L13 L2,1\E2 L(1)
12 \E ′

1 L(3)
12 \(E3 ∪L(1)

12 ) o/w
δP(S) 9

11
18
19

9
8

6
5

9
7

54
37

27
17 ≥ 3

2

where E12 := E1 ∪E ′
1, L(1)

12 := L1,1 ∪L′
1,1, L(3)

12 := L3,1 ∪L′
3,1.

Table 7.15: Local δ -invariants: (−KS)
2 = 3 and A3A1 singularities

XIII. δ (X) = 9
11 since depending on the position of point P ∈ S we have

P E2 E(1)
13 \E2 L13\E(1)

13 E(3)
13 \L13 (L2,1 ∪L3)\(E2 ∪E(3)

13 ) o/w
δP(S) 9

11
18
19

9
8

6
5

9
7 ≥ 3

2

where E(1)
13 := E1 ∪E ′

1, E(3)
13 := E3 ∪E ′

3, L13 := L13 ∪L′
13.

Table 7.16: Local δ -invariants: (−KS)
2 = 3 and A32A1 singularities

XIV. δ (X) = 9
13 since depending on the position of point P ∈ S we have

P E1 E2\E1 E3\E1 E4\E2 L1,1\E1 L3,1\E3 (L4,1 ∪L4,2)\E4 o/w
δP(S) 9

13
18
23

27
29

9
10

27
23

27
19

36
25 ≥ 3

2

Table 7.17: Local δ -invariants: (−KS)
2 = 3 and A4 singularity

XV. δ (X) = 9
13 since depending on the position of point P ∈ S we have
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P E1 E2\E1 E3\E1 E4\E2 L1,1\E1

δP(S) 9
13

18
23

27
29

9
10

27
23

P L45\E4 E5\L45 L3,1\E3 L5,1\(L3,1 ∪E5) o/w
δP(S) 18

17
6
5

27
19

27
17 ≥ 3

2

Table 7.18: Local δ -invariants: (−KS)
2 = 3 and A4A1 singularities

XVI. δ (X) = 3
5 since depending on the position of point P ∈ S we have

P E2 E3\E2 E4\E3 E5\E4 E1\E2 L2,1\E2 (L5,1 ∪L5,2)\E5 o/w
δP(S) 3

5
2
3

3
4

6
7

12
13 1 10

7 ≥ 3
2

Table 7.19: Local δ -invariants: (−KS)
2 = 3 and A5 singularity

XVII. δ (X) = 3
5 since depending on the position of point P ∈ S we have

P E2 E3\E2 E4\E3 E5\E4 E1\E2 (L56 ∪L2,1)\(E2 ∪E5) E6\L56 o/w
δP(S) 3

5
2
3

3
4

6
7

12
13 1 6

5 ≥ 3
2

Table 7.20: Local δ -invariants: (−KS)
2 = 3 and A5A1 singularities

XVIII. δ (X) = 3
5 since depending on the position of point P ∈ S we have

P E (E1 ∪E2 ∪E3)\E (L1,1 ∪L2,1 ∪L3,1)\(E1 ∪E2 ∪E3) otherwise
δP(S) 3

5
9

11
9
7 ≥ 3

2

Table 7.21: Local δ -invariants: (−KS)
2 = 3 and D4 singularity

XIX. δ (X) = 9
19 since depending on the position of point P ∈ S we have

P E2 E3\E2 E\E2 E1\E2 E4\E3 L\E L4,1\E4 o/w
δP(S) 9

19
3
5

2
3

27
35

9
11

9
8

9
7 ≥ 3

2

Table 7.22: Local δ -invariants: (−KS)
2 = 3 and D5 singularity

XX. δ (X) = 1
3 since depending on the position of point P ∈ S we have

P E3 E4\E3 E2\E3 (L123 ∪E5)\(E3 ∪E4) E1\E2 E6\E5 o/w
δP(S) 1

3
3
7

6
13

3
5

3
4 1 ≥ 3

2

Table 7.23: Local δ -invariants: (−KS)
2 = 3 and E6 singularity

Proof. We prove each case separately using lemmas from the previous section.

I. If P ∈ E, the assertion follows from Lemma 7.1.10 [a).]. If P ∈
(⋃

i∈{1,.6}Li
)
\E, the

assertion follows from Lemma 7.1.2 [a).]. If P is a general point, the assertion follows

from Lemma 7.1.1.
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II. If P ∈ E1 ∪ E2, the assertion follows from Lemma 7.1.10 [b).]. If P ∈
L12\(E1 ∪ E2), the assertion follows from Lemma 7.1.9 [a).]. If P ∈(⋃

i∈{1,2}, j∈{1,2,3,4}Li, j
)
\
(⋃

j∈{1,2,3,4}
(
L1, j ∩ L2, j

)
∪ E1 ∪ E2

)
, the assertion follows

from Lemma 7.1.2 [b).]. If P ∈
⋃

j∈{1,2,3,4}
(
L1, j ∩ L2, j

)
, the assertion follows from

Remark 7.1.3. If P is a general point, the assertion follows from Lemma 7.1.1.

III. If P ∈ E1 ∪ E2 ∪ E3, the assertion follows from Lemma 7.1.10 [c).]. If P ∈ (L12 ∪
L23 ∪ L13)\(E1 ∪ E2 ∪ E3), the assertion follows from Lemma 7.1.9 [a).]. If P ∈(⋃

i∈{1,2,3}, j∈{1,2}Li, j
)
\
(⋃

k∈{1,2}
(
L1,k∩L2,k

)
∪E1∪E2∪E3

)
, the assertion follows from

Lemma 7.1.2 [c).]. If P ∈
⋃

k∈{1,2}
(
L1,k ∩L2,k

)
. In this case we apply Remark 7.1.3. If P

is a general point, the assertion follows from Lemma 7.1.1.

IV. If P ∈ E1∪E2∪E3∪E4, the assertion follows from Lemma 7.1.10 [d).]. If P ∈ (L12∪L13∪
L14 ∪L23 ∪L24 ∪L34)\(

⋃
i∈{1,2,3,4}Ei), the assertion follows from Lemma 7.1.9 [a).]. If P

is a general point, the assertion follows from Lemma 7.1.1.

V. If P ∈ E1 ∪E ′
1, the assertion follows from Lemma 7.1.15 [a).]. If P ∈

⋃
i∈{1,2,3}

(
L1,i ∪

L′
1,i
)
\(E1 ∪E ′

1), the assertion follows from Lemma 7.1.4 [a).]. If P is a general point, the

assertion follows from Lemma 7.1.1.

VI. If P ∈ E ′
1, the assertion follows from Lemma 7.1.15 [a).]. If P ∈ E1, the assertion follows

from Lemma 7.1.15 [b).]. If P∈
⋃

i∈{1,2,3}L1,i\E ′
1, the assertion follows from Lemma 7.1.4

[b).]. If P ∈ L1\E1, the assertion follows from Lemma 7.1.4 [a).]. If P ∈ E2, the assertion

follows from Lemma 7.1.10 [e).]. If P ∈ L12\(E1∪E2), the assertion follows from Lemma

7.1.11. If P ∈
(⋃

i∈{1,2,3}L2,i
)
\
(
E2 ∪

⋃
i∈{1,2,3}L1,i

)
, the assertion follows from Lemma

7.1.2 [d).]. If P is a general point, the assertion follows from Lemma 7.1.1.

VII. If P∈ E1∪E ′
1, the assertion follows from Lemma 7.1.15 [b).]. If P∈ E2∪E ′

2, the assertion

follows from Lemma 7.1.10 [f).]. If P ∈ (L12 ∪ L′
12)\(E1 ∪E ′

1 ∪E2 ∪E ′
2), the assertion

follows from Lemma 7.1.11. If P ∈ L2\(E2∪E ′
2), the assertion follows from Lemma 7.1.9

[a).]. If P ∈ (L1,1 ∪L′
1,1)\(E1 ∪E ′

1), the assertion follows from Lemma 7.1.4 [b).]. If P ∈
(L2,1 ∪L′

2,1)\(E2 ∪E ′
2), the assertion follows from Lemma 7.1.2 [e).]. If P is a general

point, the assertion follows from Lemma 7.1.1.

VIII. If P∈ E ′
1∪E ′

2, the assertion follows from Lemma 7.1.15 [a).]. If P∈ E1∪E2, the assertion

follows from Lemma 7.1.15 [c).]. If P ∈ L12\(E1∪E2), the assertion follows from Lemma

7.1.16 [a).]. If P ∈
(⋃

i∈{1,2}, j∈{1,2,3}Li, j
)
\(E ′

1 ∪E ′
2), the assertion follows from Lemma

7.1.4 [c).]. If P is a general point, the assertion follows from Lemma 7.1.1.

IX. If P ∈ E ′
1 ∪ E ′

2, the assertion follows from Lemma 7.1.15 [b).]. If P ∈ E1 ∪ E2, the

assertion follows from Lemma 7.1.15 [c).]. If P ∈ L12\(E1 ∪E2), the assertion follows

from Lemma 7.1.16 [a).]. If P ∈ E3, the assertion follows from Lemma 7.1.10 [g).].

If P ∈ (L13 ∪ L23)\(E ′
1 ∪ E ′

2 ∪ E3), the assertion follows from Lemma 7.1.11. If P ∈
(L1,1 ∪ L2,1)\(E ′

1 ∪E ′
2), the assertion follows from Lemma 7.1.4 [c).]. If P is a general

point, the assertion follows from Lemma 7.1.1.
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X. If P ∈ E1 ∪E ′
1 ∪E2 ∪E ′

2 ∪E3 ∪E ′
3, the assertion follows from Lemma 7.1.15 [c).]. If P ∈

(L12∪L13∪L23)\(E1∪E ′
1∪E2∪E ′

2∪E3∪E ′
3), the assertion follows from Lemma 7.1.16.

If P is a general point, the assertion follows from Lemma 7.1.1.

XI. If P ∈ E2, the assertion follows from Lemma 7.1.22 [a).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 7.1.17 [a).]. If P ∈
⋃

i∈{1,2}
(
L1,i ∪ L′

1,i
)
\(E1 ∪ E ′

1), the

assertion follows from Lemma 7.1.5. If P ∈ L2,i\E2, the assertion follows from Lemma

7.1.9 [b).]. If P is a general point, the assertion follows from Lemma 7.1.1.

XII. If P ∈ E2, the assertion follows from Lemma 7.1.22 [a).]. If P ∈ E ′
1\E2, the assertion

follows from Lemma 7.1.17 [a).]. If P ∈ E1\E2, the assertion follows from Lemma 7.1.17

[b).]. If P ∈ L13\E1, the assertion follows from Lemma 7.1.13 [a).]. If P ∈ E3\L13, the

assertion follows from Lemma 7.1.10 [f).]. If P ∈ L2,1\E2, the assertion follows from

Lemma 7.1.9 [b).]. If P ∈ (L1,1 ∪ L′
1,1)\E ′

1, the assertion follows from Lemma 7.1.5. If

P ∈ (L3,1 ∪L′
3,1)\(E3 ∪L1,1 ∪L′

1,1), the assertion follows from Lemma 7.1.2 [f).]. If P is a

general point, the assertion follows from Lemma 7.1.1.

XIII. If P ∈ E2, the assertion follows from Lemma 7.1.22 [a).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 7.1.17 [b).]. If P ∈ (L13 ∪ L′
13)\(E1 ∪E ′

1), the assertion

follows from Lemma 7.1.13 [a).]. If P ∈ L2,1\E2, the assertion follows from Lemma

7.1.9 [b).]. If P ∈ L3\(E3 ∪ E ′
3), the assertion follows from Lemma 7.1.9 [a).]. If P ∈

(E3 ∪E ′
3)\(L13 ∪ L′

13), the assertion follows from Lemma 7.1.10 [f).]. If P is a general

point, the assertion follows from Lemma 7.1.1.

XIV. If P ∈ E1, the assertion follows from Lemma 7.1.26. If P ∈ E2\E1, the assertion

follows from Lemma 7.1.23. If P ∈ E3\E1, the assertion follows from Lemma 7.1.18.

If P ∈ E4\E2, the assertion follows from Lemma 7.1.20 [a).]. If P ∈ L1,1\E1, the assertion

follows from Lemma 7.1.12. If P ∈ L3,1\E3, the assertion follows from Lemma 7.1.8 [a).].

If P ∈ (L4,1 ∪L4,2)\E4, the assertion follows from Lemma 7.1.6. If P is a general point,

the assertion follows from Lemma 7.1.1.

XV. If P ∈ E1, the assertion follows from Lemma 7.1.26. If P ∈ E2\E1, the assertion follows

from Lemma 7.1.23. If P ∈ E3\E1, the assertion follows from Lemma 7.1.18. If P ∈
E4\E2, the assertion follows from Lemma 7.1.20 [b).]. If P ∈ L1,1\E1, the assertion

follows from Lemma 7.1.12. If P ∈ L45\E4, the assertion follows from Lemma 7.1.14.

If P ∈ E5\L45, the assertion follows from Lemma 7.1.10 [j).]. If P ∈ L3,1\E3, the assertion

follows from Lemma 7.1.8 [b).]. If P ∈ L5,1\(L3,1∪E5), the assertion follows from Lemma

7.1.10 [g).]. If P is a general point, the assertion follows from Lemma 7.1.1.

XVI. If P ∈ E2, the assertion follows from Lemma 7.1.29 [a).]. If P ∈ E3\E2, the assertion

follows from Lemma 7.1.27. If P ∈ E4\E3, the assertion follows from Lemma 7.1.25 [a).].

If P ∈ E5\E4, the assertion follows from Lemma 7.1.21 [a).]. If P ∈ E1\E2, the assertion

follows from Lemma 7.1.19. If P ∈ L2,1\E2, the assertion follows from Lemma 7.1.16. If

P ∈ (L5,1 ∪L5,2)\E5, the assertion follows from Lemma 7.1.7. If P is a general point, the

assertion follows from Lemma 7.1.1.
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XVII. If P ∈ E2, the assertion follows from Lemma 7.1.29 [a).]. If P ∈ E3\E2, the assertion

follows from Lemma 7.1.27. If P ∈ E4\E3, the assertion follows from Lemma 7.1.25 [a).].

If P ∈ E5\E4, the assertion follows from Lemma 7.1.21 [b).]. If P ∈ E1\E2, the assertion

follows from Lemma 7.1.19. If P ∈ L2,1\E2, the assertion follows from Lemma 7.1.16

[b).]. If P ∈ L56\E5, the assertion follows from Lemma 7.1.16 [c).]. If P ∈ E6\L56, the

assertion follows from Lemma 7.1.10 [k).]. If P is a general point, the assertion follows

from Lemma 7.1.1.

XVIII. If P ∈ E, the assertion follows from Lemma 7.1.30 [a).]. If P ∈ (E1 ∪E2 ∪E3)\E, the

assertion follows from Lemma 7.1.22 [b).]. If P ∈ (L1,1 ∪L2,1 ∪L3,1)\(E1 ∪E2 ∪E3), the

assertion follows from Lemma 7.1.9 [c).]. If P is a general point, the assertion follows

from Lemma 7.1.1.

XIX. If P ∈ E2, the assertion follows from Lemma 7.1.31. If P ∈ E3\E2, the assertion follows

from Lemma 7.1.30 [b).]. If P ∈ E\E2, the assertion follows from Lemma 7.1.28. If P ∈
E1\E2, the assertion follows from Lemma 7.1.24. If P ∈ E4\E3, the assertion follows

from Lemma 7.1.22 [c).]. If P ∈ L\E, the assertion follows from Lemma 7.1.13 [b).] If

P ∈ L4,1\E4, the assertion follows from Lemma 7.1.9 [d).]. If P is a general point, the

assertion follows from Lemma 7.1.1.

XX. If P ∈ E3, the assertion follows from Lemma 7.1.34. If P ∈ E4\E3, the assertion follows

from Lemma 7.1.33. If P ∈ E2\E3, the assertion follows from Lemma 7.1.32. If P ∈
E\E3, the assertion follows from Lemma 7.1.30 [c).]. If P ∈ E5\E4, the assertion follows

from Lemma 7.1.29 [b).]. If P ∈ E1\E2, the assertion follows from Lemma 7.1.25 [b).]. If

P ∈ L5,1\E5, the assertion follows from Lemma 7.1.16 [d).]. If P is a general point, the

assertion follows from Lemma 7.1.1.



Chapter 8

Du Val del Pezzo Surfaces of Degree 2

In (Araujo et al., 2023, Lemma 2.15) it was proven that δ (X) = 9
5 when X is a smooth del

Pezzo surface of degree 2 and |−KX | contains a tacnodal curve, and δ (X) = 15
8 when X is a

smooth del Pezzo surface of degree 2 and |−KX | does not contain a tacnodal curve. In this

section we compute δ -invariants of Du Val del Pezzo surfaces of degree 2.

MAIN THEOREM Let X be the Du Val del Pezzo surface of degree 2. Then the δ -invariant of X is
uniquely determined by the degree of X , the number of lines on X , and the type of singularities
on X which is given in the following table:

K2
X # lines Sing(X) δ (X)

2 44 A1
3
2

2 34 2A1
3
2

2 26 3A1
3
2

2 25 3A1
3
2

2 20 4A1
3
2

2 19 4A1
3
2

2 14 5A1
3
2

2 10 6A1
3
2

2 31 A2
6
5

2 20 A2 +A1
6
5

2 18 A2 +2A1
6
5

2 13 A2 +3A1
6
5

2 16 2A2
6
5

2 12 2A2 +A1
6
5

2 8 3A2
6
5

K2
X # lines Sing(X) δ (X)

2 22 A3 1

2 16 A3 +A1 1

2 15 A3 +A1 1

2 12 A3 +2A1 1

2 11 A3 +2A1 1

2 8 A3 +3A1 1

2 10 A3 +A2 1

2 7 A3 +A2 +A1 1

2 6 2A3 1

2 4 2A3 +A1 1

2 14 A4
12
13

2 10 A4 +A1
12
13

2 6 A4 +A2
12
13

2 8 A5
6
7

2 7 A5
3
4

Table 8.2: δ -invariants of Du Val del
Pezzo surfaces of degree 2

K2
X # lines Sing(X) δ (X)

2 6 A5 +A1
6
7

2 5 A5 +A1
3
4

2 3 A5 +A2
3
4

2 4 A6
4
5

2 2 A7
3
4

2 14 D4
3
4

2 9 D4 +A1
3
4

2 6 D4 +2A1
3
4

2 4 D4 +3A1
3
4

2 8 D5
3
5

2 5 D5 +A1
3
5

2 3 D6
1
2

2 2 D6 +A1
1
2

2 4 E6
3
7

2 1 E7
3

10

123
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8.1 General results for degree 2
Let X be a del Pezzo surface of degree 2 with at most Du Val singularities. Let S be a weak

resolution of X . We will call an image of a (−1)-curve in S on X a line as was done in Cheltsov

and Prokhorov (2021).

Lemma 8.1.1. Assume that the point Q is not contained in any line that passes through a

singular point of X . Then δQ(X)≥ 9
5 .

Proof. Follows from Remark (Araujo et al., 2023, 2.14) and proof of Lemma (Araujo et al.,

2023, 2.15).

Now we consider a curve A on S. Small circles correspond to a (−1)-curves and large circles

correspond to a (−2)-curves on dual graphs.

Lemma 8.1.2. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.1: Dual graph: (−KS)
2 = 2 and δP(S) = 45

16

Then τ(A) = 4
3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
6(5B1 +4C1 +3D1 +2E1 +F1 +3B2) if v ∈

[
0, 6

5

]
,

−KS − vA− v
2B2 − (v−1)(5B1 +4C1 +3D1 +2E1 +F1)− (3v−4)C′

1 if v ∈
[6

5 ,
4
3

]
.

N(v) =

 v
6(5B1 +4C1 +3D1 +2E1 +F1 +3B2) if v ∈

[
0, 6

5

]
,

v
2B2 +(v−1)(5B1 +4C1 +3D1 +2E1 +F1)+(3v−4)C′

1 if v ∈
[6

5 ,
4
3

]
.

Moreover,

(P(v))2 =

2−2v+ v2

3 if v ∈
[
0, 6

5

]
,

(4−3v)2

2 if v ∈
[6

5 ,
4
3

]
.

P(v) ·A =

1− v
3 if v ∈

[
0, 6

5

]
,

3(2− 3v
2 ) if v ∈

[6
5 ,

4
3

]
.

In this case δP(S) = 45
26 if P ∈ A\(B1 ∪B2).

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(4
3
− v
)

A+
1
3

(
2B2 +5B1 +4C1 +3D1 +2E1 +F1 +2C′

1

)
.
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We have SS(A) = 26
45 . Thus, δP(S)≤ 45

26 for P ∈ E2. Note that for P ∈ A\(B1 ∪B2) we have:

h(v)≤


(3−v)2

18 if v ∈
[
0, 6

5

]
,

9(4−3v)2

8 if v ∈
[6

5 ,
4
3

]
.

So S(W A
•,•;P)≤ 2

5 < 26
45 . Thus, δP(S) = 45

26 if P ∈ A\(B1 ∪B2).

Lemma 8.1.3. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph and no other (−2)-curves intersect A:

Figure 8.2: Dual graph: (−KS)
2 = 2 and δP(S) = 2

Then τ(A) = 1 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
2
(B1 +B′

1) if v ∈ [0,1].

N(v) =
v
2
(B1 +B′

1) if v ∈ [0,1].

b). P(v) =−KS − vA− v
2
(2B1 +C1 +C′

1) if v ∈ [0,1].

N(v) =
v
2
(2B1 +C1 +C′

1) if v ∈ [0,1].

c). P(v) =−KS − vA− v
2
(2B1 +2C1 +D1 +D′

1) if v ∈ [0,1].

N(v) =
v
2
(2B1 +2C1 +D1 +D′

1) if v ∈ [0,1].

d). P(v) =−KS − vA− v
2
(2B1 +2C1 +2D1 +E1 +E ′

1) if v ∈ [0,1].

N(v) =
v
2
(2B1 +2C1 +2D1 +E1 +E ′

1) if v ∈ [0,1].

e). P(v) =−KS − vA− v
2
(2B1 +2C1 +2D1 +2E1 +F1 +F ′

1) if v ∈ [0,1].

N(v) =
v
2
(2B1 +2C1 +2D1 +2E1 +F1 +F ′

1) if v ∈ [0,1].

Moreover,

(P(v))2 = 2(1− v) and P(v) ·A = 1 if v ∈ [0,1].

In this case: δP(S) = 2 if P ∈ A\(B1 ∪B′
1).
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Proof. The Zariski Decomposition in part a). follows from −KS −vA ∼ (1−v)A+A′+B1 +B2

where A′ is the image of A under Geiser involution. Similar statement holds in other parts. We

have SS(A) = 1
2 . Thus, δP(S) ≤ 2 for P ∈ A. Note that for P ∈ A\(B1 ∪B′

1) we have h(v) =

1/2 if v ∈ [0,1]. So for these points S(W A
•,•;P) = 1

2 . Thus, δP(S) = 2 if P ∈ A\(B1 ∪B′
1).

Lemma 8.1.4. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

c)

d)

e)

a)

b)

Figure 8.3: Dual graph: (−KS)
2 = 2 and δP(S) = 15

8

Then τ(A) = 6
5 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
6(3B1 +4B2 +2C2) if v ∈ [0,1],

−KS − vA− v
6(3B1 +4B2 +2C2)− (v−1)(B3 +B4 +B5 +B6) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3B1 +4B2 +2C2) if v ∈ [0,1],
v
6(3B1 +4B2 +2C2)+(v−1)(B3 +B4 +B5 +B6) if v ∈

[
1, 6

5

]
.

b). P(v) =

−KS − vA− v
6(3B1 +4B2 +2C2) if v ∈ [0,1],

−KS − vA− v
6(3B1 +4B2 +2C2)− (v−1)(2B3 +C3 +B4 +B5) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3B1 +4B2 +2C2) if v ∈ [0,1],
v
6(3B1 +4B2 +2C2)+(v−1)(2B3 +C3 +B4 +B5) if v ∈

[
1, 6

5

]
.

c). P(v) =

−KS − vA− v
6(3B1 +4B2 +2C2) if v ∈ [0,1],

−KS − vA− v
6(3B1 +4B2 +2C2)− (v−1)(2B3 +C3 +2B4 +C4) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3B1 +4B2 +2C2) if v ∈ [0,1],
v
6(3B1 +4B2 +2C2)+(v−1)(2B3 +C3 +2B4 +C4) if v ∈

[
1, 6

5

]
.

d). P(v) =

−KS − vA− v
6(3B1 +4B2 +2C2) if v ∈ [0,1],

−KS − vA− v
6(3B1 +4B2 +2C2)− (v−1)(3B3 +2C3 +D3 +B4) if v ∈

[
1, 6

5

]
.
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N(v) =

 v
6(3B1 +4B2 +2C2) if v ∈ [0,1],
v
6(3B1 +4B2 +2C2)+(v−1)(3B3 +2C3 +D3 +B4) if v ∈

[
1, 6

5

]
.

e). P(v) =

−KS − vA− v
6(3B1 +4B2 +2C2) if v ∈ [0,1],

−KS − vA− v
6(3B1 +4B2 +2C2)− (v−1)(4B3 +3C3 +2D3 +E3) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3B1 +4B2 +2C2) if v ∈ [0,1],
v
6(3B1 +4B2 +2C2)+(v−1)(4B3 +3C3 +2D3 +E3) if v ∈

[
1, 6

5

]
.

Moreover,

(P(v))2 =

2−2v+ v2

6 if v ∈ [0,1],
(5v−6)2

6 if v ∈
[
1, 6

5

]
.

P(v) ·A =

1− v
6 if v ∈ [0,1],

5(1− 5v
6 ) if v ∈

[
1, 6

5

]
.

In this case for P ∈ A\(B1 ∪B2) we have: δP(S) = 15
8 .

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(6
5
− v
)

A+
3
5

B1 +
2
5

(
2B2 +C2

)
+

1
5

(
B3 +B4 +B5 +B6

)
.

A similar statement holds in other parts. We have SS(A) = 8
15 . Thus, δP(S)≤ 15

8 for P ∈ A. Note

that for P ∈ A\(B1 ∪B2) we have:

h(v)≤


(6−v)2

72 if v ∈ [0,1],
5(6−5v)(23v−18)

72 if v ∈
[
1, 6

5

]
.

So we have S(W A
•,•;P)≤ 7

15 < 8
15 . Thus, δP(S) = 15

8 if P ∈ A\(B1 ∪B2).

Lemma 8.1.5. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b) c)

Figure 8.4: Dual graph: (−KS)
2 = 2 and δP(S) = 24

13

Then τ(A) = 5
4 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
5(3C′+6B+4C+2D) if v ∈ [0,1],

−KS − vA− v
5(3C′+6B+4C+2D)− (v−1)(B1 +B2 +B3) if v ∈

[
1, 5

4

]
.
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N(v) =

 v
5(3C′+6B+4C+2D) if v ∈ [0,1],
v
5(3C′+6B+4C+2D)+(v−1)(B1 +B2 +B3) if v ∈

[
1, 5

4

]
.

b). P(v) =

−KS − vA− v
5(3C′+6B+4C+2D) if v ∈ [0,1],

−KS − vA− v
5(3C′+6B+4C+2D)− (v−1)(2B1 +C1 +B2) if v ∈

[
1, 5

4

]
.

N(v) =

 v
5(3C′+6B+4C+2D) if v ∈ [0,1],
v
5(3C′+6B+4C+2D)+(v−1)(2B1 +C1 +B2) if v ∈

[
1, 5

4

]
.

c). P(v) =

−KS − vA− v
5(3C′+6B+4C+2D) if v ∈ [0,1],

−KS − vA− v
5(3C′+6B+4C+2D)− (v−1)(3B1 +2C1 +D1) if v ∈

[
1, 5

4

]
.

N(v) =

 v
5(3C′+6B+4C+2D) if v ∈ [0,1],
v
5(3C′+6B+4C+2D)+(v−1)(3B1 +2C1 +D1) if v ∈

[
1, 5

4

]
.

Moreover,

(P(v))2 =

2−2v+ v2

5 if v ∈ [0,1],
(5−4v)2

5 if v ∈
[
1, 5

4

]
.

P(v) ·A =

1− v
5 if v ∈ [0,1],

4(1− 4v
5 ) if v ∈

[
1, 5

4

]
.

In this case δP(S) = 24
13 if P ∈ A\B.

Proof. In part a). the Zariski Decomposition follows from

−KS − vA ∼R

(5
4
− v
)

A+
1
4

(
3C′+6B+4C+2D+B1 +B2 +B3

)
.

A similar statement holds in other parts. We have SS(A) = 13
24 . Thus, δP(S)≤ 24

13 for P ∈ A. Note

that for P ∈ A\B we have:

h(v)≤


(5−v)2

50 if v ∈ [0,1],
4(5−4v)(7v−5)

25 if v ∈
[
1, 5

4

]
.

So S(W A
•,•;P)≤ 11

24 < 13
24 . Thus, δP(S) = 24

13 if P ∈ A\B.

Lemma 8.1.6. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Then τ(A) = 4
3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
4(3B2 +2C2 +D2 +2B1) if v ∈ [0,1],

−KS − vA− v
4(3B2 +2C2 +D2 +2B1)− (v−1)(B1 +B2) if v ∈

[
1, 4

3

]
.
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a)

b)

c)

d)

Figure 8.5: Dual graph: (−KS)
2 = 2 and δP(S) = 9

5

N(v) =

 v
4(3B2 +2C2 +D2 +2B1) if v ∈ [0,1],
v
4(3B2 +2C2 +D2 +2B1)+(v−1)(B1 +B2) if v ∈

[
1, 4

3

]
.

b). P(v) =

−KS − vA− v
4(3B2 +2C2 +D2 +2B1) if v ∈ [0,1],

−KS − vA− v
4(3B2 +2C2 +D2 +2B1)− (v−1)(2B1 +C1) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(3B2 +2C2 +D2 +2B1) if v ∈ [0,1],
v
4(3B2 +2C2 +D2 +2B1)+(v−1)(2B1 +C1) if v ∈

[
1, 4

3

]
.

c). P(v) =

−KS − vA− v
4(5B+6C+4D+2E +3D′) if v ∈ [0,1],

−KS − vA− v
4(5B+6C+4D+2E +3D′)− (v−1)(B1 +B2) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(5B+6C+4D+2E +3D′) if v ∈ [0,1],
v
4(5B+6C+4D+2E +3D′)+(v−1)(B1 +B2) if v ∈

[
1, 4

3

]
.

d). P(v) =

−KS − vA− v
4(5B+6C+4D+2E +3D′) if v ∈ [0,1],

−KS − vA− v
4(5B+6C+4D+2E +3D′)− (v−1)(B1 +C1) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(5B+6C+4D+2E +3D′) if v ∈ [0,1],
v
4(5B+6C+4D+2E +3D′)+(v−1)(2B1 +C1) if v ∈

[
1, 4

3

]
.

Moreover,

(P(v))2 =

2−2v+ v2

4 if v ∈ [0,1],
(4−3v)2

4 if v ∈
[
1, 4

3

]
.

P(v) ·A =

1+ v
4 if v ∈ [0,1],

3(1− 3v
4 ) if v ∈

[
1, 4

3

]
.

In this case δP(S) = 9
5 if P ∈ A\(B∪B′).

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(4
3
− v
)

A+
1
3

(
2B′+3B+2C+D+B1 +B2

)
.
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A similar statement holds in other parts. We have SS(A) = 5
9 . Thus, δP(S)≤ 9

5 for P ∈ A. Note

that for P ∈ A\(B∪B′) we have:

h(v)≤


(4+v)2

32 if v ∈ [0,1],
3(4−3v)(7v−4)

32 if v ∈
[
1, 4

3

]
.

So S(W A
•,•;P)≤ 4

9 < 5
9 . Thus, δP(S) = 9

5 if P ∈ A\(B1 ∪B2).

Lemma 8.1.7. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.6: Dual graph: (−KS)
2 = 2 and δP(S) = 72

41

Then τ(A) = 4
3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

5(4B1 +3C1 +2D1 +E1)− v
2B2 if v ∈ [0,1],

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− v

2B2 − (v−1)B3 if v ∈
[
1, 5

4

]
,

−KS − vA− (v−1)(4B1 +3C1 +2D1 +E1 +B3)− v
2B2 − (4v−5)C′

1 if v ∈
[5

4 ,
4
3

]
.

N(v) =


v
5(4B1 +3C1 +2D1 +E1)+

v
2B2 if v ∈ [0,1],

v
5(4B1 +3C1 +2D1 +E1)+

v
2B2 +(v−1)B3 if v ∈

[
1, 5

4

]
,

(v−1)(4B1 +3C1 +2D1 +E1 +B3)+
v
2B2 +(4v−5)C′

1 if v ∈
[5

4 ,
4
3

]
.

Moreover,

(P(v))2 =


3v2

10 −2v+2 if v ∈ [0,1],
13v2

10 −4v+3 if v ∈
[
1, 5

4

]
,

(4−3v)2

2 if v ∈
[5

4 ,
4
3

]
.

P(v) ·A =


1− 3v

10 if v ∈ [0,1],

2− 13v
10 if v ∈

[
1, 5

4

]
,

3(2− 3v
2 ) if v ∈

[5
4 ,

4
3

]
.

In this case δP(S) = 72
41 if P ∈ A\(B1 ∪B2).

Proof. In part a). the Zariski Decomposition follows from

−KS − vA ∼R

(4
3
− v
)

A+
1
3

(
4B1 +3C1 +2D1 +E1 +B3 +2B2 +C′

1

)
.
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A similar statement holds in other parts. We have SS(A) = 41
72 . Thus, δP(S)≤ 72

11 for P ∈ A. Note

that for P ∈ A\(B1 ∪B2) we have:

h(v)≤


(10−3v)2

200 if v ∈ [0,1],
7(20−13v)v

200 if v ∈
[
1, 5

4

]
,

3(4−3v)(8−5v)
8 if v ∈

[5
4 ,

4
3

]
.

So S(W A
•,•;P)≤ 61

144 < 41
72 . Thus, δP(S) = 72

41 if P ∈ A\(B1 ∪B2).

Lemma 8.1.8. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

b)

c)
a)

d)

Figure 8.7: Dual graph: (−KS)
2 = 2 and δP(S) = 12

7

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
3(C+2B+2B′+C′) if v ∈ [0,1],

−KS − vA− v
3(C+2B+2B′+C′)− (v−1)B1 if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(C+2B+2B′+C′) if v ∈ [0,1],
v
3(C+2B+2B′+C′)+(v−1)B1 if v ∈

[
1, 3

2

]
.

b). P(v) =

−KS − vA− v
3(2C′+4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
3(2C′+4B+3C+2D+E)− (v−1)B1 if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2C′+4B+3C+2D+E) if v ∈ [0,1],
v
3(2C′+4B+3C+2D+E)+(v−1)B1 if v ∈

[
1, 3

2

]
.

c). P(v) =

−KS − vA− v
6(5B+4C+3D+2E +F +3B′) if v ∈ [0,1],

−KS − vA− v
6(5B+4C+3D+2E +F +3B′)− (v−1)B1 if v ∈

[
1, 3

2

]
.

N(v) =

 v
6(5B+4C+3D+2E +F +3B′) if v ∈ [0,1],
v
6(5B+4C+3D+2E +F +3B′)+(v−1)B1 if v ∈

[
1, 3

2

]
.

d). P(v) =

−KS − vA− v
3(2F +4E +6D+5C+4B+3E ′) if v ∈ [0,1],

−KS − vA− v
3(2F +4E +6D+5C+4B+3E ′)− (v−1)B1 if v ∈

[
1, 3

2

]
.
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N(v) =

 v
3(2F +4E +6D+5C+4B+3E ′) if v ∈ [0,1],
v
6(2F +4E +6D+5C+4B+3E ′)+(v−1)B1 if v ∈

[
1, 3

2

]
.

Moreover,

(P(v))2 =

2−2v+ v2

3 if v ∈ [0,1],
(3−2v)2

3 if v ∈
[
1, 3

2

]
.

P(v) ·A =

1− v
3 if v ∈ [0,1],

2(1− 2v
3 ) if v ∈

[
1, 3

2

]
.

In this case δP(S) = 12
7 if P ∈ A\(B∪B′).

Proof. In part a). the Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
C+2B+2B′+C′+B1

)
.

A similar statement holds in other parts. We have SS(A) = 7
12 . Thus, δP(S)≤ 12

7 for P ∈ A. Note

that for P ∈ A\(B∪B′) we have:

h(v)≤


(3−v)2

18 if v ∈ [0,1],
2v(3−2v)

9 if v ∈
[
1, 3

2

]
.

So S(W A
•,•;P)≤ 5

12 < 7
12 . Thus, δP(S) = 12

7 if P ∈ A\(B∪B′).

Lemma 8.1.9. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.8: Dual graph: (−KS)
2 = 2 and δP(S) = 18

11

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B1 +C1)− v

4(3B2 +2C2 +D2) if v ∈
[
0, 4

3

]
,

−KS − vA− v
3(2B1 +C1)− (v−1)(3B2 +2C2 +D2)− (3v−4)C′

2 if v ∈
[4

3 ,
3
2

]
.

N(v) =

 v
3(2B1 +C1)+

v
4(3B2 +2C2 +D2) if v ∈

[
0, 4

3

]
,

v
3(2B1 +C1)+(v−1)(3B2 +2C2 +D2)+(3v−4)C′

2 if v ∈
[4

3 ,
3
2

]
.

Moreover,

(P(v))2 =

2−2v+ 5v2

12 , if v ∈
[
0, 4

3

]
,

2(3−2v)2

3 if v ∈
[4

3 ,
3
2

]
.

P(v) ·A =

1− 5v
12 if v ∈

[
0, 4

3

]
,

4(1− 2v
3 ) if v ∈

[4
3 ,

3
2

]
.
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In this case δP(S) = 18
11 if P ∈ A\(B1 ∪B2).

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
2B1 +C1 +3B2 +2C2 +D2 +C′

2

)
.

We have SS(A) = 11
18 . Thus, δP(S)≤ 18

11 for P ∈ A. Note that for P ∈ A\(B1 ∪B2) we have:

h(v)≤


(12−5v)2

288 if v ∈
[
0, 4

3

]
,

8(3−2v)2

9 if v ∈
[4

3 ,
3
2

]
.

So we have S(W A
•,•;P) = 10

27 < 11
18 . Thus, δP(S) = 18

11 if P ∈ A\(B1 ∪B2).

Lemma 8.1.10. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.9: Dual graph: (−KS)
2 = 2 and δP(S) = 60

37

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
7(2F +4E +6D+8C+10B+5C′) if v ∈

[
0, 7

5

]
,

−KS − vA− (v−1)(2F +4E +6D+8C+10B)− (5v−6)C′− (5v−7)D′ if v ∈
[7

5 ,
3
2

]
.

N(v) =

 v
7(2F +4E +6D+8C+10B+5C′) if v ∈

[
0, 7

5

]
,

(v−1)(2F +4E +6D+8C+10B)+(5v−6)C′+(5v−7)D′ if v ∈
[7

5 ,
3
2

]
.

Moreover,

(P(v))2 =

2−2v+ 3v2

7 if v ∈
[
0, 7

5

]
,

(3−2v)2 if v ∈
[7

5 ,
3
2

]
.

P(v) ·A =

1− 3v
7 if v ∈

[
0, 7

5

]
,

2(3−2v) if v ∈
[7

5 ,
3
2

]
.

In this case δP(S) = 60
37 if P ∈ A\B.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
F +2E +3D+4C+5B+3C′+D′

)
.



8.1. General results for degree 2 134

We have SS(A) = 37
60 . Thus, δP(S)≤ 60

37 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(7−3v)2

98 if v ∈
[
0, 7

5

]
,

2(3−2v)2 if v ∈
[7

5 ,
3
2

]
.

So S(W A
•,•;P)≤ 11

30 < 37
60 . Thus, δP(S) = 60

37 if P ∈ A\B.

Lemma 8.1.11. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.10: Dual graph: (−KS)
2 = 2 and δP(S) = 36

23

Then the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− v

2(2B2 +C2) if v ∈
[
0, 3

2

]
,

−KS − vA− v
5(4B1 +3C1 +2D1 +E1)− (v−1)(2B2 +C2)− (2v−3)C′

2 if v ∈
[3

2 ,
5
3

]
.

N(v) =

 v
5(4B1 +3C1 +2D1 +E1)+

v
2(2B2 +C2) if v ∈

[
0, 3

2

]
,

v
5(4B1 +3C1 +2D1 +E1)+(v−1)(2B2 +C2)+(2v−3)C′

2 if v ∈
[3

2 ,
5
3

]
.

Moreover,

(P(v))2 =

2−2v+ 7v2

15 if v ∈
[
0, 3

2

]
,

(5−3v)2

5 if v ∈
[3

2 ,
5
3

]
.

P(v) ·A =

1− 7v
15 if v ∈

[
0, 3

2

]
,

3(1− 3v
5 ) if v ∈

[3
2 ,

5
3

]
.

In this case δP(S) = 36
23 if P ∈ A\(B1 ∪B2).

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(5
3
− v
)

A+
1
3

(
4B1 +3C1 +2D1 +E1 +4B2 +2C2 +C′

2

)
.

We have SS(A) = 23
36 . Thus, δP(S)≤ 36

23 for P ∈ A. Note that for P ∈ A\(B1 ∪B2) we have:

h(v)≤


(15−7v)2

450 if v ∈
[
0, 3

2

]
,

9(5−3v)2

50 if v ∈
[3

2 ,
5
3

]
.

So S(W A
•,•;P)≤ 7

20 < 23
36 . Thus, δP(S) = 36

23 if P ∈ A\(B1 ∪B2).
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Lemma 8.1.12. Suppose P ∈ A where is a (−2)-curve disjoint from other (−2)-curves then

τ(A) = 1 and the Zariski decomposition of the divisor −KS − vA given by:

P(v) =−KS − vA and N(v) = 0 if v ∈ [0,1].

Moreover,

(P(v))2 = 2(1− v)(v+1) and P(v) ·A = 2v if v ∈ [0,1].

In this case: δP(S) = 3
2 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R L+(1− v)A where L is a strict

transform of an element |−KX | passing through a singular point which is the image of A on X .

We have SS(A) = 2
3 . Thus, δP(S)≤ 3

2 for P ∈ A. Note that for P ∈ A we have h(v) = 2v2 if v ∈
[0,1]. So S(W A

•,•;P) = 2
3 . Thus, δP(S) = 3

2 if P ∈ A.

Lemma 8.1.13. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a)

c)

b)

d)

e)

f)
g)

h)

i)

j)

Figure 8.11: Dual graph: (−KS)
2 = 2 and δP(S) = 3

2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
2
(B1 +B2 +B3) if v ∈ [0,2].

N(v) =
v
2
(B1 +B2 +B3) if v ∈ [0,2].

b). P(v) =−KS − vA− v
2
(2B1 +C1 +C′

1 +B2) if v ∈ [0,2].

N(v) =
v
2
(2B1 +C1 +C′

1 +B2) if v ∈ [0,2].

c). P(v) =−KS − vA− v
4
(D1 +2C2 +3B1 +3B2 +2C2 +D2) if v ∈ [0,2].

N(v) =
v
4
(D1 +2C2 +3B1 +3B2 +2C2 +D2) if v ∈ [0,2].

d). P(v) =−KS − vA− v
2
(D1 +2C2 +3B1 +2C2 +D2) if v ∈ [0,2].
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N(v) =
v
2
(D1 +2C2 +3B1 +2C2 +D2) if v ∈ [0,2].

e). P(v) =−KS − vA− v
6
(2C2 +4B2 +5B1 +4C1 +3D1 +2E1 +F1) if v ∈ [0,2].

N(v) =
v
6
(2C2 +4B2 +5B1 +4C1 +3D1 +2E1 +F1) if v ∈ [0,2].

f). P(v) =−KS − vA− v
2
(2B1 +2C1 +D1 +D′

1 +B2) if v ∈ [0,2].

N(v) =
v
2
(2B1 +2C1 +D1 +D′

1 +B2) if v ∈ [0,2].

g). P(v) =−KS − vA− v
2
(2B1 +2C1 +2D1 +E1 +E ′

1 +B2) if v ∈ [0,2].

N(v) =
v
2
(2B1 +2C1 +2D1 +E1 +E ′

1 +B2) if v ∈ [0,2].

h). P(v) =−KS − vA− v
2
(3B+2D′+4C+3D+2E +F) if v ∈ [0,2].

N(v) =
v
2
(3B+2D′+4C+3D+2E +F) if v ∈ [0,2].

i). P(v) =−KS − vA− v
2
(2B1 +2C1 +2D1 +2E1 +F1 +F ′

1 +B2) if v ∈ [0,2].

N(v) =
v
2
(2B1 +2C1 +2D1 +2E1 +F1 +F ′

1 +B2) if v ∈ [0,2],

j). P(v) =−KS − vA− v
2
(2G+4F +6E +5D+4C+3B+3F ′) if v ∈ [0,2].

N(v) =
v
2
(2G+4F +6E +5D+4C+3B+3F ′) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)2

2
P(v) ·A = 1− v

2
if v ∈ [0,2].

In this case δP(S) = 3
2 if P ∈ A\(B1 ∪B2 ∪B3).

Proof. The Zariski Decomposition in part a). follows from −KS−vA∼R (2−v)A+B1+B2+B3.

A similar statement holds in other parts. We have SS(A) = 2
3 . Thus, δP(S)≤ 3

2 for P ∈ A. Note

that for P ∈ A\(B1 ∪B2 ∪B3) h(v) = (2−v)2

8 if v ∈ [0,2]. So we have S(W A
•,•;P) = 1

3 < 2
3 . Thus,

δP(S) = 3
2 if P ∈ A\(B1 ∪B2 ∪B3).

Lemma 8.1.14. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Then τ(A) = 4
3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(B1 +B2 +B3 +B4 +B5 +B6) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(B1 +B2 +B3 +B4 +B5 +B6) if v ∈

[
1, 4

3

]
.
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a)

b)

c)

f)

h)

i)

d)

e)

g)

j)

k)

Figure 8.12: Dual graph: (−KS)
2 = 2 and δP(S) = 9

7

b). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(2B1 +C1 +B2 +B3 +B4 +B5) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(2B1 +C1 +B2 +B3 +B4 +B5) if v ∈

[
1, 4

3

]
.

c). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(2B1 +C1 +2B2 +C2 +B3 +B4) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(2B1 +C1 +2B2 +C2 +B3 +B4) if v ∈

[
1, 4

3

]
.

d). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(2B1 +C1 +2B2 +C2 +2B3 +C3) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(2B1 +C1 +2B2 +C2 +2B3 +C3) if v ∈

[
1, 4

3

]
.

e). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(3B1 +2C1 +D1 +B2 +B3 +B4) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(3B1 +2C1 +D1 +B2 +B3 +B4) if v ∈

[
1, 4

3

]
.
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f). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(3B1 +2C1 +D1 +2B2 +C2 +B3) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(3B1 +2C1 +D1 +2B2 +C2 +B3) if v ∈

[
1, 4

3

]
.

g). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(3B1 +2C1 +D1 +3B2 +2C2 +D2) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(3B1 +2C1 +D1 +3B2 +2C2 +D2) if v ∈

[
1, 4

3

]
.

h). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(4B1 +3C1 +2D1 +E1 +B2 +B3) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(4B1 +3C1 +2D1 +E1 +B2 +B3) if v ∈

[
1, 4

3

]
.

i). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(4B1 +3C1 +2D1 +E1 +2B2 +C2) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(4B1 +3C1 +2D1 +E1 +2B2 +C2) if v ∈

[
1, 4

3

]
.

j). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(5B1 +4C1 +3D1 +2E1 +F1 +B2) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(5B1 +4C1 +3D1 +2E1 +F1 +B2) if v ∈

[
1, 4

3

]
.

k). P(v) =

−KS − vA− v
2B if v ∈ [0,1],

−KS − vA− v
2B− (v−1)(6B1 +5C1 +4D1 +3E1 +2F1 +G1) if v ∈

[
1, 4

3

]
.

N(v) =

 v
2B if v ∈ [0,1],
v
2B+(v−1)(6B1 +5C1 +4D1 +3E1 +2F1 +G1) if v ∈

[
1, 4

3

]
.

Moreover,

(P(v))2 =

2− 3v2

2 if v ∈ [0,1],
(4−3v)2

2 if v ∈
[
1, 4

3

]
.

P(v) ·A =

3v
2 if v ∈ [0,1],

3(2− 3v
2 ) if v ∈

[
1, 4

3

]
.

In this case δP(S) = 9
7 if P ∈ A\B.
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Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(4
3
− v
)

A+
1
3

(
2B+B1 +B2 +B3 +B4 +B5 +B6

)
.

A similar statement holds in other parts. We have SS(A) = 7
9 . Thus, δP(S)≤ 9

7 for P ∈ A. Note

that for P ∈ A\B we have:

h(v)≤

9v2

8 if v ∈ [0,1],
9(4−3v)(5v−4)

8 if v ∈
[
1, 4

3

]
.

So we have S(W A
•,•;P)≤ 2

3 < 7
9 . Thus, δP(S) = 9

7 if P ∈ A\B.

Lemma 8.1.15. Suppose P = A1 ∩A2 where A1 and A2 are (−2)-curves disjoint from other

(−2)-curves, and B is a unique (0)-curve containing P. Consider the blowup σ : S̃ → S of S at

P with the exceptional divisor EP.

Figure 8.13: Picture: (−KS)
2 = 2 and δP(S) = 6

5 (intersection of two (−2)-curves)

Then τ(A) = 3 and the Zariski decomposition of the divisor σ∗(−KS)− vEP is given by:

P(v) =

σ∗(−KS)− vEP − v
3(Ã1 + Ã2) if v ∈ [0,2],

σ∗(−KS)− vEP − v
3(Ã1 + Ã2)− (v−2)B̃ if v ∈ [2,3].

N(v) =

 v
3(Ã1 + Ã2) if v ∈ [0,2],
v
3(Ã1 + Ã2)+(v−2)B̃ if v ∈ [2,3].

Moreover,

P(v)2 =

2− v2

3 if v ∈ [0,2],
2(3−v)2

3 if v ∈ [2,3].
P(v) ·EP =

 v
3 if v ∈ [0,2],

2(1− v
3) if v ∈ [2,3].

In this case δP(S) = 6
5 for P = A1 ∩A2.



8.1. General results for degree 2 140

Proof. The Zariski Decomposition follows from σ∗(−KS)− vEP ∼R (3− v)EP + Ã1 + Ã2 + B̃

where Ã1, Ã1 and B̃ is are strict transforms of A1, A2 and B respectively and EP is the

exceptional divisor. We have SS(EP) =
5
3 . Thus, δP(S)≤ 2

5/3 =
6
5 . Moreover if O∈ EP\(Ã1∪ Ã2)

or if O ∈ EP ∩ (Ã1 ∪ Ã2):

h(v)≤

 v2

18 if v ∈ [0,2],
2(3−v)(2v−3)

9 if v ∈ [2,3].
or h(v) =

v2

6 if v ∈ [0,2],
(3−v)(v+6)

9 if v ∈ [2,3].

Thus, S(W EP•,• ;O) = 1
3 ≤ 5

6 or S(W EP•,• ;O) = 7
9 ≤ 5

6 . We get that δP(S) = 6
5 for P = A1 ∩A2.

Lemma 8.1.16. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.14: Dual graph: (−KS)
2 = 2 and δP(S) = 6

5

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)(B1 +B2 +B3 +B4) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)(B1 +B2 +B3 +B4) if v ∈

[
1, 3

2

]
.

b). P(v) =

−KS − vA− v
3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)(2B1 +C1 +B2 +B3) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)(2B1 +C1 +B2 +B3) if v ∈

[
1, 3

2

]
.

c). P(v) =

−KS − vA− v
3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)(2B1 +C1 +2B2 +C2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)(2B1 +C1 +2B2 +C2) if v ∈

[
1, 3

2

]
.
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d). P(v) =

−KS − vA− v
3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)(3B1 +2C1 +D1 +B2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)(3B1 +2C1 +D1 +B2) if v ∈

[
1, 3

2

]
.

e). P(v) =

−KS − vA− v
3(2B+C) if v ∈ [0,1],

−KS − vA− v
3(2B+C)− (v−1)(4B1 +3C1 +2D1 +E1) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2B+C) if v ∈ [0,1],
v
3(2B+C)+(v−1)(4B1 +3C1 +2D1 +E1) if v ∈

[
1, 3

2

]
.

Moreover,

(P(v))2 =

2− 4v2

3 if v ∈ [0,1],
2(3−2v)2

3 if v ∈
[
1, 3

2

]
.

P(v) ·A =

4v
3 if v ∈ [0,1],

4(1− 2v
3 ) if v ∈

[
1, 3

2

]
.

In this case δP(S) = 6
5 if P ∈ A\B.

Proof. The Zariski Decomposition in part a). follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
2B+C+B1 +B2 +B3 +B4

)
.

A similar statement holds in other parts. We have SS(A) = 5
6 . Thus, δP(S)≤ 6

5 for P ∈ A. Note

that for P ∈ A\B we have:

h(v)≤

8v2

9 if v ∈ [0,1],
4(3−2v)(3−v)

9 if v ∈
[
1, 3

2

]
.

So we have S(W A
•,•;P)≤ 1

2 < 5
6 . Thus, δP(S) = 6

5 if P ∈ A\B.

Lemma 8.1.17. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b) c)

Figure 8.15: Dual graph: (−KS)
2 = 2 and δP(S) = 36

31
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Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =


−KS − vA− v

4(3B+2C+D) if v ∈ [0,1],

−KS − vA− v
4(3B+2C+D)− (v−1)(B1 +B2 +B3) if v ∈

[
1, 4

3

]
,

−KS − vA− (v−1)(3B+2C+D+B1 +B2 +B3)− (3v−4)C′ if v ∈
[4

3 ,
3
2

]
.

N(v) =


v
4(3B+2C+D) if v ∈ [0,1],
v
4(3B+2C+D)+(v−1)(B1 +B2 +B3) if v ∈

[
1, 4

3

]
,

(v−1)(3B+2C+D+B1 +B2 +B3)+(3v−4)C′ if v ∈
[4

3 ,
3
2

]
.

b). P(v) =


−KS − vA− v

4(3B+2C+D) if v ∈ [0,1],

−KS − vA− v
4(3B+2C+D)− (v−1)(2B1 +C1 +B2) if v ∈

[
1, 4

3

]
,

−KS − vA− (v−1)(3B+2C+D+2B1 +C1 +B2)− (3v−4)C′ if v ∈
[4

3 ,
3
2

]
.

N(v) =


v
4(3B+2C+D) if v ∈ [0,1],
v
4(3B+2C+D)+(v−1)(2B1 +C1 +B2) if v ∈

[
1, 4

3

]
,

(v−1)(3B+2C+D+2B1 +C1 +B2)+(3v−4)C′ if v ∈
[4

3 ,
3
2

]
.

c). P(v) =


−KS − vA− v

4(3B+2C+D) if v ∈ [0,1],

−KS − vA− v
4(3B+2C+D)− (v−1)(3B1 +2C1 +D1) if v ∈

[
1, 4

3

]
,

−KS − vA− (v−1)(3B+2C+D+3B1 +2C1 +D1)− (3v−4)C′ if v ∈
[4

3 ,
3
2

]
.

N(v) =


v
4(3B+2C+D) if v ∈ [0,1],
v
4(3B+2C+D)+(v−1)(3B1 +2C1 +D1) if v ∈

[
1, 4

3

]
,

(v−1)(3B+2C+D+3B1 +2C1 +D1)+(3v−4)C′ if v ∈
[4

3 ,
3
2

]
.

Moreover,

(P(v))2 =


2− 5v2

4 if v ∈ [0,1],
(10−7v)(2−v)

4 if v ∈
[
1, 4

3

]
,

(3−2v)2 if v ∈
[4

3 ,
3
2

]
.

P(v) ·A =


5v
4 if v ∈ [0,1],

3− 7v
4 if v ∈

[
1, 4

3

]
,

2(3−2v) if v ∈
[4

3 ,
3
2

]
.

In this case δP(S) = 36
31 if P ∈ A\B.

Proof. In part a). the Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
3B+2C+D+B1 +B2 +B3 +C′

)
.
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A similar statement holds in other parts. We have SS(A) = 31
36 . Thus, δP(S)≤ 36

31 for P ∈ A. Note

that for P ∈ A\B we have:

h(v)≤


25v2

32 if v ∈ [0,1],
(12−7v)(17v−12)

32 if v ∈
[
1, 4

3

]
,

2(3−2v)v if v ∈
[4

3 ,
3
2

]
So S(W A

•,•;P)≤ 26
36 < 31

36 . Thus, δP(S) = 36
31 if P ∈ A\B.

Lemma 8.1.18. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

Figure 8.16: Dual graph: (−KS)
2 = 2 and δP(S) = 8

7

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =


−KS − vA− v

5(4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
5(4B+3C+2D+E)− (v−1)(B1 +B2) if v ∈

[
1, 5

4

]
,

−KS − vA− (v−1)(4B+3C+2D+E +B1 +B2)− (4v−5)C′ if v ∈
[5

4 ,
3
2

]
.

N(v) =


v
5(4B+3C+2D+E) if v ∈ [0,1],
v
5(4B+3C+2D+E)+(v−1)(B1 +B2) if v ∈

[
1, 5

4

]
,

(v−1)(4B+3C+2D+E +B1 +B2)+(4v−5)C′ if v ∈
[5

4 ,
3
2

]
.

b). P(v) =


−KS − vA− v

5(4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
5(4B+3C+2D+E)− (v−1)(2B1 +C1) if v ∈

[
1, 5

4

]
,

−KS − vA− (v−1)(4B+3C+2D+E +2B1 +C1)− (4v−5)C′ if v ∈
[5

4 ,
3
2

]
.

N(v) =


v
5(4B+3C+2D+E) if v ∈ [0,1],
v
5(4B+3C+2D+E)+(v−1)(2B1 +C1) if v ∈

[
1, 5

4

]
,

(v−1)(4B+3C+2D+E +2B1 +C1)+(4v−5)C′ if v ∈
[5

4 ,
3
2

]
.

(P(v))2 =


2− 6v2

5 if v ∈ [0,1],

4−4v+ 4v2

5 if v ∈
[
1, 5

4

]
,

(3−2v)2 if v ∈
[5

4 ,
3
2

]
.

P(v) ·A =


6v
5 if v ∈ [0,1],

2(1− 2v
5 ) if v ∈

[
1, 5

4

]
,

2(3−2v) if v ∈
[5

4 ,
3
2

]
.
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In this case δP(S) = 8
7 if P ∈ A\B.

Proof. In part a). the Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
4B+3C+2D+E +B1 +B2 +2C′

)
.

A similar statement holds in other parts. We have SS(A) = 7
8 . Thus, δP(S)≤ 8

7 for P ∈ A. Note

that for P ∈ A\B we have:

h(v)≤


18v2

25 if v ∈ [0,1],
2(5−2v)(8v−5)

25 if v ∈
[
1, 5

4

]
,

2(3−2v) if v ∈
[5

4 ,
3
2

]
.

So S(W A
•,•;P)≤ 7

12 < 7
8 . Thus, δP(S) = 8

7 if P ∈ A\B.

Lemma 8.1.19. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.17: Dual graph: (−KS)
2 = 2 and δP(S) = 60

53

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

6(5B2 +4C2 +3D2 +2E2 +F2) if v ∈ [0,1],

−KS − vA− v
6(5B2 +4C2 +3D2 +2E2 +F2)− (v−1)B1 if v ∈

[
1, 6

5

]
,

−KS − vA− (v−1)(5B2 +4C2 +3D2 +2E2 +F2 +B1)− (5v−6)C′
2 if v ∈

[6
5 ,

3
2

]
.

N(v) =


v
6(5B2 +4C2 +3D2 +2E2 +F2) if v ∈ [0,1],
v
6(5B2 +4C2 +3D2 +2E2 +F2)+(v−1)B1 if v ∈

[
1, 6

5

]
,

(v−1)(5B2 +4C2 +3D2 +2E2 +F2 +B1)+(5v−6)C′
2 if v ∈

[6
5 ,

3
2

]
.

Moreover,

(P(v))2 =


2− 7v2

6 if v ∈ [0,1],

3−2v− v2

6 if v ∈
[
1, 6

5

]
,

(3−2v)2 if v ∈
[6

5 ,
3
2

]
.

P(v) ·A =


7v
6 if v ∈ [0,1],

1+ v
6 if v ∈

[
1, 6

5

]
,

2(3−2v) if v ∈
[6

5 ,
3
2

]
.

In this case δP(S) = 60
53 if P ∈ A\B2.
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Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
5B2 +4C2 +3D2 +2E2 +F2 +B1 +3C′

2

)
.

We have SS(A) = 53
60 . Thus, δP(S)≤ 60

53 for P ∈ A. Note that for P ∈ A\B2 we have:

h(v)≤


49v2

72 if v ∈ [0,1],
(v+6)(13v−6)

72 if v ∈
[
1, 6

5

]
,

2(3−2v)(2− v) if v ∈
[6

5 ,
3
2

]
.

So S(W A
•,•;P)≤ 31

60 < 53
60 . Thus, δP(S) = 60

53 if P ∈ A\B2.

Lemma 8.1.20. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

b) c)a)

Figure 8.18: Dual graph: (−KS)
2 = 2 and δP(S) = 9

8 with τ(A) = 5
3

Then τ(A) = 5
3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
5(4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
5(4B+3C+2D+E)− (v−1)(B1 +B2 +B3) if v ∈

[
1, 5

3

]
.

N(v) =

 v
5(4B+3C+2D+E) if v ∈ [0,1],
v
5(4B+3C+2D+E)+(v−1)(B1 +B2 +B3) if v ∈

[
1, 5

3

]
.

b). P(v) =

−KS − vA− v
5(4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
5(4B+3C+2D+E)− (v−1)(2B1 +C1 +B2) if v ∈

[
1, 5

3

]
.

N(v) =

 v
5(4B+3C+2D+E) if v ∈ [0,1],
v
5(4B+3C+2D+E)+(v−1)(2B1 +C1 +B2) if v ∈

[
1, 5

3

]
.

c). P(v) =

−KS − vA− v
5(4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
5(4B+3C+2D+E)− (v−1)(3B1 +2C1 +D1) if v ∈

[
1, 5

3

]
.

N(v) =

 v
5(4B+3C+2D+E) if v ∈ [0,1],
v
5(4B+3C+2D+E)+(v−1)(3B1 +2C1 +D1) if v ∈

[
1, 5

3

]
.
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Moreover,

(P(v))2 =

2− 6v2

5 if v ∈ [0,1],
(5−3v)2

5 if v ∈
[
1, 5

3

]
.

P(v) ·A =

6v
5 if v ∈ [0,1],

3(1− 3v
5 ) if v ∈

[
1, 5

3

]
.

In this case δP(S) = 9
8 if P ∈ A\B.

Proof. In part a). the Zariski Decomposition follows from

−KS − vA ∼R

(5
3
− v
)

A+
1
3

(
4B+3C+2D+E +2B1 +2B2 +2B3

)
.

A similar statement holds in other parts. We have SS(A) = 8
9 . Thus, δP(S)≤ 9

8 for P ∈ A. Note

that for P ∈ A\B we have:

h(v)≤

18v2

25 if v ∈ [0,1],
9(5−3v)(7v−5)

50 if v ∈
[
1, 5

3

]
.

So we have S(W A
•,•;P)≤ 2

3 < 8
9 . Thus, δP(S) = 9

8 if P ∈ A\B.

Lemma 8.1.21. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.19: Dual graph: (−KS)
2 = 2 and δP(S) = 9

8 with τ(A) = 3
2

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
7(6B+5C+4D+3E +2F +G) if v ∈

[
0, 7

6

]
,

−KS − vA− (v−1)(6B+5C+4D+3E +2F +G)− (6v−7)C′ if v ∈
[7

6 ,
3
2

]
.

N(v) =

 v
7(6B+5C+4D+3E +2F +G) if v ∈

[
0, 7

6

]
,

(v−1)(6B+5C+4D+3E +2F +G)+(6v−7)C′ if v ∈
[7

6 ,
3
2

]
.

Moreover,

(P(v))2 =

2− 8v2

7 if v ∈
[
0, 7

6

]
,

(3−2v)2 if v ∈
[7

6 ,
3
2

]
.

P(v) ·A =

8v
7 if v ∈

[
0, 7

6

]
,

2(3−2v) if v ∈
[7

6 ,
3
2

]
.

In this case δP(S) = 9
8 if P ∈ A\B.
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Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(3
2
− v
)

A+
1
2

(
6B+5C+4D+3E +2F +G+4C′

)
.

We have SS(A) = 8
9 . Thus, δP(S)≤ 9

8 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤

32v2

49 if v ∈
[
0, 7

6

]
,

2(3−2v)2 if v ∈
[7

6 ,
3
2

]
.

So S(W A
•,•;P)≤ 4

9 < 8
9 . Thus, δP(S) = 9

8 if P ∈ A\B.

Lemma 8.1.22. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a)

b)

c)

d)

e)

f)

g) h)

Figure 8.20: Dual graph: (−KS)
2 = 2 and δP(S) = 1

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
2(B1 +B2) if v ∈ [0,1],

−KS − vA− v
2(B1 +B2)− (v−1)(B3 +B4) if v ∈ [1,2].

N(v) =

 v
2(B1 +B2) if v ∈ [0,1],
v
2(B1 +B2)+(v−1)(B3 +B4) if v ∈ [1,2].

b). P(v) =

−KS − vA− v
2(B1 +B2) if v ∈ [0,1],

−KS − vA− v
2(B1 +B2)− (v−1)(2B3 +C3) if v ∈ [1,2].

N(v) =

 v
2(B1 +B2) if v ∈ [0,1],
v
2(B1 +B2)+(v−1)(2B3 +C3) if v ∈ [1,2].
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c). P(v) =

−KS − vA− v
2(2B+C+C′) if v ∈ [0,1],

−KS − vA− v
2(2B+C+C′)− (v−1)(B1 +B2) if v ∈ [1,2].

N(v) =

 v
2(2B+C+C′) if v ∈ [0,1],
v
2(2B+C+C′)+(v−1)(B1 +B2) if v ∈ [1,2].

d). P(v) =

−KS − vA− v
2(2B+C+C′) if v ∈ [0,1],

−KS − vA− v
2(2B+C+C′)− (v−1)(2B1 +C1) if v ∈ [1,2].

N(v) =

 v
2(2B+C+C′) if v ∈ [0,1],
v
2(2B+C+C′)+(v−1)(2B1 +C1) if v ∈ [1,2].

e). P(v) =

−KS − vA− v
2(2B+2C+D+D′) if v ∈ [0,1],

−KS − vA− v
2(2B+2C+D+D′)− (v−1)(B1 +B2) if v ∈ [1,2].

N(v) =

 v
2(2B+2C+D+D′) if v ∈ [0,1],
v
2(2B+2C+D+D′)+(v−1)(B1 +B2) if v ∈ [1,2].

f). P(v) =

−KS − vA− v
2(2B+2C+D+D′) if v ∈ [0,1],

−KS − vA− v
2(2B+2C+D+D′)− (v−1)(2B1 +C1) if v ∈ [1,2].

N(v) =

 v
2(2B+2C+D+D′) if v ∈ [0,1],
v
2(2B+2C+D+D′)+(v−1)(2B1 +C1) if v ∈ [1,2].

g). P(v) =

−KS − vA− v
2(2B+2C+2D+E +E ′) if v ∈ [0,1],

−KS − vA− v
2(2B+2C+2D+E +E ′)− (v−1)(B1 +B2) if v ∈ [1,2].

N(v) =

 v
2(2B+2C+2D+E +E ′) if v ∈ [0,1],
v
2(2B+2C+2D+E +E ′)+(v−1)(B1 +B2) if v ∈ [1,2].

h). P(v) =

−KS − vA− v
2(2B+2C+2D+E +E ′) if v ∈ [0,1],

−KS − vA− v
2(2B+2C+2D+E +E ′)− (v−1)(2B1 +C1) if v ∈ [1,2].

N(v) =

 v
2(2B+2C+2D+E +E ′) if v ∈ [0,1],
v
2(2B+2C+2D+E +E ′)+(v−1)(2B1 +C1) if v ∈ [1,2].

Moreover,

(P(v))2 =

2− v2 if v ∈ [0,1],

(2− v)2 if v ∈ [1,2].
P(v) ·A =

v if v ∈ [0,1],

2− v if v ∈ [1,2].

In this case δP(S) = 1 if P ∈ A\B.
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Proof. The Zariski Decomposition in part a). follows from −KS − vA ∼R
(
2− v

)
A+B1 +B2 +

B3 +B4. A similar statement holds in other parts. We have SS(A) = 1. Thus, δP(S) ≤ 1 for

P ∈ A. Note that for P ∈ A\(B1 ∪B2 ∪B) or P ∈ A∩ (B1 ∪B2) we have:

h(v)≤

v2 if v ∈ [0,1],

2− v if v ∈ [1,2].
or h(v)≤

v2

2 if v ∈ [0,1],
(2−v)v

2 if v ∈ [1,2].

So S(W A
•,•;P)≤ 5

6 < 1 or S(W A
•,•;P)≤ 1

2 < 1. Thus, δP(S) = 1 if P ∈ A.

Lemma 8.1.23. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.21: Dual graph: (−KS)
2 = 2 and δP(S) = 12

13

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

6(3B1 +4B2 +2C2) if v ∈ [0,1],

−KS − vA− v
6(3B1 +4B2 +2C2)− (v−1)B3 if v ∈

[
1, 3

2

]
,

−KS − vA− (v−1)(2B2 +C2 +B3)− v
2B1 − (2v−3)C′

2 if v ∈
[3

2 ,2
]
.

N(v) =


v
6(3B1 +4B2 +2C2) if v ∈ [0,1],
v
6(3B1 +4B2 +2C2)+(v−1)B3 if v ∈

[
1, 3

2

]
,

(v−1)(2B2 +C2 +B3)+
v
2B1 +(2v−3)C′

2 if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =


2− 5v2

6 if v ∈ [0,1],

3−2v+ v2

6 if v ∈
[
1, 3

2

]
,

3(2−v)2

2 if v ∈
[3

2 ,2
]
.

P(v) ·A =


5v
6 if v ∈ [0,1],

1− v
6 if v ∈

[
1, 3

2

]
,

3(1− v
2) if v ∈

[3
2 ,2
]
.

In this case δP(S) = 12
13 if P ∈ A.
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Proof. The Zariski Decomposition follows from −KS −vA ∼R (2−v)A+B1 +2B2 +C2 +C′
2 +

B3. We have SS(A) = 13
12 . Thus, δP(S)≤ 12

13 for P ∈ A. Note that if P ∈ A∩B2 or if P ∈ A\B2 we

have:

h(v)≤


65v2

72 if v ∈ [0,1],
(6−v)(7v+6)

72 if v ∈
[
1, 3

2

]
,

3(2−v)(5v−2)
8 if v ∈

[3
2 ,2
]
.

or h(v) =


25v2

72 if v ∈ [0,1],
(6−v)(11v−6)

72 if v ∈
[
1, 3

2

]
,

3(2−v)(v+2)
8 if v ∈

[3
2 ,2
]

So S(W A
•,•;P) = 13

12 or S(W A
•,•;P) = 13

24 < 13
12 . Thus, δP(S) = 12

13 if P ∈ A.

Lemma 8.1.24. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.22: Dual graph: (−KS)
2 = 2 and δP(S) = 9

10 with −KS − vA nef on
[
0, 4

3

]
Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(2B1 +3B2 +2C2 +D2) if v ∈

[
0, 4

3

]
,

−KS − vA− v
2B1 − (v−1)(3B2 +2C2 +D2)− (3v−4)C′

2 if v ∈
[4

3 ,2
]
.

N(v) =

 v
4(2B1 +3B2 +2C2 +D2) if v ∈

[
0, 4

3

]
,

v
2B1 +(v−1)(3B2 +2C2 +D2)+(3v−4)C′

2 if v ∈
[4

3 ,2
]
.

Moreover,

(P(v))2 =

2− 3v2

4 if v ∈
[
0, 4

3

]
,

3(2−v)2

2 if v ∈
[4

3 ,2
]
.

P(v) ·A =

3v
4 if v ∈

[
0, 4

3

]
,

3(1− v
2) if v ∈

[4
3 ,2
]
.

In this case δP(S) = 9
10 if P ∈ A\B2.

Proof. The Zariski Decomposition follows from −KS−vA∼R (2−v)A+B1+3B2+2C2+D2+

2C′
2. We have SS(A) = 10

9 . Thus, δP(S)≤ 9
10 for P ∈ A. Note that for P ∈ A\B2 we have:

h(v)≤

21v2

32 if v ∈
[
0, 4

3

]
,

3(2−v)(6−v)
8 if v ∈

[4
3 ,2
]
.

So S(W A
•,•;P)≤ 8

9 < 10
9 . Thus, δP(S) = 9

10 if P ∈ A\B2.

Lemma 8.1.25. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 8.23: Dual graph: (−KS)
2 = 2 and δP(S) = 9

10 with −KS − vA nef on [0,1]

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

5(3C1 +6B1 +4C′
1 +2D′

1) if v ∈ [0,1],

−KS − vA− v
5(3C1 +6B1 +4C′

1 +2D′
1)− (v−1)B2 if v ∈

[
1, 5

3

]
,

−KS − vA− (v−1)(3B1 +2C′
1 +D′

1 +B2)− (3v−4)C1 − (3v−5)D1 if v ∈
[5

3 ,2
]
.

N(v) =


v
5(3C1 +6B1 +4C′

1 +2D′
1) if v ∈ [0,1],

v
5(3C1 +6B1 +4C′

1 +2D′
1)+(v−1)B2 if v ∈

[
1, 5

3

]
,

(v−1)(3B1 +2C′
1 +D′

1 +B2)+(3v−4)C1 +(3v−5)D1 if v ∈
[5

3 ,2
]
.

Moreover,

(P(v))2 =


2− 4v2

5 if v ∈ [0,1],

3−2v+ v2

5 if v ∈
[
1, 5

3

]
,

2(2− v)2 if v ∈
[5

3 ,2
]
.

P(v) ·A =


4v
5 if v ∈ [0,1],

1− v
5 if v ∈

[
1, 5

3

]
,

2(2− v) if v ∈
[5

3 ,2
]
.

In this case δP(S) = 9
10 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (2− v)A+ 3B1 + 2C′
1 +D1 +

2C1 +D′
1 +B2. We have SS(A) = 10

9 . Thus, δP(S) ≤ 9
10 for P ∈ A. Note that for P ∈ A\B1 we

have:

h(v)≤


8v2

25 if v ∈ [0,1],
(5−v)(9v−5)

50 if v ∈
[
1, 5

3

]
,

2(2− v) if v ∈
[5

3 ,2
]

So S(W A
•,•;P)≤ 5

9 < 10
9 . Thus, δP(S) = 9

10 if P ∈ A\B1.

Lemma 8.1.26. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
3(C1 +2B1 +2B2 +C2) if v ∈

[
0, 3

2

]
,

−KS − vA− (v−1)(C1 +2B1 +2B2 +C2)− (2v−3)(C′
1 +C′

2) if v ∈
[3

2 ,2
]
.
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a) b)

Figure 8.24: Dual graph: (−KS)
2 = 2 and δP(S) = 6

7 with −KS − vA nef on
[3

2 ,2
]

N(v) =

 v
3(C1 +2B1 +2B2 +C2) if v ∈

[
0, 3

2

]
,

(v−1)(C1 +2B1 +2B2 +C2)+(2v−3)(C′
1 +C′

2) if v ∈
[3

2 ,2
]
.

b). P(v) =

−KS − vA− v
3(2C′+4B+3C+2D+E) if v ∈

[
0, 3

2

]
,

−KS − vA− (v−1)(4B+3C+2D+E)− (4v−5)C′
1 − (4v−6)D′ if v ∈

[3
2 ,2
]
.

N(v) =

 v
3(2C′+4B+3C+2D+E) if v ∈

[
0, 3

2

]
,

(v−1)(4B+3C+2D+E)+(4v−5)C′
1 +(4v−6)D′ if v ∈

[3
2 ,2
]
.

(P(v))2 =

2− 2v2

3 if v ∈
[
0, 3

2

]
,

2(2− v)2 if v ∈
[3

2 ,2
]
.

P(v) ·A =

2v
3 if v ∈

[
0, 3

2

]
,

2(2− v) if v ∈
[3

2 ,2
]
.

In this case δP(S) = 6
7 if P ∈ A.

Proof. In part a). the Zariski Decomposition follows from −KS − vA ∼R (2− v)A+2B1 +C1 +

C′
1+2B2+C2+C′

2. A similar statement holds in other parts. We have SS(A) = 7
6 . Thus, δP(S)≤

6
7 for P ∈ A. Note that for P ∈ A we have:

h(v)≤

2v2

3 if v ∈
[
0, 3

2

]
,

2(2− v) if v ∈
[3

2 ,2
]
.

So S(W A
•,•;P)≤ 7

6 . Thus, δP(S) = 6
7 if P ∈ A.

Lemma 8.1.27. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

Figure 8.25: Dual graph: (−KS)
2 = 2 and δP(S) = 6

7 with −KS − vA nef on [0,1]
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Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
4(2B2 +3B1 +2C1 +D1) if v ∈ [0,1],

−KS − vA− v
4(2B2 +3B1 +2C1 +D1)− (v−1)B3 if v ∈ [1,2].

N(v) =

 v
4(2B2 +3B1 +2C1 +D1) if v ∈ [0,1],
v
4(2B2 +3B1 +2C1 +D1)+(v−1)B3 if v ∈ [1,2].

b). P(v) =

−KS − vA− v
4(5B1 +6C1 +4D1 +2E1 +3D′

1) if v ∈ [0,1],

−KS − vA− v
4(5B1 +6C1 +4D1 +2E1 +3D′

1)− (v−1)B2 if v ∈ [1,2].

N(v) =

 v
4(5B1 +6C1 +4D1 +2E1 +3D′

1) if v ∈ [0,1],
v
4(5B1 +6C1 +4D1 +2E1 +3D′

1)+(v−1)B2 if v ∈ [1,2].

Moreover,

(P(v))2 =

2− 3v2

4 if v ∈ [0,1],
(v−2)(v−6)

4 if v ∈ [1,2].
P(v) ·A =

3v
4 if v ∈ [0,1],

1− v
4 if v ∈ [1,2].

In this case δP(S) = 6
7 if P ∈ A\B1.

Proof. In part a). the Zariski Decomposition follows from −KS−vA ∼R (2−v)A+2B1+2C1+

D1+D′
1+B2+B3. A similar statement holds in other parts. We have SS(A) = 7

6 . Thus, δP(S)≤
6
7 for P ∈ A. Note that for P ∈ A\(B1 ∪B2) or if P ∈ A∩B2 we have:

h(v)≤

9v2

32 if v ∈ [0,1],
(4−v)(7v−4)

32 if v ∈ [1,2].
or h(v)≤

21v2

32 if v ∈ [0,1],
(4−v)(3v+4)

32 if v ∈ [1,2].

So S(W A
•,•;P)≤ 7

12 < 7
6 . or S(W A

•,•;P)≤ 7
8 < 7

6 . Thus, δP(S) = 6
7 if P ∈ A\B1.

Lemma 8.1.28. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.26: Dual graph: (−KS)
2 = 2 and δP(S) = 4

5 with τ(A) = 2

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(3B2 +2C2 +D2)− v

3(2B1 +C1) if v ∈
[
0, 3

2

]
,

−KS − vA− v
4(3B2 +2C2 +D2)− (v−1)(2B1 +C1)− (2v−3)C′

1 if v ∈
[3

2 ,2
]
.
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N(v) =

 v
4(3B2 +2C2 +D2)+

v
3(2B1 +C1) if v ∈

[
0, 3

2

]
,

v
4(3B2 +2C2 +D2)+(v−1)(2B1 +C1)+(2v−3)C′

1 if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =

2− 7v2

12 if v ∈
[
0, 3

2

]
,

(2−v)(10−3v)
4 if v ∈

[3
2 ,2
]
.

P(v) ·A =

 7v
12 if v ∈

[
0, 3

2

]
,

2− 3v
4 if v ∈

[3
2 ,2
]
.

In this case δP(S) = 4
5 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (2−v)A+2B1+C1+C′
1+2B2+

2C2 +D2 +D′
2. We have SS(A) = 5

4 . Thus, δP(S) ≤ 4
5 for P ∈ A. Note that for P ∈ A\B2 or

P ∈ A∩B2 we have:

h(v)≤

161v2

288 if v ∈
[
0, 3

2

]
,

(8−3v)(13v−8)
32 if v ∈

[3
2 ,2
]
.

or h(v)≤

175v2

288 if v ∈
[
0, 3

2

]
,

(8−3v)(3v+8)
32 if v ∈

[3
2 ,2
]
.

So S(W A
•,•;P)≤ 5

4 . Thus, δP(S) = 4
5 if P ∈ A.

Lemma 8.1.29. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.27: Dual graph: (−KS)
2 = 2 and δP(S) = 4

5 with τ(A) = 5
2

Then τ(A) = 5
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

5(4B2 +3C2 +2D2 +E2)− v
2B1 if v ∈ [0,1],

−KS − vA− v
5(4B2 +3C2 +2D2 +E2)− v

2B1 − (v−1)B3 if v ∈ [1,2],

−KS − vA− v
5(4B2 +3C2 +2D2 +E2)− (v−1)(B1 +B3)− (v−2)C1 if v ∈

[
2, 5

2

]
.

N(v) =


v
5(4B2 +3C2 +2D2 +E2)+

v
2B1 if v ∈ [0,2],

v
5(4B2 +3C2 +2D2 +E2)+

v
2B1 +(v−1)B3 if v ∈ [1,2],

v
5(4B2 +3C2 +2D2 +E2)+(v−1)(B1 +B3)+(v−2)C1 if v ∈

[
2, 5

2

]
.
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Moreover,

(P(v))2 =


2− 7v2

10 if v ∈ [0,1],

3−2v+ 3v2

10 if v ∈ [1,2],
(5−2v)2

5 if v ∈
[
2, 5

2

]
.

P(v) ·A =


7v
10 if v ∈ [0,1],

1− 3v
10 if v ∈ [1,2],

2(1− 2v
5 ) if v ∈

[
2, 5

2

]
.

In this case δP(S) = 4
5 if P ∈ A\B2.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(5
2
− v
)

A+
1
2

(
4B2 +3C2 +2D2 +E2 +3B3 +3B1 +C1

)
.

We have SS(A) = 5
4 . Thus, δP(S)≤ 4

5 for P ∈ A. Note that for P ∈ A\B2 we have:

h(v)≤


119v2

200 if v ∈ [0,1],
(10−3v)(7v+10)

200 if v ∈ [1,2],
6v(5−2v)

25 if v ∈
[
2, 5

2

]
.

So S(W A
•,•;P)≤ 53

60 < 5
4 . Thus, δP(S) = 4

5 if P ∈ A\B2.

Lemma 8.1.30. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

c) d)

Figure 8.28: Dual graph: (−KS)
2 = 2 and δP(S) = 3

4 with τ(A) = 3

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
3(C

′+2B′+2B+C) if v ∈ [0,1],

−KS − vA− v
3(C

′+2B′+2B+C)− (v−1)B1 if v ∈ [1,3].

N(v) =

 v
3(C

′+2B′+2B+C) if v ∈ [0,1],
v
3(C

′+2B′+2B+C)+(v−1)B1 if v ∈ [1,3].

b). P(v) =

−KS − vA− v
6(3B′+5B+4C+3D+2E +F) if v ∈ [0,1],

−KS − vA− v
6(3B′+5B+4C+3D+2E +F)− (v−1)B1 if v ∈ [1,3].
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N(v) =

 v
6(3B′+5B+4C+3D+2E +F) if v ∈ [0,1],
v
6(3B′+5B+4C+3D+2E +F)+(v−1)B1 if v ∈ [1,3].

c). P(v) =

−KS − vA− v
3(2C′+4B+3C+2D+E) if v ∈ [0,1],

−KS − vA− v
3(2C′+4B+3C+2D+E)− (v−1)B1 if v ∈ [1,3].

N(v) =

 v
3(2C′+4B+3C+2D+E) if v ∈ [0,1],
v
3(2C′+4B+3C+2D+E)+(v−1)B1 if v ∈ [1,3].

d). P(v) =

−KS − vA− v
3(2F +4E +6D+5C+4B+3E ′) if v ∈ [0,1],

−KS − vA− v
3(2F +4E +6D+5C+4B+3E ′)− (v−1)B1 if v ∈ [1,3].

N(v) =

 v
3(2F +4E +6D+5C+4B+3E ′) if v ∈ [0,1],
v
3(2F +4E +6D+5C+4B+3E ′)+(v−1)B1 if v ∈ [1,3].

Moreover,

(P(v))2 =

2− 2v2

3 if v ∈ [0,1],
(3−v)2

3 if v ∈ [1,3].
P(v) ·A =

2v
3 if v ∈ [0,1],

1− v
3 if v ∈ [1,3].

In this case δP(S) = 3
4 if P ∈ A.

Proof. In part a). the Zariski Decomposition follows from −KS − vA ∼R (3− v)A+C+ 2B+

2B′+C′+2B1. A similar statement holds in other parts. We have SS(A) = 4
3 . Thus, δP(S)≤ 3

4

for P ∈ A. Note that if P ∈ A\(B∪B′) or if P ∈ A∩ (B∪B′) we have:

h(v)≤

2v2

9 if v ∈ [0,1],
(3−v)(5v−3)

18 if v ∈ [1,3].
or h(v)≤

2v2

3 if v ∈ [0,1],
(3−v)(v+1)

6 if v ∈ [1,3].

So we have S(W A
•,•;P)≤ 2

3 < 4
3 or S(W A

•,•;P)≤ 10
9 < 4

3 . Thus, δP(S) = 3
4 if P ∈ A.

Lemma 8.1.31. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Then τ(A) = 2 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =−KS − vA− v
4
(D1 +2C1 +3B1 +3B2 +2C2 +D2) if v ∈ [0,2].

N(v) =
v
4
(D1 +2C1 +3B1 +3B2 +2C2 +D2) if v ∈ [0,2].

b). P(v) =−KS − vA− v
2
(B1 +B2 +B3) if v ∈ [0,2].

N(v) =
v
2
(B1 +B2 +B3) if v ∈ [0,2].

c). P(v) =−KS − vA− v
2
(B1 +2B+C+C′) if v ∈ [0,2].
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a)

b) c) d)

e) f)

b') c') d')

Figure 8.29: Dual graph: (−KS)
2 = 2 and δP(S) = 3

4 with τ(A) = 2

N(v) =
v
2
(B1 +2B+C+C′) if v ∈ [0,2].

d). P(v) =−KS − vA− v
2
(B1 +2B+2C+D+D′) if v ∈ [0,2].

N(v) =
v
2
(B1 +2B+2C+D+D′) if v ∈ [0,2].

e). P(v) =−KS − vA− v
2
(D+2C+3B+2C′+D′) if v ∈ [0,2].

N(v) =
v
2
(D+2C+3B+2C′+D′) if v ∈ [0,2].

f). P(v) =−KS − vA− v
2
(3B+4C+3D+2E +F +2D′) if v ∈ [0,2].

N(v) =
v
2
(3B+4C+3D+2E +F +2D′) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(2+ v)

2
P(v) ·A =

v
2

if v ∈ [0,2].

In this case δP(S) = 3
4 if P ∈ A\B.

Proof. In part a). the Zariski Decomposition follows from −KS − vA ∼R (2− v)A+D′
1 +D1 +

2C1+2B1+2B2+2C2+D2+D′
2. A similar statement holds in other parts. We have SS(A) = 4

3 .

Thus, δP(S)≤ 3
4 for P∈ A. Note that for P∈ A\B we have h(v) = v2

2 if v∈ [0,2]. So S(W A
•,•;P) =

4
3 . Thus, δP(S) = 3

4 if P ∈ A\B.

Lemma 8.1.32. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 8.30: Dual graph: (−KS)
2 = 2 and δP(S) = 3

4 with τ(A) = 5
2

Then τ(A) = 5
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(4B+3C+2D+E)− v

3(2B1 +C1) if v ∈
[
0, 3

2

]
,

−KS − vA− v
5(4B+3C+2D+E)− (v−1)(2B1 +C1)− (2v−3)C′

1 if v ∈
[3

2 ,
5
2

]
.

N(v) =

 v
5(4B+3C+2D+E)+ v

3(C1 +2B1) if v ∈
[
0, 3

2

]
,

v
5(4B+3C+2D+E)+(v−1)(2B1 +C1)+(2v−3)C′

1 if v ∈
[3

2 ,
5
2

]
.

Moreover,

(P(v))2 =

2− 8v2

15 if v ∈
[
0, 3

2

]
,

(5−2v)2

5 if v ∈
[3

2 ,
5
2

]
.

P(v) ·A =

 8v
15 if v ∈

[
0, 3

2

]
,

2(1− 2v
5 ) if v ∈

[3
2 ,

5
2

]
.

In this case δP(S) = 3
4 if P ∈ A\B.

Proof. The Zariski Decomposition follows from

−KS − vA ∼R

(5
2
− v
)

A+
1
2

(
4B+3C+2D+E +6B1 +3C1 +4C′

1

)
.

We have SS(A) = 4
3 . Thus, δP(S)≤ 3

4 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤

112v2

225 if v ∈
[
0, 3

2

]
,

2(5−2v)(8v−5)
25 if v ∈

[3
2 ,

5
2

]
.

So we have S(W A
•,•;P)≤ 4

3 . Thus, δP(S) = 3
4 if A\B.

Lemma 8.1.33. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

Figure 8.31: Dual graph: (−KS)
2 = 2 and δP(S) = 3

5
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Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
6(2C1 +4B1 +3B2 +3B2) if v ∈ [0,2],

−KS − vA− v
3(C1 +2B1)− (v−1)(B2 +B3)− (v−2)(C2 +C3) if v ∈ [2,3].

N(v) =

 v
6(2C1 +4B1 +3B2 +3B2) if v ∈ [0,2],
v
3(C1 +2B1)+(v−1)(B2 +B3)+(v−2)(C2 +C3) if v ∈ [2,3].

b). P(v) =

−KS − vA− v
6(3C+3C′+6B+4B1 +2C1) if v ∈ [0,2],

−KS − vA− v
3(2B1 +C1)− (v−1)(C+2B)− (2v−3)C′− (2v−4)D′ if v ∈ [2,3].

N(v) =

 v
6(3C+3C′+6B+4B1 +2C1) if v ∈ [0,2],
v
3(2B1 +C1)+(v−1)(C+2B)+(2v−3)C′+(2v−4)D′ if v ∈ [2,3].

Moreover,

(P(v))2 =

2− v2

3 if v ∈ [0,2],
2(3−v)2

3 if v ∈ [2,3].
P(v) ·A =

 v
3 if v ∈ [0,2],

2(1− v
3) if v ∈ [2,3].

In this case δP(S) = 3
5 if P ∈ A\B.

Proof. In part a). the Zariski Decomposition follows from −KS − vA ∼R (3− v)A+2B1 +C1 +

2B2 +C2 + 2B3 +C3. A similar statement holds in other parts. We have SS(A) = 5
3 . Thus,

δP(S)≤ 3
5 for P ∈ A. Note that for P ∈ A∩B1 or if P ∈ A\B we have:

h(v)≤

5v2

18 if v ∈ [0,2],
2(3−v)(v+3)

9 if v ∈ [2,3].
or h(v)≤

2v2

9 if v ∈ [0,2],
4v(3−v)

9 if v ∈ [2,3].

So S(W A
•,•;P)≤ 4

3 < 5
3 or S(W A

•,•;P)≤ 10
9 < 5

3 . Thus, δP(S) = 3
5 if P ∈ A\B.

Lemma 8.1.34. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.32: Dual graph: (−KS)
2 = 2 and δP(S) = 4

7

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =


−KS − vA− v

5(6B1 +4C1 +2D1 +3C′
1)− v

2 B2 if v ∈ [0,2],

−KS − vA− v
5(6B1 +4C1 +2D1 +3C′

1)− (v−1)B2 − (v−2)C2 if v ∈
[
2, 5

2

]
,

−KS − vA− (v−1)(B2 +2B1 +C′
1)− (v−2)C2 − (2v−3)C1 − (2v−4)D1 − (2v−5)E1 if v ∈

[5
2 ,3
]
.
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N(v) =


v
5(6B1 +4C1 +2D1 +3C′

1)+
v
2 B2 if v ∈ [0,1],

v
5(6B1 +4C1 +2D1 +3C′

1)+(v−1)B2 +(v−2)C2 if v ∈
[
2, 5

2

]
,

(v−1)(B2 +2B1 +C′
1)+(v−2)C2 +(2v−3)C1 +(2v−4)D1 +(2v−5)E1 if v ∈

[5
2 ,3
]
.

Moreover,

(P(v))2 =


2− 3v2

10 if v ∈ [0,2],

4−2v+ v2

5 if v ∈
[
2, 5

2

]
,

(3− v)2 if v ∈
[5

2 ,3
]
.

P(v) ·A =


3v
10 if v ∈ [0,2],

1− v
5 if v ∈

[
2, 5

2

]
,

3− v if v ∈
[5

2 ,3
]
.

In this case δP(S) = 4
7 if P ∈ A\B1.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (3− v)A+ 4B1 + 3C1 + 2D1 +

E1 + 2C′
1 + 2B2 +C2. We have SS(A) = 7

4 . Thus, δP(S) ≤ 4
7 for P ∈ A. Note that for P ∈ A\B1

we have:

h(v)≤


39v2

200 if v ∈ [0,2],
(5−v)(9v−5)

50 if v ∈
[
2, 5

2

]
,

(3−v)(1+v)
2 if v ∈

[5
2 ,3
]
.

So S(W A
•,•;P)≤ 7

6 < 7
4 . Thus, δP(S) = 4

7 if P ∈ A\B1.

Lemma 8.1.35. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.33: Dual graph: (−KS)
2 = 2 and δP(S) = 9

16

Then τ(A) = 3 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
7(4D′+8C′+12B+9C+6D+3E) if v ∈

[
0, 7

3

]
,

−KS − vA− (v−1)(D′+2C′+3B)− (3v−4)C− (3v−5)D− (3v−6)E − (3v−7)F if v ∈
[7

3 ,3
]
.

N(v) =

 v
7(4D′+8C′+12B+9C+6D+3E) if v ∈

[
0, 7

3

]
,

(v−1)(D′+2C′+3B)+(3v−4)C+(3v−5)D+(3v−6)E +(3v−7)F if v ∈
[7

3 ,3
]
.

Moreover,

(P(v))2 =

2− 2v2

7 if v ∈
[
0, 7

3

]
,

(3− v)2 if v ∈
[7

3 ,3
]
.

P(v) ·A =

2v
7 if v ∈

[
0, 7

3

]
,

3− v if v ∈
[7

3 ,3
]
.
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In this case δP(S) = 9
16 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (3−v)A+2D′+4C′+6B+5C+

4D+ 3E + 2F . We have SS(A) = 16
9 . Thus, δP(S) ≤ 9

16 for P ∈ A. Note that for P ∈ A\B we

have:

h(v)≤

2v2

49 if v ∈
[
0, 7

3

]
,

(3−v)2

2 if v ∈
[7

3 ,3
]
.

So S(W A
•,•;P)≤ 2

9 < 16
9 . Thus, δP(S) = 9

16 if P ∈ A\B.

Lemma 8.1.36. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

Figure 8.34: Dual graph: (−KS)
2 = 2 and δP(S) = 1

2

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
4(3B2 +2C2 +D2 +2B3 +2B1) if v ∈ [0,2],

−KS − vA− v
4(3B2 +2C2 +D2 +2B3)− (v−1)B1 − (v−2)C1 if v ∈ [2,4].

N(v) =

 v
4(3B2 +2C2 +D2 +2B3 +2B1) if v ∈ [0,2],
v
4(3B2 +2C2 +D2 +2B3)+(v−1)B1 +(v−2)C1 if v ∈ [2,4].

b). P(v) =

−KS − vA− v
4(2E +4D+6C+5B+2B1 +3D′) if v ∈ [0,2],

−KS − vA− v
4(2E +4D+6C+5B+3D′)− (v−1)B1 − (v−2)C1 if v ∈ [2,4].

N(v) =

 v
4(2E +4D+6C+5B+2B1 +3D′) if v ∈ [0,2],
v
4(2E +4D+6C+5B+3D′)+(v−1)B1 +(v−2)C1 if v ∈ [2,4].

Moreover,

(P(v))2 =

2− v2

4 if v ∈ [0,2],
(4−v)2

4 if v ∈ [2,4].
P(v) ·A =

 v
4 if v ∈ [0,2],

1− v
4 if v ∈ [2,4].

In this case δP(S) = 1
2 if P ∈ A\B.
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Proof. In part a). the Zariski Decomposition follows from −KS−vA ∼R (4−v)A+3B2+2C2+

D2 + 2B3 + 3B1 + 2C1. A similar statement holds in other parts. We have SS(A) = 2. Thus,

δP(S)≤ 1
2 for P ∈ E3. Note that if P ∈ A∩ (B∪B′) or if P ∈ A\(B∪B′) we have:

h(v)≤

7v2

32 if v ∈ [0,2],
(4−v)(5v+4)

32 if v ∈ [2,4].
or h(v)≤

5v2

32 if v ∈ [0,2],
(4−v)(7v−4)

32 if v ∈ [2,4].

So we have S(W A
•,•;P)≤ 5

3 < 2 or S(W A
•,•;P)≤ 4

3 < 2. Thus, δP(S) = 1
2 if P ∈ A.

Lemma 8.1.37. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

a) b)

Figure 8.35: Dual graph: (−KS)
2 = 2 and δP(S) = 3

7

Then τ(A) = 4 and the Zariski Decomposition of the divisor −KS − vA is given by:

a). P(v) =

−KS − vA− v
6(3B1 +2C2 +3B2 +3B3 +2C3) if v ∈ [0,3],

−KS − vA− v
2 B1 − (v−1)(B2 +B3)− (v−2)(C2 +C3)− (v−3)(D2 +D3) if v ∈ [3,4].

N(v) =

 v
6(3B1 +2C2 +3B2 +3B3 +2C3) if v ∈ [0,3],
v
2 B1 +(v−1)(B2 +B3)+(v−2)(C2 +C3)+(v−3)(D2 +D3) if v ∈ [3,4].

b). P(v) =

−KS − vA− v
6(3B1 +8B+6C+4D+2E +4C′) if v ∈ [0,3],

−KS − vA− v
2 B1 − (v−1)(2B+C′)− (2v−3)C− (2v−4)D− (2v−5)E − (2v−6)F if v ∈ [3,4].

N(v) =

 v
6(3B1 +8B+6C+4D+2E +4C′) if v ∈ [0,3],
v
2 B1 +(v−1)(2B+C′)+(2v−3)C+(2v−4)D+(2v−5)E +(2v−6)F if v ∈ [3,4].

Moreover,

(P(v))2 =

2− v2

6 if v ∈ [0,3],
(4−v)2

2 if v ∈ [3,4].
P(v) ·A =

 v
6 if v ∈ [0,3],

2− v
2 if v ∈ [3,4].

In this case δP(S) = 3
7 if P ∈ A\B.
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Proof. In part a). the Zariski Decomposition follows from −KS − vA ∼R (4− v)A+2B1 +D2 +

2C2 + 3B2 + 3B3 + 2C3 +D3. A similar statement holds in other parts. We have SS(A) = 7
3 .

Thus, δP(S)≤ 3
7 for P ∈ A. Note that if P ∈ A∩B1 or if P ∈ A\(B1 ∪B) we have:

h(v)≤

7v2

72 if v ∈ [0,3],
(4−v)(v+4)

8 if v ∈ [3,4].
or h(v)≤

v2

8 if v ∈ [0,3],
3(4−v)

8 if v ∈ [3,4].

So S(W A
•,•;P)≤ 4

3 < 7
3 or S(W A

•,•;P)≤ 4
3 < 7

3 . Thus, δP(S) = 3
7 if P ∈ A\B.

Lemma 8.1.38. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.36: Dual graph: (−KS)
2 = 2 and δP(S) = 3

8

Then τ(A) = 5 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
15(6D+12C+18B+9C′+10B1 +5C1) if v ∈ [0,3],

−KS − vA− v
5(2D+4C+6B+3C′)− (v−1)B1 − (v−2)C1 − (v−3)D1 if v ∈ [3,5].

N(v) =

 v
15(6D+12C+18B+9C′+10B1 +5C1) if v ∈ [0,3],
v
5(2D+4C+6B+3C′)+(v−1)B1 +(v−2)C1 +(v−3)D1 if v ∈ [3,5].

Moreover,

(P(v))2 =

2− 2v2

15 if v ∈ [0,3],
(5−v)2

5 if v ∈ [3,5].
P(v) ·A =

 2v
15 if v ∈ [0,3],

1− v
5 if v ∈ [3,5].

In this case δP(S) = 3
8 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS−vA ∼R (5−v)A+2D+4C+6B+3C′+

4B1 + 3C1 + 2D1. We have SS(A) = 8
3 . Thus, δP(S) ≤ 3

8 for P ∈ A. Note that for P ∈ A\B we

have:

h(v)≤

49v2

450 if v ∈ [0,3],
(5−v)(9v−5)

50 if v ∈ [3,5].

So S(W A
•,•;P)≤ 21

10 < 8
3 . Thus, δP(S) = 3

8 if P ∈ A\B.

Lemma 8.1.39. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 8.37: Dual graph: (−KS)
2 = 2 and δP(S) = 3

10

Then τ(A) = 6 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(C1 +2B1)− v

2B3 − v
4(3B2 +2C2 +D2) if v ∈ [0,4],

−KS − vA− v
3(C1 +2B1)− v

2B3 − (v−1)B2 − (v−2)C2 − (v−3)D2 − (v−4)E2 if v ∈ [4,6].

N(v) =

 v
3(C1 +2B1)+

v
2B3 +

v
4(3B2 +2C2 +D2) if v ∈ [0,4],

v
3(C1 +2B1)+

v
2B3 +(v−1)B2 +(v−2)C2 +(v−3)D2 +(v−4)E2 if v ∈ [4,6].

Moreover,

(P(v))2 =

2− v2

12 if v ∈ [0,4],
(6−v)2

6 if v ∈ [4,6],
P(v) ·A =

 v
12 if v ∈ [0,4],

1− v
6 if v ∈ [4,6].

In this case δP(S) = 3
10 if P ∈ A.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (6− v)A+ 2C1 + 4B1 + 5B2 +

4C2 + 3D2 + 2E2 + 3B3 We have SS(A) = 10
3 . Thus, δP(S) ≤ 3

10 for P ∈ A. Note that if P ∈
A∩ (B1 ∪B3) or if P ∈ A\(B1 ∪B3) we have:

h(v)≤

17v2

288 if v ∈ [0,4],
(6−v)(7v+6)

72 if v ∈ [4,6].
or h(v)≤

19v2

288 if v ∈ [0,4],
(6−v)(11v−6)

72 if v ∈ [4,6].

So we have S(W A
•,•;P)≤ 7

3 < 10
3 or S(W A

•,•;P)≤ 8
3 < 10

3 . Thus, δP(S) = 3
10 if P ∈ A.

Lemma 8.1.40. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.38: Dual graph: (−KS)
2 = 2 and δP(S)≥ 384

209

Then τ(A) = 1 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
7(6B+5C+4D+3E +2F +G) if v ∈

[
0, 7

8

]
,

−KS − vA− (2v−1)B− (3v−2)C− (4v−3)D− (5v−4)E − (6v−5)F − (7v−6)G− (8v−7)H if v ∈
[7

8 ,1
]
.
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N(v) =

 v
7(6B+5C+4D+3E +2F +G) if v ∈

[
0, 7

8

]
,

(2v−1)B+(3v−2)C+(4v−3)D+(5v−4)E +(6v−5)F +(7v−6)G+(8v−7)H if v ∈
[7

8 ,1
]
.

Moreover,

(P(v))2 =

2−2v− v2

7 if v ∈
[
0, 7

8

]
,

9(1− v)2 if v ∈
[7

8 ,1
]
.

P(v) ·A =

1+ v
7 if v ∈

[
0, 7

8

]
,

9(1− v) if v ∈
[7

8 ,1
]
.

In this case δP(S)≥ 384
209 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (1− v)A+B+C+D+E +F +

G+H. We have SS(A) = 23
48 . Thus, δP(S)≤ 48

23 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(v+7)2

98 if v ∈
[
0, 7

8

]
,

9(7v−5)(1−v)
9 if v ∈

[7
8 ,1
]
.

So S(W A
•,•;P)≤ 209

384 . Thus, δP(S)≥ 384
209 if P ∈ A\B.

Lemma 8.1.41. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.39: Dual graph: (−KS)
2 = 2 and δP(S)≥ 49

27

Then τ(A) = 1 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
6(5B+4C+3D+2E +F) if v ∈

[
0, 6

7

]
,

−KS − vA− (2v−1)B− (3v−2)C− (4v−3)D− (5v−4)E − (6v−5)F − (7v−6)G if v ∈
[6

7 ,1
]
.

N(v) =

 v
6(5B+4C+3D+2E +F) if v ∈

[
0, 6

7

]
,

(2v−1)B+(3v−2)C+(4v−3)D+(5v−4)E +(6v−5)F +(7v−6)G if v ∈
[6

7 ,1
]
.

Moreover,

(P(v))2 =

2−2v− v2

6 if v ∈
[
0, 6

7

]
,

8(1− v)2 if v ∈
[6

7 ,1
]
.

P(v) ·A =

1+ v
6 if v ∈

[
0, 6

7

]
,

8(1− v) if v ∈
[6

7 ,1
]
.

In this case δP(S)≥ 49
27 if P ∈ A\B.
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Proof. The Zariski Decomposition follows from −KS−vA∼R (1−v)A+B+C+D+E+F+G.

We have SS(A) = 10
21 . Thus, δP(S)≤ 21

10 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(v+6)2

72 if v ∈
[
0, 6

7

]
,

8(3v−2)(1− v) if v ∈
[6

7 ,1
]
.

So we have S(W A
•,•;P)≤ 27

49 . Thus, δP(S)≥ 49
27 if P ∈ A\B.

Lemma 8.1.42. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.40: Dual graph: (−KS)
2 = 2 and δP(S)≥ 216

121

Then τ(A) = 1 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
5(4B+3C+2D+E) if v ∈

[
0, 5

6

]
,

−KS − vA− (2v−1)B− (3v−2)C− (4v−3)D− (5v−4)E − (6v−5)F if v ∈
[5

6 ,1
]
.

N(v) =

 v
5(4B+3C+2D+E) if v ∈

[
0, 5

6

]
,

(2v−1)B+(3v−2)C+(4v−3)D+(5v−4)E +(6v−5)F if v ∈
[5

6 ,1
]
.

Moreover,

(P(v))2 =

2−2v− v2

5 , if v ∈
[
0, 5

6

]
,

7(1− v)2 if v ∈
[5

6 ,1
]
.

P(v) ·A =

1+ v
5 if v ∈

[
0, 5

6

]
,

7(1− v) if v ∈
[5

6 ,1
]
.

In this case δP(S)≥ 216
121 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (1− v)A+B+C+D+E +F .

We have SS(A) = 17
36 . Thus, δP(S)≤ 36

17 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(v+5)2

50 if v ∈
[
0, 5

6

]
,

7(5v−3)(1−v)
2 if v ∈

[5
6 ,1
]
.

So S(W A
•,•;P)≤ 121

216 . Thus, δP(S)≥ 216
121 if P ∈ A\B.

Lemma 8.1.43. Suppose P belongs to a (−2)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:
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Figure 8.41: Dual graph: (−KS)
2 = 2 and δP(S)≥ 75

43

Then τ(A) = 1 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
4(3B+2C+D) if v ∈

[
0, 4

5

]
,

−KS − vA− (2v−1)B− (3v−2)C− (4v−3)D− (5v−4)E if v ∈
[4

5 ,1
]
.

N(v) =

 v
4(3B+2C+D) if v ∈

[
0, 4

5

]
,

(2v−1)B+(3v−2)C+(4v−3)D+(5v−4)E if v ∈
[4

5 ,1
]
.

Moreover,

(P(v))2 =

2−2v− v2

4 , if v ∈
[
0, 4

5

]
,

6(1− v)2 if v ∈
[4

5 ,1
]
.

P(v) ·A =

1+ v
4 if v ∈

[
0, 4

5

]
,

6(1− v) if v ∈
[4

5 ,1
]
.

In this case δP(S)≥ 75
43 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (1− v)A+B+C+D+E. We

have SS(A) = 7
15 . Thus, δP(S)≤ 15

7 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(4+v)2

32 if v ∈
[
0, 4

5

]
,

6(2v−1)(1− v) if v ∈
[4

5 ,1
]
.

So we have S(W A
•,•;P)≤ 43

75 . Thus, δP(S)≥ 75
43 if A\B.

Lemma 8.1.44. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves which form the following dual graph:

Figure 8.42: Dual graph: (−KS)
2 = 2 and δP(S)≥ 32

19

Then τ(A) = 1 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
3(2B+C) if v ∈

[
0, 3

4

]
,

−KS − vA− (2v−1)B− (3v−2)C− (4v−3)D if v ∈
[3

4 ,1
]
.

N(v) =

 v
3(2B+C) if v ∈

[
0, 3

4

]
,

(2v−1)B+(3v−2)C+(4v−3)D if v ∈
[3

4 ,1
]
.
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Moreover,

(P(v))2 =

2−2v− v2

3 if v ∈
[
0, 3

4

]
,

5(1− v)2 if v ∈
[3

4 ,1
]
.

P(v) ·A =

1+ v
3 if v ∈

[
0, 3

4

]
,

5(1− v) if v ∈
[3

4 ,1
]
.

In this case δP(S)≥ 32
19 if P ∈ A\B.

Proof. The Zariski Decomposition follows from −KS − vA ∼R (1− v)A+B+C+D. We have

SS(A) = 11
24 . Thus, δP(S)≤ 24

11 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(v+3)2

18 if v ∈
[
0, 3

4

]
,

5(1−v)(3v−1)
2 if v ∈

[3
4 ,1
]
.

So we have S(W A
•,•;P)≤ 19

32 . Thus, δP(S)≥ 32
19 if P ∈ A\B.

Lemma 8.1.45. Suppose P belongs to a (−1)-curve A and there exist (−1)-curves and (−2)-
curves form the following dual graph:

Figure 8.43: Dual graph: (−KS)
2 = 2 and δP(S)≥ 27

17

Then τ(A) = 3
2 and the Zariski Decomposition of the divisor −KS − vA is given by:

P(v) =

−KS − vA− v
2B if v ∈

[
0, 2

3

]
,

−KS − vA− (2v−1)B− (3v−2)C if v ∈
[2

3 ,1
]
,

N(v) =

 v
2B if v ∈

[
0, 2

3

]
,

(2v−1)B+(3v−2)C if v ∈
[2

3 ,1
]
.

Moreover,

(P(v))2 =

2−2v− v2

2 if v ∈
[
0, 2

3

]
,

4(1− v)2 if v ∈
[2

3 ,1
]
.

P(v) ·A =

1+ v
2 if v ∈

[
0, 2

3

]
,

4(1− v) if v ∈
[2

3 ,1
]
.

In this case: δP(S)> 27
17 if P ∈ A\B.
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Proof. The Zariski Decomposition follows from −KS − vA ∼R (1 − v)A + B +C. We have

SS(A) = 4
9 . Thus, δP(S)≤ 9

4 for P ∈ A. Note that for P ∈ A\B we have:

h(v)≤


(v+2)2

8 if v ∈
[
0, 2

3

]
,

4v(1− v) if v ∈
[2

3 ,1
]
.

So we have S(W A
•,•;P)≤ 17

27 . Thus, δP(S)≥ 27
17 if P ∈ A\B.

8.2 Finding δ -invariants for degree 2
Let X be a singular del Pezzo surface of degree 2 with and S be a minimal resolution of X .

Then there are several possible cases:

I. X has an A1 singularity and contains 44 lines,

II. X has two A1 singularities and contains 34 lines. In this case, we let E1 and E2 be the

exceptional divisors, L12, L′
12 ,Li, j and L′

i, j for i ∈ {1,2}, j ∈ {1,2,3,4} be the lines on S,

III. X has three A1 singularities and contains 26 lines. In this case, we let Ei for i ∈ {1,2}
be the exceptional divisors, L1 and L12 are the lines on S,

IV. X has three A1 singularities and contains 25 lines. In this case, we let E1, E2 and E3 be

the exceptional divisors, L123, Li, j and L′
i, j for i ∈ {1,2,3}, j ∈ {1,2,3,4} be the lines on

S,

V. X has four A1 singularities and contains 20 lines. In this case, we let E1, E2, E3 and E4

be the exceptional divisors, Li j and L′
i j for i, j ∈ {1,2,3,4} and i < j be the lines on S,

VI. X has four A1 singularities and contains 19 lines. In this case, we let E1, E2, E3 and E4 be

the exceptional divisors, L234, L1,i and L′
1,i for i ∈ {1,2,3}, L j,k and L′

j,k for j ∈ {2,3,4},

k ∈ {1,2} be the lines on S,

VII. X has five A1 singularities and contains 14 lines. In this case, we let E1, E2, E3, E4 and E5

be the exceptional divisors, L134, L125 Li j and L′
i j for (i, j) ∈ {(2,3),(2,4),(3,5),(4,5)},

L1,k and L′
1,k for k ∈ {1,2} be the lines on S,

VIII. X has six A1 singularities and contains 10 lines. In this case, we let E1, E2, E3, E4, E5

and E6 be the exceptional divisors, L246, L136, L235, L145, L4,5, Li j and L′
i j for (i, j) ∈

{(1,2),(3,4),(5,6)} be the lines on S,

IX. X has A2 singularity and contains 31 lines. In this case, we let E1 and E ′
1 be the

exceptional divisors, L1,i and L′
1,i for i ∈ {1, ..,6} be the lines on S,

X. X has A2 and A1 singularities and contains 20 lines. In this case, we let E1 and E ′
1, E2

be the exceptional divisors, L1,i and L′
1,i for i ∈ {1, ..,4}, L2, j and L′

2, j for j ∈ {1,2}, L12,

L′
12 be the lines on S,
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XI. X has A2 and two A1 singularities and contains 18 lines. In this case, we let E1, E ′
1, E2

and E3 be the exceptional divisors, L12, L′
12, L13, L′

13, L23, L′
23, Li, j and L′

i, j for i, j ∈{1,2}
be the lines on S,

XII. X has A2 and three A1 singularities and contains 13 lines. In this case, we let E1, E ′
1,

E2, E3 and E4 be the exceptional divisors, L234, L12, L′
12, L13, L′

13, L14, L′
14, Li, j and L′

i, j

for i ∈ {2,3,4}, j ∈ {1,2} be the lines on S,

XIII. X has two A2 singularities and contains 16 lines. In this case, we let E1, E ′
1, E2 and E ′

2

be the exceptional divisors, L12, L′′
12, Li, j and L′

i, j for i, j ∈ {1,2} be the lines on S,

XIV. X has two A2 and one A1 singularities and contains 12 lines. In this case, we let E1,

E ′
1, E2, E ′

2 and E3 be the exceptional divisors, L12, L′′
12, Li,1 and L′

i,1 for i ∈ {1,2} be the

lines on S,

XV. X has three A2 singularities and contains 8 lines. In this case, we let E1, E ′
1, E2, E ′

2 and

E3, E ′
3 be the exceptional divisors, Li j, for i, j ∈ {1,2,3} and i < j be the lines on S,

XVI. X has A3 singularity and contains 22 lines. In this case, we let E1, E ′
1 and E2 be the

exceptional divisors, L2,1, L2,2, L1,i and L′
1,i for i ∈ {1,2,3,4} be the lines on S,

XVII. X has A3 and A1 singularities and contains 16 lines. In this case, we let E1, E ′
1, E2 and

E3 be the exceptional divisors, L2,1, L2,2, L13, L′
13, Li, j and L′

i, j for i ∈ {1,3}, j ∈ {1,2}
be the lines on S,

XVIII. X has A3 and A1 singularities and contains 15 lines. In this case, we let E1, E ′
1, E2

and E3 be the exceptional divisors, L23, L1,i and L′
1,i for i ∈ {1,2,3,4}, L3, j and L′

3, j for

j ∈ {1,2,3} be the lines on S,

XIX. X has A3 and two A1 singularities and contains 12 lines. In this case, we let E1,

E ′
1, E2, E3 and E4 be the exceptional divisors, L2,1, L2,2, Li j and L′

i j for (i, j) ∈
{(1,3),(1,4),(3,4)} be the lines on S,

XX. X has A3 and two A1 singularities and contains 11 lines. In this case, we let E1, E ′
1, E2,

E3 and E4 be the exceptional divisors, L23, Li j and L′
i j for (i, j) ∈ {(1,4),(3,4)}, L3,1,

L′
3,1, L1,k and L′

1,k for k ∈ {1,2} be the lines on S,

XXI. X has A3 and three A1 singularities and contains 8 lines. In this case, we let E1, E ′
1, E2,

E3 and E4 be the exceptional divisors, L345, L25 Li j and L′
i j for (i, j) ∈ {(1,4),(3,4)},

L5,1, L′
5,1 be the lines on S,

XXII. X has A3 and A2 singularities and contains 10 lines. In this case, we let E1, E ′
1, E2, E3

and E ′
3 be the exceptional divisors, L2,1, L2,2, L1,1, L′

1,1, L13, L′′
13 L3,i and L′

3,i for i∈ {1,2}
be the lines on S,

XXIII. X has A3, A2 and A1 singularities and contains 7 lines. In this case, we let E1, E ′
1, E2,

E3 and E ′
3 be the exceptional divisors, L2,1, L2,2, L1,1, L′

1,1, L13, L′′
13 L3,i and L′

3,i for

i ∈ {1,2} be the lines on S,

XXIV. X has two A3 singularities and contains 6 lines. In this case, we let E1, E ′
1, E2, E3, E ′

3

and E4 be the exceptional divisors, L2,1, L2,2, L4,1, L′
4,1, L13, L′′

13 be the lines on S
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XXV. X has two A3 and on A1 singularities and contains 4 lines. In this case, we let E1, E ′
1,

E2, E3, E ′
3, E4 and E5 be the exceptional divisors, L25, L45, L13, L′′

13 be the lines on S,

XXVI. X has A4 singularity and contains 14 lines. In this case, we let E1, E ′
1, E2 and E ′

2 be the

exceptional divisors, L2,1, L′
2,1, L1,i and L′

1,i for i ∈ {1,2,3} be the lines on S,

XXVII. X has A4 and A1 singularities and contains 10 lines. In this case, we let E1, E ′
1, E2, E ′

2

and E3 be the exceptional divisors, L2,1, L′
2,1 L1,i and L′

1,i for i ∈ {1,2,3} be the lines on

S,

XXVIII. X has A4 and A2 singularities and contains 6 lines. In this case, we let E1, E ′
1, E2, E ′

2,

E3 and E ′
3 be the exceptional divisors, L13, L′′

13, Li,1 and L′
i,1 for i ∈ {2,3} be the lines on

S,

XXIX. X has A5 singularity and contains 8 lines. In this case, we let L2,1, L′
2,1, L1,i and L′

1,i for

i ∈ {1,2} be the lines on S,

XXX. X has A5 singularity and contains 7 lines. In this case, we let E1, E ′
1, E2, E ′

2 and E3 be

the exceptional divisors, L3,1, L1,i and L′
1,i for i ∈ {1,2,3} be the lines on S,

XXXI. X has A5 and A1 singularities and contains 6 lines. In this case, we let E1, E ′
1, E2, E ′

2,

E3 and E4 be the exceptional divisors, L3,1, L1,i and L′
1,i for i ∈ {1,2,3} be the lines on

S,

XXXII. X has A5 and A1 singularities and contains 5 lines. In this case, we let E1, E ′
1, E2, E ′

2,

E3 and E4 be the exceptional divisors, L3,1, L1,i and L′
1,i for i ∈ {1,2,3} be the lines on

S,

XXXIII. X has A5 and A2 singularities and contains 3 lines. In this case, we let E1, E ′
1, E2, E ′

2,

E3, E4 and E ′
4 be the exceptional divisors, L14, L′

14 and L3,1 be the lines on S,

XXXIV. X has A6 singularity and contains 4 lines. In this case, we let E1, E ′
1, E2, E ′

2, E3 and E ′
3

be the exceptional divisors, Li,1 and L′
i,1 for i ∈ {1,2} be the lines on S,

XXXV. X has A7 singularity and contains 2 lines. In this case, we let E1, E ′
1, E2, E ′

2, E3, E ′
3 and

E4 be the exceptional divisors, Li,1 and L′
i,1 for i ∈ {1,2} be the lines on S,

XXXVI. X has D4 singularity and contains 14 lines. In this case, we let E1, E2, E3, and E be the

exceptional divisors, Li, j for i ∈ {1,2,3}, j ∈ {1,2} be the lines on S,

XXXVII. X has D4 and A1 singularities and contains 9 lines. In this case, we let E1, E1, E2, E3

and E be the exceptional divisors, Li, j and L′
i, j for i ∈ {1,3}, j ∈ {1,2} be the lines on S,

XXXVIII. X has D4 and two A1 singularities and contains 6 lines. In this case, we let E1, E ′
1, E2,

E3 and E ′
3 and E be the exceptional divisors, Li and L′

i for i ∈ {2,3} be the lines on S,

XXXIX. X has D4 and three A1 singularities and contains 4 lines. In this case, we let E1, E ′
1, E2,

E ′
2, E3, E ′

3 and E be the exceptional divisors, Li and L′
i for i ∈ {1,2,3} be the lines on S,

XL. X has D5 singularity and contains 8 lines. In this case, we let E1, E ′
1, E2, E3, and E be

the exceptional divisors, L1 and L′
1, L3,1 and L3,2 be the lines on S,

XLI. X has D5 and A1 singularities and contains 5 lines. In this case, we let E1, E ′
1, E2, E3,

E4 and E be the exceptional divisors, L34, L1 and L′
1, L4,1 and L′

4,1 be the lines on S,
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XLII. X has D6 singularity and contains 3 lines. In this case, we let E1, E2, E3, E4, E5 and E

be the exceptional divisors, L34, L5, L′
5 and L be the lines on S,

XLIII. X has D6 and A1 singularities and contains 2 lines. In this case, we let E1, E2, E3, E4,

E5, E6 and E be the exceptional divisors, L56 and L be the lines on S,

XLIV. X has E6 singularity and contains 4 lines. In this case, we let E1, E ′
1, E2, E ′

2, E3 and E

be the exceptional divisors, L1 and L′
1 be the lines on S,

XLV. X has E7 singularity and contains 1 line. In this case, we let E1, E2, E3, E4, E5, E6 and

E be the exceptional divisors, L6 be the line on S.

such that the dual graph of the (−1)-curves and (−2)-curves or the dual graph of the (−1)-
curves adjacent to a (−2)-curves if marked with (⋆) on S is given the picture below. Then
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Figure 8.44: Du Val del Pezzo surfaces with (−KS)
2 = 2 (pic. 1/5)
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Figure 8.45: Du Val del Pezzo surfaces with (−KS)
2 = 2 (pic. 2/5)
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Figure 8.46: Du Val del Pezzo surfaces with (−KS)
2 = 2 (pic. 3/5)
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v

Figure 8.47: Du Val del Pezzo surfaces with (−KS)
2 = 2 (pic. 4/5)

v

v v v v

v v

Figure 8.48: Du Val del Pezzo surfaces with (−KS)
2 = 2 (pic. 5/5)

I. One has δ (X) = 3
2 .
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II. δ (X) = 3
2 since depending on the position of point P ∈ S we have

P E1 ∪E2 (L12 ∪L′
12)\(E1 ∪E2) L2\(E1 ∪E2) o/w

δP(S) 3
2 2 ≥ 27

17 ≥ 9
5

where L2 :=
⋃

i∈{1,2}, j∈{1,2,3,4}
(
Li, j ∪L′

i, j
)
.

Table 8.4: Local δ -invariants: (−KS)
2 = 2 and 2A1 singularities

III. δ (X) = 3
2 since depending on the position of point P ∈ S we have

P E1 ∪E2 ∪E3 L(1)
3 \(E1 ∪E2 ∪E3) L(2)

3 \(E1 ∪E2 ∪E3) o/w
δP(S) 3

2 2 ≥ 27
17 ≥ 9

5

where L(1)
3 := L12 ∪L13 ∪L23 ∪L′

12 ∪L′
13 ∪L′

23, L(2)
3 :=

⋃
i∈{1,2,3}, j∈{1,2}

(
Li, j ∪L′

i, j
)
.

Table 8.5: Local δ -invariants: (−KS)
2 = 2 and 3A1 singularities (26 lines)

IV. δ (X) = 3
2 since depending on the position of point P ∈ S we have

P E1 ∪E2 ∪E3 ∪L123 L4\(E1 ∪E2 ∪E3) o/w
δP(S) 3

2 ≥ 27
17 ≥ 9

5
where L4 :=

⋃
i∈{1,2,3}, j∈{1,2,3,4}

(
Li, j ∪L′

i, j
)
\(E1 ∪E2 ∪E3).

Table 8.6: Local δ -invariants: (−KS)
2 = 2 and 3A1 singularities (25 lines)

V. δ (X) = 3
2 since depending on the position of point P ∈ S we have

P E1 ∪E2 ∪E3 ∪E4 L5\(E1 ∪E2 ∪E3 ∪E4) o/w
δP(S) 3

2 ≥ 27
17 ≥ 9

5
where L5 :=

⋃
i, j∈{1,2,3,4}, i< j

(
Li j ∪L′

i j
)
\(E1 ∪E2 ∪E3 ∪E4).

Table 8.7: Local δ -invariants: (−KS)
2 = 2 and 4A1 singularities (20 lines)

VI. δ (X) = 3
2 since depending on the position of point P ∈ S we have

P E6 ∪L234
⋃

i∈{2,3,4}
(
L1i ∪L′

1i
)
\E6

⋃
i∈{2,3,4}, j∈{1,2}

(
Li, j ∪L′

i, j
)
\E6 o/w

δP(S) 3
2 2 ≥ 27

17 ≥ 9
5

where E6 := E1 ∪E2 ∪E3 ∪E4.

Table 8.8: Local δ -invariants: (−KS)
2 = 2 and 4A1 singularities (19 lines)

VII. δ (X) = 3
2 since depending on the position of point P ∈ S we have

P E7 ∪L134 ∪L125 L7\E7 L1,1 ∪L′
1,1 ∪L1,2 ∪L′

1,2\E1 o/w
δP(S) 3

2 2 ≥ 27
17 ≥ 9

5
where E7 := E1 ∪E2 ∪E3 ∪E4 ∪E5, L7 :=

⋃
(i, j)∈{(2,3),(2,4),(3,5),(4,5)}

(
Li j ∪L′

i j
)
.

Table 8.9: Local δ -invariants: (−KS)
2 = 2 and 5A1 singularities
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VIII. δ (X) = 3
2 since depending on the position of point P ∈ S we have

P E8 ∪L246 ∪L136 ∪L235 ∪L145 L8\E8 o/w
δP(S) 3

2 2 ≥ 9
5

where E8 := E1 ∪E2 ∪E3 ∪E4 ∪E5 ∪E6, L8 :=
⋃
(i, j)∈{(1,2),(3,4),(5,6)}

(
Li j ∪L′

i j
)
.

Table 8.10: Local δ -invariants: (−KS)
2 = 2 and 6A1 singularities

IX. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E1 ∩E ′
1 (E1 ∪E ′

1)\(E1 ∩E ′
1) L9\(E1 ∪E ′

1) o/w
δP(S) 6

5
9
7 ≥ 32

19 ≥ 9
5

L9 :=
⋃

i∈{1,..,6}
(
L1,i ∪L′

1,i
)
.

Table 8.11: Local δ -invariants: (−KS)
2 = 2 and A2 singularity

X. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E10 E10\E10 E2 (L12 ∪L′
12)\(E10 ∪E2) L(1)

10 \(E10 ∪E2) L(2)
10 \E10 o/w

δP(S) 6
5

9
7

3
2

15
8 ≥ 27

17 ≥ 32
19 ≥ 9

5
where E10 := E1 ∪E ′

1, E10 := E1 ∩E ′
1,

L(1)
10 := L2,1 ∪L′

2,1 ∪L2,2 ∪L′
2,2, L(2)

10 :=
⋃

i∈{1,..,4}
(
L1,i ∪L′

1,i
)
.

Table 8.12: Local δ -invariants: (−KS)
2 = 2 and A2A1 singularities

XI. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E1 ∩E ′
1 E(1)

11 \(E1 ∩E ′
1) E(2)

11 L(0)
11 \(E11 ∪E(2)

11 ) (L23 ∪L′
23)\E(2)

11
δP(S) 6

5
9
7

3
2

15
8 2

P (L2,1 ∪L′
2,1 ∪L3,1 ∪L′

3,1)\(E
(1)
11 ∪E(2)

11 ) (L1,1 ∪L′
1,1 ∪L1,2 ∪L′

1,2)\E11 o/w
δP(S) ≥ 27

17 ≥ 32
19 ≥ 9

5

where E(1)
11 := E1 ∪E ′

1, E(2)
11 := E2 ∪E3, L(0)

11 := L12 ∪L′
12 ∪L13 ∪L′

13.

Table 8.13: Local δ -invariants: (−KS)
2 = 2 and A22A1 singularities

XII. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E1 ∩E ′
1 E(1)

12 \(E1 ∩E ′
1) E(2)

12 ∪L234 L(0)
12 \(E

(1)
12 ∪E(2)

12 ) L(1)
12 \E(2)

12 o/w
δP(S) 6

5
9
7

3
2

15
8 ≥ 27

17 ≥ 9
5

where E(1)
12 := E1 ∪E ′

1, E(2)
12 := E2 ∪E3 ∪E4, L(0)

12 := L12 ∪L′
12 ∪L13 ∪L′

13 ∪L14 ∪L′
14,

L(1)
12 :=

⋃
i∈{2,3,4}, j∈{1,2}

(
Li, j ∪L′

i, j
)
.

Table 8.14: Local δ -invariants: (−KS)
2 = 2 and A23A1 singularities
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XIII. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E(0)
13 E13\E(0)

13 (L12 ∪L′′
12)\E13

⋃
i, j∈{1,2}

(
Li, j ∪L′

i, j
)
\E13 o/w

δP(S) 6
5

9
7

12
7 ≥ 32

19 ≥ 9
5

where E(0)
13 := (E1 ∩E ′

1)∪ (E2 ∩E ′
2), E13 := E1 ∪E ′

1 ∪E2 ∪E ′
2.

Table 8.15: Local δ -invariants: (−KS)
2 = 2 and 2A2 singularities

XIV. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E(0)
14 E14\E(0)

14 E3 (L12 ∪L′′
12)\E14 L(1)

14 \(E14 ∪E3) L(2)
14 \E14 o/w

δP(S) 6
5

9
7

3
2

12
7

15
8 ≥ 32

19 ≥ 9
5

where E(0)
14 := (E1 ∩E ′

1)∪ (E2 ∩E ′
2), E14 := E1 ∪E ′

1 ∪E2 ∪E ′
2,

L(1)
14 := L13 ∪L′

13 ∪L23 ∪L′
23, L(2)

14 := L1,1 ∪L′
1,1 ∪L2,1 ∪L′

2,1.

Table 8.16: Local δ -invariants: (−KS)
2 = 2 and 2A2A1 singularities

XV. δ (X) = 6
5 since depending on the position of point P ∈ S we have

P E(0)
15 E15\E(0)

15
⋃

i, j∈{1,2,3}, i< j
(
Li j ∪L′

i j
)
\E15 o/w

δP(S) 6
5

9
7

12
7 ≥ 9

5

where E(0)
15 := (E1 ∩E ′

1)∪ (E2 ∩E ′
2)∪ (E3 ∩E ′

3), E15 := E1 ∪E ′
1 ∪E2 ∪E ′

2 ∪E3 ∪E ′
3.

Table 8.17: Local δ -invariants: (−KS)
2 = 2 and 3A2 singularities

XVI. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 (E1 ∪E ′
1)\E2 (L2,1 ∪L2,2)\E2

⋃
i∈{1,2,3,4}

(
L1,i ∪L′

1,i
)
\(E1 ∪E ′

1) o/w
δP(S) 1 6

5 2 ≥ 75
43 ≥ 9

5

Table 8.18: Local δ -invariants: (−KS)
2 = 2 and A3 singularity

XVII. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 (E1 ∪E ′
1)\E2 E3 (L13 ∪L′

13)\(E1 ∪E ′
1 ∪E3) (L2,1 ∪L2,2)\E2

δP(S) 1 6
5

3
2

9
5

15
8

P (L3,1 ∪L′
3,1 ∪L3,2 ∪L′

3,2)\E3 (L1,1 ∪L′
1,1 ∪L1,2 ∪L′

1,2)\(E1 ∪E ′
1) o/w

δP(S) ≥ 27
17 ≥ 75

43 ≥ 9
5

Table 8.19: Local δ -invariants: (−KS)
2 = 2 and A3A1 singularities (16 lines)
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XVIII. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 (E1 ∪E ′
1)\E2 E3 ∪L23 L(1)

18 \E3 L(2)
18 \(E1 ∪E ′

1) o/w
δP(S) 1 6

5
3
2 ≥ 27

17 ≥ 75
43 ≥ 9

5

where L(1)
18 :=

⋃
i∈{1,2,3}

(
L3,i ∪L′

3,i
)
, L(2)

18 :=
⋃

j∈{1,2,3,4}
(
L1, j ∪L′

1, j
)
.

Table 8.20: Local δ -invariants: (−KS)
2 = 2 and A3A1 singularities (15 lines)

XIX. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 E19\E2 E3 ∪E4 L(1)
19 \(E19 ∪E3 ∪E4) L(2)

19 \(E2 ∪E3 ∪E4) o/w
δP(S) 1 6

5
3
2

9
5 2 ≥ 9

5

where E19 := E1 ∪E ′
1, L(1)

19 := L13 ∪L′
13 ∪L14 ∪L′

14, L(2)
19 := L34 ∪L′

34 ∪L2,1 ∪L2,2.

Table 8.21: Local δ -invariants: (−KS)
2 = 2 and A32A1 singularities (12 lines)

XX. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 (E1 ∪E ′
1)\E2 (E3 ∪E4 ∪L23)\E2 (L14 ∪L′

14)\(E1 ∪E ′
1 ∪E4)

δP(S) 1 6
5

3
2

9
5

P (L34 ∪L′
34)\(E3 ∪E4) L(1)

20 \E3 L(2)
20 \(E1 ∪E ′

1) o/w
δP(S) 2 ≥ 27

17 ≥ 75
43 ≥ 9

5

where L(1)
20 := L3,1 ∪L3,1, L(2)

20 :=
⋃

k∈{1,2}
(
L1,k ∪L′

1,k
)
.

Table 8.22: Local δ -invariants: (−KS)
2 = 2 and A32A1 singularities (11 lines)

XXI. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 E(1)
21 \E2 (E(2)

21 ∪E5 ∪L345 ∪L25)\E2 L(1)
21 \(E

(1)
21 ∪E(2)

21 ) L(2)
21 \E5 o/w

δP(S) 1 6
5

3
2

9
5 ≥ 27

17 ≥ 9
5

where E(1)
21 := E1 ∪E ′

1, E(2)
21 := E3 ∪E4, L(1)

21 := L13 ∪L′
13 ∪L14 ∪L′

14, L(2)
21 := L5,1 ∪L′

5,1.

Table 8.23: Local δ -invariants: (−KS)
2 = 2 and A33A1 singularities

XXII. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 (E(0)
22 ∪E1 ∪E ′

1)\E2 (E3 ∪E ′
3)\E(0)

22 (L13 ∪L′′
13)\E22 (L2,1 ∪L2,2)\E2

δP(S) 1 6
5

9
7

18
11 2

P (L3,1 ∪L′
3,1 ∪L3,2 ∪L′

3,2)\E22 (L1,1 ∪L′
1,1)\(E1 ∪E ′

1) o/w
δP(S) ≥ 27

17 ≥ 75
43 ≥ 9

5

where E(0)
22 := E3 ∩E ′

3, E22 := E1 ∪E ′
1 ∪E3 ∪E ′

3.

Table 8.24: Local δ -invariants: (−KS)
2 = 2 and A3A2 singularities
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XXIII. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 (E(0)
23 ∪E1 ∪E ′

1)\E2 (E3 ∪E ′
3)\E(0)

23 (L13 ∪L′′
13)\E23 (E4 ∪L24)\E2

δP(S) 1 6
5

9
7

18
11

3
2

P (L34 ∪L′
34)\(E3 ∪E ′

3 ∪E4) L23\E23 (L1,1 ∪L′
1,1)\(E1 ∪E ′

1) o/w
δP(S) 15

8 ≥ 27
17 ≥ 75

43 ≥ 9
5

where E(0)
23 := E3 ∩E ′

3, E(1)
23 := E1 ∪E ′

1 ∪E3 ∪E ′
3, L23 := L3,1 ∪L′

3,1 ∪L3,2 ∪L′
3,2.

Table 8.25: Local δ -invariants: (−KS)
2 = 2 and A3A2A1 singularities

XXIV. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 ∪E4 E24\(E2 ∪E4) (L13 ∪L′′
13)\E24 L24\(E2 ∪E4) o/w

δP(S) 1 6
5

3
2 2 ≥ 9

5
where E24 := E1 ∪E ′

1 ∪E3 ∪E ′
3, L24 := L2,1 ∪L2,2 ∪L4,1 ∪L4,2.

Table 8.26: Local δ -invariants: (−KS)
2 = 2 and 2A3 singularities

XXV. δ (X) = 1 since depending on the position of point P ∈ S we have

P E2 ∪E4 E25\(E2 ∪E4) (L13 ∪L′′
13 ∪E5 ∪L25 ∪L45)\E25 o/w

δP(S) 1 6
5

3
2 ≥ 9

5
where E25 := E1 ∪E ′

1 ∪E3 ∪E ′
3.

Table 8.27: Local δ -invariants: (−KS)
2 = 2 and 2A3A1 singularities

XXVI. δ (X) = 12
13 since depending on the position of point P ∈ S we have

P E2 ∪E ′
2 (E1 ∪E ′

1)\(E2 ∪E ′
2) (L2,1 ∪L′

2,1)\(E2 ∪E ′
2)

⋃
i∈{1,2,3}

(
L1,i ∪L′

1,i
)

o/w
δP(S) 12

13
36
31

24
13 ≥ 216

121 ≥ 9
5

Table 8.28: Local δ -invariants: (−KS)
2 = 2 and A4 singularity

XXVII. δ (X) = 12
13 since depending on the position of point P ∈ S we have

P E2 ∪E ′
2 (E1 ∪E ′

1)\(E2 ∪E ′
2) E3 (L2,1 ∪L′

2,1)\(E2 ∪E ′
2)

δP(S) 12
13

36
31

3
2

24
13

P (L13 ∪L′
13)\(E1 ∪E ′

1 ∪E3) (L3,1 ∪L′
3,1)\E3 (L1,1 ∪L′

1,1)\(E1 ∪E ′
1) o/w

δP(S) 72
41 ≥ 27

17 ≥ 216
21 ≥ 9

5

Table 8.29: Local δ -invariants: (−KS)
2 = 2 and A4A1 singularities
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XXVIII. δ (X) = 12
13 since depending on the position of point P ∈ S we have

P E2 ∪E ′
2 (E1 ∪E ′

1)\(E2 ∪E ′
2) E3 ∩E ′

3 (E3 ∪E3)\(E3 ∩E3)

δP(S) 12
13

36
31

6
5

9
7

P (L13 ∪L′
13)\(E1 ∪E ′

1 ∪E3 ∪E ′
3) (L2,1 ∪L′

2,1)\(E2 ∪E ′
2) (L3,1 ∪L′

3,1)\E3 o/w
δP(S) 36

23
24
13 ≥ 32

19 ≥ 9
5

Table 8.30: Local δ -invariants: (−KS)
2 = 2 and A4A2 singularities

XXIX. δ (X) = 6
7 since depending on the position of point P ∈ S we have

P E2 ∪E ′
2 ∪E3 E(1)

29 \E(2)
29 (L2,1 ∪L′

2,1)\E(2)
29

⋃
i∈{1,2}

(
L1,i ∪L′

1,i
)
\E(1)

29 o/w
δP(S) 6

7
8
7

12
7 ≥ 49

27 ≥ 9
5

where E(1)
29 := E1 ∪E ′

1, E(2)
29 := E2 ∪E ′

2.

Table 8.31: Local δ -invariants: (−KS)
2 = 2 and A5 singularity (8 lines)

XXX. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E3 E(2)
30 \E3 E(1)

30 \E(2)
30 L3,1\E3

⋃
i∈{1,2,3}

(
L1,i ∪L′

1,i
)
\E(1)

30 o/w
δP(S) 3

4
9
10

9
8

3
2 ≥ 49

27 ≥ 9
5

where E(1)
30 := E1 ∪E ′

1, E(2)
30 := E2 ∪E ′

2.

Table 8.32: Local δ -invariants: (−KS)
2 = 2 and A5 singularity (7 lines)

XXXI. δ (X) = 6
7 since depending on the position of point P ∈ S we have

P E2 ∪E ′
2 ∪E3 E(1)

31 \E(2)
31 E4 (L2,1 ∪L′

2,1 ∪L14 ∪L′
14)\(E

(1)
31 ∪E(2)

31 ∪E4) o/w
δP(S) 6

7
8
7

3
2

12
7 ≥ 9

5

where E(1)
31 := E1 ∪E ′

1, E(2)
31 := E2 ∪E ′

2.

Table 8.33: Local δ -invariants: (−KS)
2 = 2 and A5A1 singularities (6 lines)

XXXII. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E3 E(2)
32 \E3 E(1)

32 \E(2)
32 (E4 ∪L3,1)\E3 L(1)

32 \(E
(1)
32 ∪E4) L(2)

32 \E(1)
32 o/w

δP(S) 3
4

9
10

9
8

3
2

45
26 ≥ 49

27 ≥ 9
5

where E(1)
32 := E1 ∪E ′

1, E(2)
32 := E2 ∪E ′

2, L(1)
32 := L14 ∪L′

14, L(2)
32 := L1,1 ∪L1,1.

Table 8.34: Local δ -invariants: (−KS)
2 = 2 and A5A1 singularities (5 lines)
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XXXIII. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E3 E(2)
33 \E3 E(1)

33 \E(2)
33 E(0)

33 E(4)
33 \E(0)

33 L33\(E
(1)
33 ∪E3 ∪E(4)

33 ) o/w
δP(S) 3

4
9
10

9
8

6
5

9
7

3
2 ≥ 9

5

where E(0)
33 := E4 ∩E ′

4, E(i)
33 := Ei ∪E ′

i (i ∈ {1,2,4}), L33 := L3,1 ∪L14 ∪L′
14.

Table 8.35: Local δ -invariants: (−KS)
2 = 2 and A5A2 singularities

XXXIV. δ (X) = 4
5 since depending on the position of point P ∈ S we have

P E(2)
34 ∪E(3)

34 E(1)
34 \E(2)

34 (L2,1 ∪L′
2,1)\E(2)

34 (L1,1 ∪L′
1,1)\E(1)

34 o/w
δP(S) 4

5
60
53

60
37 ≥ 384

209 ≥ 9
5

where E(1)
34 := E1 ∪E ′

1, E(2)
34 := E2 ∪E ′

2, E(3)
34 := E3 ∪E ′

3.

Table 8.36: Local δ -invariants: (−KS)
2 = 2 and A6 singularity

XXXV. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E(2)
35 ∪E(3)

35 ∪E4 E(1)
35 \E(2)

35 (L2,1 ∪L′
2,1)\E(2)

35 o/w
δP(S) 3

4
9
8

3
2 ≥ 9

5

where E(1)
35 := E1 ∪E ′

1, E(2)
35 := E2 ∪E ′

2, E(3)
35 := E3 ∪E ′

3.

Table 8.37: Local δ -invariants: (−KS)
2 = 2 and A7 singularity

XXXVI. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E (E1 ∪E2 ∪E3)\E
⋃

i∈{1,2,3}, j∈{1,2}Li, j\(E1 ∪E2 ∪E3) o/w
δP(S) 3

4 1 2 ≥ 9
5

Table 8.38: Local δ -invariants: (−KS)
2 = 2 and D4 singularity

XXXVII. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E (E(1)
37 ∪E2)\E (E3 ∪L23)\E2 L(1)

37 \E(1)
37 L(2)

37 \E3 o/w
δP(S) 3

4 1 3
2 2 ≥ 27

17 ≥ 9
5

where E(1)
37 := E1 ∪E ′

1, L(1)
37 :=

⋃
i∈{1,2}

(
L1,i ∪L′

1,i
)
, L(2)

37 := L3,1 ∪L′
3,1 ∪L3,2 ∪L′

3,2.

Table 8.39: Local δ -invariants: (−KS)
2 = 2 and D4A1 singularities
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XXXVIII. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E (E(1)
38 ∪E2)\E (E(3)

38 ∪L13 ∪L′
13)\E(1)

38 L38\(E2 ∪E(3)
38 ) o/w

δP(S) 3
4 1 3

2 2 ≥ 9
5

where E(1)
38 := E1 ∪E ′

1, E(3)
38 := E3 ∪E ′

3, L38 := L2 ∪L′
2 ∪L3 ∪L′

3.

Table 8.40: Local δ -invariants: (−KS)
2 = 2 and D42A1 singularities

XXXIX. δ (X) = 3
4 since depending on the position of point P ∈ S we have

P E E39\E (E′
39 ∪L1 ∪L2 ∪L3 ∪L123)\E39 o/w

δP(S) 3
4 1 3

2 ≥ 9
5

where E39 := E1 ∪E2 ∪E3, E′
39 := E ′

1 ∪E ′
2 ∪E ′

3.

Table 8.41: Local δ -invariants: (−KS)
2 = 2 and D43A1 singularities

XL. δ (X) = 3
5 since depending on the position of point P ∈ S we have

P E E2\E E40\E E3\E2 (L1 ∪L′
1)\E40 (L3,1 ∪L3,2)\E3 o/w

δP(S) 3
5

3
4

9
10 1 9

5 2 ≥ 9
5

where E40 := E1 ∪E ′
1.

Table 8.42: Local δ -invariants: (−KS)
2 = 2 and D5 singularity

XLI. δ (X) = 3
5 since depending on the position of point P ∈ S we have

P E E2\E E41\E E3\E2 (E4 ∪L34)\E3 L41\E41 (L4,1 ∪L′
4,1)\E4 o/w

δP(S) 3
5

3
4

9
10 1 3

2
9
5 ≥ 27

17 ≥ 9
5

where E41 := E1 ∪E ′
1, L41 := L1 ∪L′

1.

Table 8.43: Local δ -invariants: (−KS)
2 = 2 and D5A1 singularities

XLII. δ (X) = 1
2 since depending on the position of point P ∈ S we have

P E2 E3\E2 (E ∪E4)\(E2 ∪E3) E1\E2 E4\E5 L\E (L5 ∪L′
5)\E5 o/w

δP(S) 1
2

3
5

3
4

6
7 1 3

2 2 ≥ 9
5

Table 8.44: Local δ -invariants: (−KS)
2 = 2 and D6 singularity

XLIII. δ (X) = 1
2 since depending on the position of point P ∈ S we have

P E2 E3\E2 (E ∪E4)\(E2 ∪E3) E1\E2 E4\E5 (L∪E6 ∪L56)\E5 o/w
δP(S) 1

2
3
5

3
4

6
7 1 3

2 ≥ 9
5

Table 8.45: Local δ -invariants: (−KS)
2 = 2 and D6A1 singularities
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XLIV. δ (X) = 3
7 since depending on the position of point P ∈ S we have

P E3 (E2 ∪E ′
2)\E3 E\E3 (E1 ∪E ′

1)\(E2 ∪E ′
2) (L1 ∪L′

1)\(E1 ∪E ′
1) o/w

δP(S) 3
7

4
7

3
4

6
7

12
7 ≥ 9

5

Table 8.46: Local δ -invariants: (−KS)
2 = 2 and E6 singularity

XLV. δ (X) = 3
10 since depending on the position of point P ∈ S we have

P E3 E4\E3 E2\E3 E5\E4 E\E3 (E1 ∪E6)\(E2 ∪E5) L6\E6 o/w
δP(S) 3

10
3
8

3
7

1
2

9
16

3
4

3
2 ≥ 9

5

Table 8.47: Local δ -invariants: (−KS)
2 = 2 and E7 singularity

Proof. We prove each case separately using lemmas from the previous section.

I. If P is a point on the unique (−2)-curve the assertion follows from the Lemma 8.1.12. If

P on all the curves adjacent to the unique (−2)-curve, the assertion follows from Lemma

8.1.45. Otherwise, the assertion follows from Lemma 8.1.1.

II. If P ∈ E1∪E2, the assertion follows from Lemma 8.1.12. If P ∈ (L12∪L′
12)\(E1∪E2), the

assertion follows from Lemma 8.1.3 [a).]. If P ∈
⋃

i∈{1,2}, j∈{1,2,3,4}
(
Li, j∪L′

i, j
)
\(E1∪E2),

the assertion follows from Lemma 8.1.45. Otherwise, the assertion follows from Lemma

8.1.1.

III. If P ∈ E1 ∪E2 ∪E3, the assertion follows from Lemma 8.1.12. If P ∈ (L12 ∪L13 ∪L23 ∪
L′

12 ∪ L′
13 ∪ L′

23)\(E1 ∪ E2 ∪ E3), the assertion follows from Lemma 8.1.3 [a).]. If P ∈⋃
i∈{1,2,3}, j∈{1,2}

(
Li, j ∪L′

i, j
)
\(E1 ∪E2 ∪E3), the assertion follows from Lemma 8.1.45.

Otherwise, the assertion follows from Lemma 8.1.1.

IV. If P ∈ E1 ∪E2 ∪E3, the assertion follows from Lemma 8.1.12. If P ∈ L123\(E1 ∪E2 ∪
E3), the assertion follows from Lemma 8.1.13 [a).]. If P ∈

⋃
i∈{1,2,3}, j∈{1,2,3,4}

(
Li, j ∪

L′
i, j
)
\(E1∪E2∪E3), the assertion follows from Lemma 8.1.45. Otherwise, the assertion

follows from Lemma 8.1.1.

V. If P ∈ E1 ∪ E2 ∪ E3 ∪ E4, the assertion follows from Lemma 8.1.12. If P ∈⋃
i, j∈{1,2,3,4}, i< j

(
Li j ∪ L′

i j
)
\(E1 ∪ E2 ∪ E3 ∪ E4)

⋃
i, j∈{1,2,3,4}, i< j

(
Li j ∪ L′

i j
)
\(E1 ∪ E2 ∪

E3 ∪E4), the assertion follows from Lemma 8.1.3 [a).]. Otherwise, the assertion follows

from Lemma 8.1.1.

VI. If P ∈ E1 ∪E2 ∪E3 ∪E4, the assertion follows from Lemma 8.1.12. If P ∈ L234\(E1 ∪
E2 ∪E3 ∪E4), the assertion follows from Lemma 8.1.13[a).]. If P ∈

⋃
i∈{2,3,4}, i< j

(
L1i ∪

L′
1i
)
\(E1 ∪ E2 ∪ E3 ∪ E4), the assertion follows from Lemma 8.1.3 [a).]. If P ∈⋃

i∈{2,3,4}, j∈{1,2}
(
Li, j ∪L′

i, j
)
\(E2 ∪E3 ∪E4), the assertion follows from Lemma 8.1.45.

Otherwise, the assertion follows from Lemma 8.1.1.
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VII. If P ∈ E1 ∪E2 ∪E3 ∪E4 ∪E5, the assertion follows from Lemma 8.1.12. If P ∈ (L134 ∪
L125)\(E1 ∪E2 ∪E3 ∪E4 ∪E5), the assertion follows from Lemma 8.1.13 [a).]. If P ∈⋃
(i, j)∈{(2,3),(2,4),(3,5),(4,5)}

(
Li j ∪L′

i j
)
\(E1 ∪E2 ∪E3 ∪E4 ∪E5), the assertion follows from

Lemma 8.1.3 [a).]. If P ∈ (L1,1∪L′
1,1∪L1,2∪L′

1,2)\E1, the assertion follows from Lemma

8.1.45. Otherwise, the assertion follows from Lemma 8.1.1.

VIII. If P∈ E1∪E2∪E3∪E4∪E5∪E6, the assertion follows from Lemma 8.1.12. If P∈ (L136∪
L235∪L145)\(E1∪E2∪E3∪E4∪E5∪E6), the assertion follows from Lemma 8.1.13 [a).].

If P∈
⋃
(i, j)∈{(1,2),(3,4),(5,6)}

(
Li j∪L′

i j
)
\(E1∪E2∪E3∪E4∪E5∪E6), the assertion follows

from Lemma 8.1.3 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.

IX. If P ∈ E1 ∩E1, the assertion follows from Lemma 8.1.15. If P ∈ (E1 ∪E ′
1)\(E1 ∩E ′

1),

the assertion follows from Lemma 8.1.14 [a).]. If P ∈
⋃

i∈{1,..,6}
(
L1,i ∪ L′

1,i
)
\(E1 ∪E ′

1),

the assertion follows from Lemma 8.1.44. Otherwise, the assertion follows from Lemma

8.1.1.

X. If P = E1 ∩E ′
1, the assertion follows from Lemma 8.1.15. If P ∈ (E1 ∪E ′

1)\(E1 ∩E ′
1),

the assertion follows from Lemma 8.1.14 [b).]. If P ∈
⋃

i∈{1,..,4}
(
L1,i ∪ L′

1,i
)
\(E1 ∪E ′

1),

the assertion follows from Lemma 8.1.44. If P ∈ E2, the assertion follows from Lemma

8.1.12. If P ∈ (L12∪L′
12)\(E1∪E ′

1∪E2), the assertion follows from Lemma 8.1.4 [a).]. If

P ∈ (L2,1 ∪L′
2,1 ∪L2,2 ∪L′

2,2)\(E1 ∪E ′
1 ∪E2), the assertion follows from Lemma 8.1.45.

Otherwise, the assertion follows from Lemma 8.1.1.

XI. If P = E1 ∩E ′
1, the assertion follows from Lemma 8.1.15. If P ∈ (E1 ∪E ′

1)\(E1 ∩E ′
1),

the assertion follows from Lemma 8.1.14 [c).]. If P ∈ E2 ∪E3, the assertion follows from

Lemma 8.1.12. If P ∈ (L12 ∪L′
12 ∪L13 ∪L′

13)\(E1 ∪E ′
1 ∪E2 ∪E3), the assertion follows

from Lemma 8.1.4 [b).]. If P ∈ (L23∪L′
23)\(E2∪E3). By Lemma 8.1.3 [a).]. If P ∈ (L2,1∪

L′
2,1 ∪ L3,1 ∪ L′

2,2)\(E2 ∪E3), the assertion follows from Lemma 8.1.45. If P ∈ (L1,1 ∪
L′

1,1 ∪L1,2 ∪L′
1,2)\(E1 ∪E ′

1), the assertion follows from Lemma 8.1.44. Otherwise, the

assertion follows from Lemma 8.1.1.

XII. If P = E1 ∩E ′
1, the assertion follows from Lemma 8.1.15. If P ∈ (E1 ∪E ′

1)\(E1 ∩E ′
1),

the assertion follows from Lemma 8.1.14 [d).]. If P ∈ E2 ∪E3 ∪E4, the assertion follows

from Lemma 8.1.12. If P ∈ L234\(E2 ∪E3 ∪E4). By Lemma 8.1.13 [a).]. If P ∈ (L12 ∪
L′

12 ∪L13 ∪L′
13 ∪L14 ∪L′

14)\(E1 ∪E ′
1 ∪E2 ∪E3 ∪E4), the assertion follows from Lemma

8.1.4 [c).]. If P ∈
⋃

i∈{2,3,4}, j∈{1,2}
(
Li, j ∪L′

i, j
)
\(E2 ∪E3 ∪E4), the assertion follows from

Lemma 8.1.45. Otherwise, the assertion follows from Lemma 8.1.1.

XIII. If P ∈ (E1 ∩ E ′
1)∪ (E2 ∩ E ′

2), the assertion follows from Lemma 8.1.15. If P ∈ (E1 ∪
E ′

1 ∪E2 ∪E ′
2)\
(
(E1 ∩E ′

1)∪ (E2 ∩E ′
2)
)
, the assertion follows from Lemma 8.1.14 [e).].

If P ∈ (L12 ∪L′′
12)\(E1 ∪E ′

1 ∪E2 ∪E ′
2), the assertion follows from Lemma 8.1.8 [a).]. If

P ∈
⋃

i, j∈{1,2}
(
Li, j ∪L′

i, j
)
\(E1∪E ′

1∪E2∪E ′
2), the assertion follows from Lemma 8.1.44.

Otherwise, the assertion follows from Lemma 8.1.1.
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XIV. If P ∈ (E1 ∩E ′
1)∪ (E2 ∩E ′

2), the assertion follows from Lemma 8.1.15. If P ∈ (E1 ∪E ′
1 ∪

E2 ∪E ′
2)\
(
(E1 ∩E ′

1)∪ (E2 ∩E ′
2)
)
, the assertion follows from Lemma 8.1.14 [f).]. If P ∈

E3, the assertion follows from Lemma 8.1.12. If P ∈ (L12 ∪ L′′
12)\(E1 ∪E ′

1 ∪E2 ∪E ′
2),

the assertion follows from Lemma 8.1.8 [a).]. If P ∈ (L13 ∪L′
13 ∪L23 ∪L′

23)\(E1 ∪E ′
1 ∪

E2 ∪E ′
2 ∪E3), the assertion follows from Lemma 8.1.4 [d).]. If P ∈ (L1,1 ∪L′

1,1 ∪L2,1 ∪
L′

2,1)\(E1 ∪E ′
1 ∪E2 ∪E ′

2). Otherwise, the assertion follows from Lemma 8.1.1.

XV. If P ∈ (E1 ∩E ′
1)∪ (E2 ∩E ′

2)∪ (E3 ∩E ′
3), the assertion follows from Lemma 8.1.15. If P ∈

(E1 ∪E ′
1 ∪E2 ∪E ′

2 ∪E3 ∪E ′
3)\
(
(E1 ∩E ′

1)∪ (E2 ∩E ′
2)∪ (E3 ∩E ′

3)
)
, the assertion follows

from Lemma 8.1.14 [g).]. If P ∈
⋃

i, j∈{1,2,3}, i< j
(
Li j ∪ L′

i j
)
), the assertion follows from

Lemma 8.1.8 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.

XVI. If P ∈ E2, the assertion follows from Lemma 8.1.22 [a).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 8.1.16 [a).]. If P ∈ (L2,1 ∪L2,2)\E2, the assertion follows

from Lemma 8.1.3 [b).]. If P ∈
⋃

i∈{1,2,3,4}
(
L1,i∪L′

1,i
)
, the assertion follows from Lemma

8.1.43. Otherwise, the assertion follows from Lemma 8.1.1.

XVII. If P ∈ E2, the assertion follows from Lemma 8.1.22. If P ∈ (E1 ∪E ′
1)\E2, the assertion

follows from Lemma 8.1.16 [b).]. If P ∈ E3, the assertion follows from Lemma 8.1.12.

If P ∈ (L13 ∪ L′
13)\(E1 ∪E ′

1 ∪E3), the assertion follows from Lemma 8.1.6 [a).]. If P ∈
(L2,1 ∪L2,2)\E2, the assertion follows from Lemma 8.1.3 [b).]. If P ∈ (L3,1 ∪L′

3,1 ∪L3,2 ∪
L′

3,2)\E3, the assertion follows from Lemma 8.1.45. If P∈ (L1,1∪L′
1,1∪L1,2∪L′

1,2)\(E1∪
E ′

1), the assertion follows from Lemma 8.1.43. Otherwise, the assertion follows from

Lemma 8.1.1.

XVIII. If P ∈ E2, the assertion follows from Lemma 8.1.22 [b).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 8.1.16 [a).]. If P ∈ E3, the assertion follows from

Lemma 8.1.12. If P ∈ L23\(E2 ∪ E3), the assertion follows from Lemma 8.1.13 [b).].

If P ∈
⋃

i∈{1,2,3}
(
L3,i ∪ L′

3,i
)
\E3, the assertion follows from Lemma 8.1.45. If P ∈⋃

j∈{1,2,3,4}
(
L1, j ∪ L′

1, j
)
\E3, the assertion follows from Lemma 8.1.43. Otherwise, the

assertion follows from Lemma 8.1.1.

XIX. If P ∈ E2, the assertion follows from Lemma 8.1.22 [a).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 8.1.16 [c).]. If P ∈ E3 ∪ E4, the assertion follows from

Lemma 8.1.12. If P ∈ (L13 ∪L′
13 ∪L14 ∪L′

14)\(E1 ∪E ′
1 ∪E3 ∪E4), the assertion follows

from Lemma 8.1.6 [b).]. If P ∈ (L2,1 ∪ L2,2)\E2, the assertion follows from Lemma

8.1.3 [b).]. If P ∈ (L34 ∪ L34)\(E3 ∪E4), the assertion follows from Lemma 8.1.3 [a).].

Otherwise, the assertion follows from Lemma 8.1.1.

XX. If P ∈ E2, the assertion follows from Lemma 8.1.22. If P ∈ (E1 ∪E ′
1)\E2, the assertion

follows from Lemma 8.1.16 [b).]. If P ∈ E3 ∪ E4, the assertion follows from Lemma

8.1.12. If P ∈ L23\(E2 ∪ E3), the assertion follows from Lemma 8.1.13 [b).]. If P ∈
(L14 ∪L′

14)\(E1 ∪E ′
1 ∪E4), the assertion follows from Lemma 8.1.6 [b).]. If P ∈ (L34 ∪
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L′
34)\(E3 ∪E4), the assertion follows from Lemma 8.1.3 [a).]. If P ∈ (L3,1 ∪ L3,1)\E3,

the assertion follows from Lemma 8.1.45. If P ∈
⋃

k∈{1,2}
(
L1,k ∪ L′

1,k
)
\(E1 ∪ E ′

1), the

assertion follows from Lemma 8.1.43. Otherwise, the assertion follows from Lemma

8.1.1.

XXI. If P ∈ E2, the assertion follows from Lemma 8.1.22 [b).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 8.1.16 [c).]. If P ∈ E3 ∪ E4 ∪ E5, the assertion follows

from Lemma 8.1.12. If P ∈ L345\(E3 ∪ E4 ∪ E5), the assertion follows from Lemma

8.1.13 [a).]. If P ∈ L25\(E2 ∪ E5), the assertion follows from Lemma 8.1.13 [b).]. If

P ∈ (L13 ∪L′
13 ∪L14 ∪L′

14)\(E1 ∪E ′
1 ∪E3 ∪E4), the assertion follows from Lemma 8.1.6

[b).]. If P ∈ (L5,1 ∪ L′
5,1)\E5, the assertion follows from Lemma 8.1.45. Otherwise, the

assertion follows from Lemma 8.1.1.

XXII. If P ∈ E2, the assertion follows from Lemma 8.1.22 [a).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 8.1.16 [d).]. If P = E3 ∩E ′
3, the assertion follows from

Lemma 8.1.15. If P ∈ (E3 ∪E ′
3)\(E3 ∩E ′

3), the assertion follows from Lemma 8.1.14

[h).]. If P ∈ (L13 ∪L′′
13)\(E1 ∪E ′

1 ∪E3 ∪E ′
3), the assertion follows from Lemma 8.1.9. If

P ∈ (L2,1 ∪L2,2)\E2, the assertion follows from Lemma 8.1.3 [b).]. If P ∈ (L3,1 ∪L′
3,1 ∪

L3,2 ∪L′
3,2)\(E3 ∪E ′

3). If P ∈ (L1,1 ∪L′
1,1)\(E1 ∪E ′

1), the assertion follows from Lemma

8.1.43. Otherwise, the assertion follows from Lemma 8.1.1.

XXIII. If P ∈ E2, the assertion follows from Lemma 8.1.22 [b).]. If P ∈ (E1 ∪ E ′
1)\E2, the

assertion follows from Lemma 8.1.16 [d).]. If P = E3 ∩E ′
3, the assertion follows from

Lemma 8.1.15. If P ∈ (E3 ∪ E ′
3)\(E3 ∩ E ′

3), the assertion follows from Lemma 8.1.14

[i).]. If P ∈ (L13 ∪ L′′
13)\(E1 ∪ E ′

1 ∪ E3 ∪ E ′
3). If P ∈ E4, the assertion follows from

Lemma 8.1.12. If P ∈ L24\(E2 ∪ E4), the assertion follows from Lemma 8.1.13 [b).].

If P ∈ (L34 ∪ L′
34)\(E3 ∪ E ′

3 ∪ E4), the assertion follows from Lemma 8.1.4 [e).]. If

P ∈ (L1,1 ∪ L′
1,1)\(E1 ∪E ′

1), the assertion follows from Lemma 8.1.43. Otherwise, the

assertion follows from Lemma 8.1.1.

XXIV. If P ∈ E2 ∪ E4, the assertion follows from Lemma 8.1.22 [a).]. If P ∈ (E1 ∪ E ′
1 ∪ E3 ∪

E ′
3)\(E2 ∪E4), the assertion follows from Lemma 8.1.16 [e).]. If P ∈ (L13 ∪L′′

13)\(E1 ∪
E ′

1 ∪E3 ∪E ′
3), the assertion follows from Lemma 8.1.13 [c).]. If P ∈ (L2,1 ∪L2,2 ∪L4,1 ∪

L4,2)\(E2 ∪ E4), the assertion follows from Lemma 8.1.3. Otherwise, the assertion

follows from Lemma 8.1.1.

XXV. If P ∈2 ∪E4, the assertion follows from Lemma 8.1.22 [b).]. If P ∈ (E1 ∪ E ′
1 ∪ E3 ∪

E ′
3)\(E2 ∪E4), the assertion follows from Lemma 8.1.16 [e).]. If P ∈ E5, the assertion

follows from Lemma 8.1.12. If P ∈ (L25 ∪ L45)\(E1 ∪E ′
1 ∪E3 ∪E ′

3 ∪E5), the assertion

follows from Lemma 8.1.13 [b).]. If P∈ (L13∪L′′
13∪E5)\(E1∪E ′

1∪E3∪E ′
3), the assertion

follows from Lemma 8.1.13 [c).]. Otherwise, the assertion follows from Lemma 8.1.1.
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XXVI. If P ∈ E2 ∪E ′
2, the assertion follows from Lemma 8.1.23. If P ∈ (E1 ∪E ′

1)\(E2 ∪E ′
2), the

assertion follows from Lemma 8.1.17 [a).]. If P ∈ (L2,1 ∪L′
2,1)\(E2 ∪E ′

2), the assertion

follows from Lemma 8.1.5 [a).]. If P ∈
⋃

i∈{1,2,3}
(
L1,i ∪L′

1,i
)
, the assertion follows from

Lemma 8.1.42. Otherwise, the assertion follows from Lemma 8.1.1.

XXVII. If P ∈ E2 ∪E ′
2, the assertion follows from Lemma 8.1.23. If P ∈ (E1 ∪E ′

1)\(E2 ∪E ′
2), the

assertion follows from Lemma 8.1.17 [b).]. If P ∈ E3, the assertion follows from Lemma

8.1.12. If P ∈ (L2,1 ∪ L′
2,1)\(E2 ∪E ′

2), the assertion follows from Lemma 8.1.5 [b).]. If

P ∈ (L13 ∪L′
13)\(E1 ∪E ′

1 ∪E3), the assertion follows from Lemma 8.1.7. If P ∈ (L3,1 ∪
L′

3,1)\E3, the assertion follows from Lemma 8.1.45. If P ∈ (L1,1 ∪ L′
1,1)\(E1 ∪E ′

1), the

assertion follows from Lemma 8.1.42. Otherwise, the assertion follows from Lemma

8.1.1.

XXVIII. If P ∈ E2 ∪E ′
2, the assertion follows from Lemma 8.1.23. If P ∈ (E1 ∪E ′

1)\(E2 ∪E ′
2),

the assertion follows from Lemma 8.1.17 [c).]. If P = E3 ∩E ′
3, the assertion follows from

Lemma 8.1.15. If P ∈ (E3 ∪E3)\(E3 ∩E3), the assertion follows from Lemma 8.1.14

[j).]. If P ∈ (L13 ∪L′′
13)\(E1 ∪E ′

1 ∪E3 ∪E3), the assertion follows from Lemma 8.1.11. If

P ∈ (L2,1 ∪L′
2,1)\(E2 ∪E ′

2), the assertion follows from Lemma 8.1.5 [c).]. If P ∈ (L3,1 ∪
L′

3,1)\(E3 ∪E ′
3). Otherwise, the assertion follows from Lemma 8.1.1.

XXIX. If P ∈ E3, the assertion follows from Lemma 8.1.26 [a).]. If P ∈ (E2 ∪ E ′
2)\E3, the

assertion follows from Lemma 8.1.27 [a).]. If P ∈ (E1 ∪ E ′
1)\(E2 ∪ E ′

2), the assertion

follows from Lemma 8.1.18 [a).].. If P ∈ (L2,1 ∪ L′
2,1)\(E2 ∪E ′

2), the assertion follows

from Lemma 8.1.8 [b).]. If P ∈
⋃

i∈{1,2}
(
L1,i ∪L′

1,i
)
\(E1 ∪E ′

1), the assertion follows from

Lemma 8.1.41. Otherwise, the assertion follows from Lemma 8.1.1.

XXX. If P ∈ E3, the assertion follows from Lemma 8.1.30 [a).]. If P ∈ (E2 ∪ E ′
2)\E3, the

assertion follows from Lemma 8.1.24. If P ∈ (E1 ∪E ′
1)\(E2 ∪E ′

2), the assertion follows

from Lemma 8.1.20 [a).]. If P ∈ L3,1\E3, the assertion follows from Lemma 8.1.13 [d).].

If P ∈
⋃

i∈{1,2,3}
(
L1,i ∪ L′

1,i
)
, the assertion follows from Lemma 8.1.41. Otherwise, the

assertion follows from Lemma 8.1.1.

XXXI. If P ∈ E3, the assertion follows from Lemma 8.1.26 [a).]. If P ∈ (E2 ∪ E ′
2)\E3, the

assertion follows from Lemma 8.1.27 [a).]. If P ∈ (E1 ∪ E ′
1)\(E2 ∪ E ′

2), the assertion

follows from Lemma 8.1.18 [b).]. If P ∈ E4, the assertion follows from Lemma 8.1.12.

If P ∈ (L2,1 ∪ L′
2,1)\(E2 ∪ E ′

2), the assertion follows from Lemma 8.1.8 [b).]. If P ∈
(L14 ∪L′

14)\(E1 ∪E ′
1 ∪E4), the assertion follows from Lemma 8.1.8 [c).]. Otherwise, the

assertion follows from Lemma 8.1.1.

XXXII. If P ∈ E3, the assertion follows from Lemma 8.1.30 [a).]. If P ∈ (E2 ∪ E ′
2)\E3, the

assertion follows from Lemma 8.1.24. If P ∈ (E1 ∪E ′
1)\(E2 ∪E ′

2), the assertion follows

from Lemma 8.1.20 [b).]. If P ∈ E4, the assertion follows from Lemma 8.1.12. If P ∈
L3,1\E3, the assertion follows from Lemma 8.1.13 [d).]. If P ∈ (L14∪L′

14)\(E1∪E ′
1∪E4),

the assertion follows from Lemma 8.1.2. If P ∈ (L1,1 ∪ L1,1)\(E1 ∪ E ′
1), the assertion

follows from Lemma 8.1.41. Otherwise, the assertion follows from Lemma 8.1.1.
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XXXIII. If P ∈ E3, the assertion follows from Lemma 8.1.30 [a).]. If P ∈ (E2 ∪ E ′
2)\E3, the

assertion follows from Lemma 8.1.24. If P ∈ (E1 ∪E ′
1)\(E2 ∪E ′

2), the assertion follows

from Lemma 8.1.20 [c).]. If P = E4 ∩ E4, the assertion follows from Lemma 8.1.15 If

P ∈ (E4 ∪E ′
4)\(E4 ∩E ′

4), the assertion follows from Lemma 8.1.14 [k).]. If P ∈ L3,1\E3,

the assertion follows from Lemma 8.1.13 [d).]. If P ∈ (L14∪L′
14)\(E1∪E ′

1∪E4∪E ′
4), the

assertion follows from Lemma 8.1.13 [e).]. Otherwise, the assertion follows from Lemma

8.1.1.

XXXIV. If P ∈ E3 ∪E ′
3, the assertion follows from Lemma 8.1.28. If P ∈ (E2 ∪E ′

2)\(E3 ∪E ′
3),

the assertion follows from Lemma 8.1.29. If P ∈ (E1 ∪ E ′
1)\(E2 ∪ E ′

2), the assertion

follows from Lemma 8.1.19. If P ∈ (L2,1 ∪ L′
2,1)\(E2 ∪E ′

2), the assertion follows from

Lemma 8.1.10. If P ∈ (L1,1 ∪L′
1,1)\(E1 ∪E ′

1), the assertion follows from Lemma 8.1.40.

Otherwise, the assertion follows from Lemma 8.1.1.

XXXV. If P ∈ E4, the assertion follows from Lemma 8.1.31 [a).]. If P ∈ (E3 ∪ E ′
3)\E4, the

assertion follows from Lemma 8.1.32. If P ∈ (E2 ∪ E ′
2)\(E3 ∪ E ′

3). By Lemma 8.1.30

[b).]. If P ∈ (E1 ∪E ′
1)\(E2 ∪E ′

2). By Lemma 8.1.21. If P ∈ (L2,1 ∪ L′
2,1)\(E2 ∪E ′

2), the

assertion follows from Lemma 8.1.13 [f).]. Otherwise, the assertion follows from Lemma

8.1.1.

XXXVI. If P ∈ E, the assertion follows from Lemma 8.1.31 [b).]. If P ∈ (E1 ∪E2 ∪E3)\E, the

assertion follows from Lemma 8.1.22 [c).]. If P ∈
⋃

i∈{1,2,3}, j∈{1,2}Li, j\(E1∪E2∪E3), the

assertion follows from Lemma 8.1.3 [c).]. Otherwise, the assertion follows from Lemma

8.1.1.

XXXVII. If P ∈ E, the assertion follows from Lemma 8.1.31 [b).]. If P ∈ (E1∪E ′
1)\E, the assertion

follows from Lemma 8.1.22 [c).]. If P ∈ E2\E, the assertion follows from Lemma

8.1.22 [d).]. If P ∈ E3, the assertion follows from Lemma 8.1.12. If P ∈ L23\(E2 ∪E3),

the assertion follows from Lemma 8.1.13 [f).]. If P ∈
⋃

i∈{1,2}
(
L1,i ∪ L′

1,i
)
\(E1 ∪ E ′

1),

the assertion follows from Lemma 8.1.3 [c).]. If P ∈ (L3,1 ∪ L′
3,1 ∪ L3,2 ∪ L′

3,2)\E3, the

assertion follows from Lemma 8.1.45. Otherwise, the assertion follows from Lemma

8.1.1.

XXXVIII. If P∈E, the assertion follows from Lemma 8.1.31 [b).]. If P∈E2\E, the assertion follows

from Lemma 8.1.22 [c).]. If P ∈ (E1 ∪E ′
1)\E, the assertion follows from Lemma 8.1.22

[d).]. If P ∈ E3 ∪E ′
3, the assertion follows from Lemma 8.1.12. If P ∈ (L13 ∪L′′

13)\(E1 ∪
E ′

1 ∪E3 ∪E ′
3), the assertion follows from Lemma 8.1.13 [f).]. If P ∈ (L2 ∪ L′

2)\E2, the

assertion follows from Lemma 8.1.3 [c).]. If P∈ (L3∪L′
3)\(E3∪E ′

3), the assertion follows

from Lemma 8.1.3 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.

XXXIX. If P ∈ E, the assertion follows from Lemma 8.1.31 [b).]. If P ∈ (E1 ∪E2 ∪E3)\E, the

assertion follows from Lemma 8.1.22 [d).]. If P ∈ E ′
1∪E ′

2∪E ′
3, the assertion follows from

Lemma 8.1.12. If P ∈ (L1 ∪L2 ∪L3)\(E1 ∪E2 ∪E3 ∪E ′
1 ∪E ′

2 ∪E ′
3), the assertion follows

from Lemma 8.1.13 [f).]. If P ∈ L123\(E ′
1 ∪E ′

2 ∪E ′
3), the assertion follows from Lemma

8.1.13 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.



8.2. Finding δ -invariants for degree 2 191

XL. If P∈E, the assertion follows from Lemma 8.1.33 [a).]. If P∈E2\E, the assertion follows

from Lemma 8.1.31 [c).]. If P ∈ (E1∪E ′
1)\E, the assertion follows from Lemma 8.1.25. If

P ∈ E3\E2, the assertion follows from Lemma 8.1.22 [e).]. If P ∈ (L1∪L′
1)\(E1∪E ′

1), the

assertion follows from Lemma 8.1.6 [c).]. If P ∈ (L3,1 ∪ L3,2)\E3, the assertion follows

from Lemma 8.1.3 [e).]. Otherwise, the assertion follows from Lemma 8.1.1.

XLI. If P∈E, the assertion follows from Lemma 8.1.33 [a).]. If P∈E2\E, the assertion follows

from Lemma 8.1.31 [c).]. If P ∈ (E1 ∪E ′
1)\E, the assertion follows from Lemma 8.1.25.

If P ∈ E3\E2, the assertion follows from Lemma 8.1.22 [f).]. If P ∈ E4, the assertion

follows from Lemma 8.1.12. If P ∈ L34\(E3 ∪ E4), the assertion follows from Lemma

8.1.13 [g).]. If P ∈ (L1 ∪L′
1)\(E1 ∪E ′

1), the assertion follows from Lemma 8.1.6 [d).]. If

P ∈ (L4,1∪L′
4,1)\E4, the assertion follows from Lemma 8.1.45. Otherwise, the assertion

follows from Lemma 8.1.1.

XLII. If P ∈ E2, the assertion follows from Lemma 8.1.36. If P ∈ E3\E2, the assertion follows

from Lemma 8.1.33 [b).]. If P ∈ E\E2, the assertion follows from Lemma 8.1.30 [c).]. If

P ∈ E4\E3, the assertion follows from Lemma 8.1.31 [d).]. If P ∈ E1\E2, the assertion

follows from Lemma 8.1.26 [b).]. If P ∈ L\E, the assertion follows from Lemma 8.1.13

[h).]. If P ∈ E5\E4, the assertion follows from Lemma 8.1.22 [g).]. If P ∈ (L5∪L′
5)\E5, the

assertion follows from Lemma 8.1.3 [e).]. Otherwise, the assertion follows from Lemma

8.1.1.

XLIII. If P ∈ E, the assertion follows from Lemma 8.1.36 [a).]. If P ∈ E4\E3, the assertion

follows from Lemma 8.1.33 [b).]. If P∈E\E2, the assertion follows from Lemma 8.1.30. If

P ∈ E4\E2, the assertion follows from Lemma 8.1.31. If P ∈ E1\E2, the assertion follows

from Lemma 8.1.26 [b).]. If P ∈ L\E, the assertion follows from Lemma 8.1.13 [h).]. If

P∈ E5\E4, the assertion follows from Lemma 8.1.22 [h).]. If P∈ E6, the assertion follows

from Lemma 8.1.12. If P ∈ L56\(E5 ∪E6), the assertion follows from Lemma 8.1.13 [i).].

Otherwise, the assertion follows from Lemma 8.1.1.

XLIV. If P∈E, the assertion follows from Lemma 8.1.37 [a).]. If P∈E\E3, the assertion follows

from Lemma 8.1.31 [e).]. If P ∈ (E2 ∪E ′
2)\E3, the assertion follows from Lemma 8.1.34.

If P ∈ (E1 ∪E ′
1)\(E2 ∪E ′

2), the assertion follows from Lemma 8.1.27 [b).]. If P ∈ (L1 ∪
L′

1)\(E1 ∪E ′
1), the assertion follows from Lemma 8.1.8 [d).]. Otherwise, the assertion

follows from Lemma 8.1.1.

XLV. If P ∈ E3, the assertion follows from Lemma 8.1.39. If P ∈ E4\E3, the assertion follows

from Lemma 8.1.38. If P∈ E\E3, the assertion follows from Lemma 8.1.35. If P∈ E2\E3,

the assertion follows from Lemma 8.1.37 [b).]. If P ∈ E5\E4, the assertion follows from

Lemma 8.1.36 [b).]. If P ∈ E1\E2, the assertion follows from Lemma 8.1.31 [f).]. If P ∈
E6\E5, the assertion follows from Lemma 8.1.30 [d).]. If P ∈ L6\E6, the assertion follows

from Lemma 8.1.13 [j).]. Otherwise, the assertion follows from Lemma 8.1.1.



Chapter 9

Du Val del Pezzo Surfaces of Degree 1

In (Araujo et al., 2023, Lemma 2.16) it was proven that δ (X) = 15
7 when X is a smooth del

Pezzo surface of degree 1 and |−KX | contains a cuspidal curve, and δ (X) = 12
5 when X is a

smooth del Pezzo surface of degree 1 and |−KX | does not contain a cuspidal curve.

We consider a Del Pezzo surface X of degree one with at worst Du Val singularities and

denote its minimal resolution by π : S → X . The surface X can be embedded as a degree six

hypersurface in the weighted projective space P(1,1,2,3), given by the equation

w2 = az3 + z2 f2(x,y)+ z f4(x,y)+ f6(x,y),

where f2, f4, f6 are homogeneous polynomials in X and y of degrees 2, 4, and 6 respectively,

and a ∈ C is a constant. This defines X as a double cover ϕ : X → P(1,1,2), given by:

(x : y : z : w) 7→ (x : y : z),

branched along the sextic curve

R : az3 + z2 f2(x,y)+ z f4(x,y)+ f6(x,y) = 0 ⊂ P(1,1,2).

The branch curve R has degree six an is in general singular. There is a natural one-to-one

correspondence between the singularities of R and the singular points of the surface X ; that

is, the singularities of X lie precisely above the singular points of R. As shown in Kosta (2009),

the singular points of X are not contained in the base locus of the anti-canonical linear system

|−KX |. In other words, they are not fixed points of this system.

In this section, we compute δ -invariants of Du Val del Pezzo surfaces of degree 1.

MAIN THEOREM Let X be a Du Val del Pezzo surface of degree 1. Then X can be realized as the
double cover X 2:1−→ P(1,1,2), which is ramified along a sextic curve R ∈ P(1,1,2). Then the
δ -invariant of X is uniquely determined by the type of singularities on X and unique element C

of |−KX | containing each of singular points which is given in the following table:

192
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Type of singularity δ (X)

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1
all elements of |−KX | containing singular points are nodal 2

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1
some elements of |−KX | containing

singular points are cuspidal
9
5

A2, A2 +A1, A2 +2A1, A2 +3A1, A2 +4A1,
2A2, 2A2 +A1, 2A2 +2A1, 3A2, 3A2 +A1, 4A2

all elements of |−KX | containing A2 singular points are nodal
12
7

A2, A2 +A1, A2 +2A1, A2 +3A1, A2 +4A1,
2A2, 2A2 +A1, 2A2 +2A1, 3A2, 3A2 +A1, 4A2

some elements of |−KX | containing A2 singular points are cuspidal
3
2

A3, A3 +A1, A3 +2A1, A3 +3A1, A3 +4A1,
A3 +A2, A3 +A2 +A1, A3 +A2 +2A1,

2A3, 2A3 +A1, 2A3 +2A1

3
2

A4, A4 +A1, A4 +2A1, A4 +A2, A4 +A2 +A1, A4 +A3, 2A4
4
3

A5, A5 +A1, A5 +2A1, A5 +A2, A5 +A2 +A1, A5 +A3
6
5

A6, A6 +A1
9
8

A7, A7 +A1 and R irreducible 18
17

A7, A7 +A1 and R reducible 1

A8, D4, D4 +A1, D4 +2A1, D4 +3A1, D4 +4A1,D4 +A2, D4 +A3, 2D4 1

D5, D5 +A1, D5 +2A1, D5 +A2, D5 +A3
6
7

D6, D6 +A1, D6 +2A1
3
4

D7
2
3

D8, E6, E6 +A1, E6 +A2
3
5

E7, E7 +A1
3
7

E8
3
11

Table 9.1: δ -invariants of Du Val del Pezzo surfaces of degree 1

Note that when X has A7 singularities δ -invariant depends on whether R is reducible or
irreducible.

To understand the anti-canonical system on the smooth surface S, we apply the Riemann–

Roch theorem together with Serre duality and the Kawamata–Viehweg vanishing theorem. For

the divisor −KS, we have

χ(OS(−KS)) = h0(S,OS(−KS))−h1(S,OS(−KS))+h2(S,OS(−KS)).

Since −KS is nef and big, the vanishing theorems imply h1 = h2 = 0, and therefore

h0(S,OS(−KS)) = χ(OS(−KS)) =
1
2

K2
S +1 = K2

S +1.
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Thus, the anti-canonical system |−KS| has dimension

dim |−KS|= h0(S,OS(−KS))−1 = K2
S = 1,

DEFINITION. Let π : S → X be a resolution of a point P on a normal surface X , and let E = ∑Ei

denote the exceptional divisor over P. Then there exists a unique effective exceptional divisor
Γ = ∑aiEi, ai ∈ Z>0, satisfying the following properties:

1. Γ > 0,
2. Γ ·Ei ≤ 0 for every component Ei,
3. Γ is minimal with respect to this property.

The divisor Γ is called the fundamental cycle of the configuration {Ei}.

In the context of Del Pezzo surfaces of degree one, Kosta (2009) shows the following result:

let H ∈ |−KS| be an anti-canonical divisor on the resolution S, and let Γ be the fundamental

cycle of the exceptional divisor over a Du Val singularity. If the curve H contains a point of Γ,

then H = C +Γ, where C ⊂ S is the strict transform of a (−1)-curve C on X . Moreover, all

fundamental cycles arising from Du Val singularities on degree one Del Pezzo surfaces are

explicitly described in Kosta (2009), including their configurations and intersection properties.

Let C ⊂ S be a (−1)-curve that arises as the strict transform of a curve C ⊂ X . Contracting

C yields a weak resolution of a Du Val Del Pezzo surface of degree two. In the preceding

section, we provided a complete classification of the dual graphs formed by (−1)- and (−2)-
curves on such surfaces. It is important to note that all (−1)-curves on S intersecting the

exceptional divisors are strict transforms of (−1)-curves on weak Del Pezzo surfaces of degree

two. Throughout this section, we make systematic use of the classification of all (−1)-curves

that meet the exceptional divisors, as described in the previous chapter.

9.1 Finding δ -invariants for degree 1

A1 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is nodal

Let X be a singular del Pezzo surface of degree 1 with an A1 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P and it has a node in P . Then δP(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E is the exceptional divisor. We have

−KS ∼C+E. Let P be a point on S.
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Figure 9.1: Picture: (−KS)
2 = 1, A1 singularity (nodal)

Suppose P ∈ E. Then τ(E) = 1 and the Zariski decomposition of the divisor −KS − vE ∼
C+(1− v)E is given by:

P(v) =

−KS − vE if v ∈
[
0, 1

2

]
,

−KS − vE − (2v−1)C if v ∈
[1

2 ,1
]
.

N(v) =

0 if v ∈
[
0, 1

2

]
,

(2v−1)C if v ∈
[1

2 ,1
]
.

Moreover,

(P(v))2 =

1−2v2 if v ∈
[
0, 1

2

]
,

2(v−1)2 if v ∈
[1

2 ,1
]
.

P(v) ·E =

2v if v ∈
[
0, 1

2

]
,

2(1− v) if v ∈
[1

2 ,1
]
.

We have SS(E) = 1
2 . Thus, δP(S)≤ 2 for P ∈ E. Moreover, if P ∈ E:

h(v) =

2v2 if v ∈
[
0, 1

2

]
,

2v(1− v) if v ∈
[1

2 ,1
]
.

Thus, S(W E
•,•;P)≤ 1

2 and We get δP(S) = 2 for P ∈ E. Which gives us δP(X) = 2.

A1 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is cuspidal

Let X be a singular del Pezzo surface of degree 1 with an A1 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P and it has a cusp in P . Then δP(X) = 9
5 .

Proof. Consider the blowup π1 : S1 → X of X at P with the exceptional divisor E1
1 and C1 is a

strict transform of C . Let π2 : S2 → S1 be the blow up of the point C1 ∩E1
1 with the exceptional

divisor E2
2 and E2

1 , C2 are a strict transforms of E1
1 , C1 respectively. Let π3 : S3 → S2 be the blow

up of the point C2∩E2
1 ∩E2

2 with the exceptional divisor E and E3
1 , E3

2 , C3 are a strict transforms

of E2
1 , E2

2 , C2 respectively. Then (π1 ◦π2 ◦π3)
∗(−KX) ∼ C3 +E3

1 + 2E3
2 + 4E. Let θ : S3 → S

be the contraction of the curves E3
1 and E3

2 , let C = θ(C3) and E = θ(E).

Then P2 = θ(E3
2) is a quotient singular point of type 1

2(1,1) and P1 = θ(E3
1) is a quotient

singular point of type 1
4(1,1) and the intersections are given by:
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Figure 9.2: Picture: (−KS)
2 = 1, A1 singularity (cuspidal)

C E

C −3 1

E 1 −1
4

Observe that −KS is big. Then τ(E) = 4 and the Zariski decomposition of the divisor

σ∗(−KX)− vE ∼ (4− v)E +C is given by

P(v) =

(4− v)E +C if v ∈ [0,1],

(4− v)E + 4−v
3 C if v ∈ [1,4].

N(v) =

0 if v ∈ [0,1],
v−1

3 C if v ∈ [1,4].

Moreover

P(v)2 =


(2−v)(2+v)

4 if v ∈ [0,1],
(4−v)2

12 if v ∈ [1,4].
P(v) ·E =

 v
4 if v ∈ [0,1],
4−v
12 if v ∈ [1,4].

So we have SS(E) = 5
3 for P ∈ E. Thus, Thus, δP(S) ≤ 9

5 . Moreover, if P ∈ E\C or P ∈ E ∩C

then

h(v) =

 v2

32 if v ∈ [0,1],
(4−v)2

288 if v ∈ [1,4].
or h(v) =

 v2

32 if v ∈ [0,1],
(4−v)(7v−4)

288 if v ∈ [1,4].

So S(W E
•,•;O) = 1

12 or S(W E
•,•;O) = 1

3 . On the other hand:

δP(S)⩾ min

{
9
5
, inf

O∈E

AE,∆E
(O)

S
(
W E

•,•;O
)},
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where ∆E = 1
2P1 +

2
3P2. So we have

AE,∆E
(O)

S(W E
•,•;O)

=



3 if O = E ∩C,

3 if O = P1,

4 if O = P2,

12 otherwise.

Thus, δP(X) = 9
5 .

A2 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is nodal

Let X be a singular del Pezzo surface of degree 1 with an A2 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P and it has a node in P . Then δP(X) = 12
7 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E1 and E2 are the exceptional divisors.

We have −KS ∼C+E1 +E2. Let P be a point on S.

Figure 9.3: Picture: (−KS)
2 = 1, A2 singularity (nodal)

Step 1. Suppose P ∈ E1 ∪E2. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor

−KS − vE1 ∼C+(1− v)E1 +E2 is given by:

P(v) =

−KS − vE1 − v
2E2 if v ∈

[
0, 2

3

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)C if v ∈
[2

3 ,1
]
.

N(v) =

 v
2E2 if v ∈

[
0, 2

3

]
,

(2v−1)E2 +(3v−2)C if v ∈
[2

3 ,1
]
.

Moreover,

(P(v))2 =

1− 3v2

2 if v ∈
[
0, 2

3

]
,

3(v−1)2 if v ∈
[2

3 ,1
]
.

P(v) ·E =

3v
2 if v ∈

[
0, 2

3

]
,

3(1− v) if v ∈
[2

3 ,1
]
.
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We have SS(E1) =
5
9 . Thus, δP(S)≤ 9

5 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

9v2

8 if v ∈
[
0, 2

3

]
,

3(1−v)(v+1)
2 if v ∈

[2
3 ,1
]
.

Thus, S(W E1•,•;P)≤ 14
27 < 5

9 . We get δP(S) = 9
5 for P ∈ (E1 ∪E2)\(E1 ∩E2).

Step 2. Suppose P = E1 ∩E2. Consider the blowup σ : S̃ → S of S at P with the exceptional

divisor EP. Suppose Ẽ1, Ẽ2 and C̃ are strict transforma of E1, E2 and C on S. Then τ(EP) = 2
and the Zariski decomposition of the divisor σ∗(−KS)−vEP ∼ C̃+ Ẽ1+ Ẽ2+(2−v)EP is given

by:

P(v) =

σ∗(−KS)− vEP − v
3(Ẽ1 + Ẽ2) if v ∈

[
0, 3

2

]
,

σ∗(−KS)− vEP − (v−1)(Ẽ1 + Ẽ2)− (2v−3)C̃ if v ∈
[3

2 ,2
]
.

N(v) =

 v
3(Ẽ1 + Ẽ2) if v ∈

[
0, 3

2

]
,

(v−1)(Ẽ1 + Ẽ2)+(2v−3)C̃ if v ∈
[3

2 ,2
]
.

Moreover,

(P(v))2 =

1− v2

3 if v ∈
[
0, 3

2

]
,

(2− v)2 if v ∈
[3

2 ,2
]
.

P(v) ·EP =

 v
3 if v ∈

[
0, 3

2

]
,

2− v if v ∈
[3

2 ,2
]
.

We have SS(EP) =
7
6 . Thus, δP(S)≤ 2

7/6 = 12
7 for P = E1 ∩E2. Moreover,

h(v)≤

v2

6 if v ∈
[
0, 3

2

]
,

(2−v)v
2 if v ∈

[3
2 ,2
]
.

Thus, S(W EP•,• ;O)≤ 7
12 . We get δP(S) = 12

7 for P = E1 ∩E2. Thus, δP(X) = 12
7 .

A2 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is cuspidal

Let X be a singular del Pezzo surface of degree 1 with an A2 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P and it has a cusp in P . Then δP(X) = 3
2 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. We have −KS ∼C+E1+E2. Let P be a point on S. Let also σ : S̃ → S be the blowup

of a point P = E1 ∩E2 ∩C. Let C̃, Ẽ1 and Ẽ2 be strict transforms of C, E1 and E2 on S̃.
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Figure 9.4: Picture: (−KS)
2 = 1, A2 singularity (cuspidal)

Step 1. Suppose P ∈ E1 ∪E2. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor

−KS − vE1 ∼C+(1− v)E1 +E2 is given by:

P(v) =

−KS − vE1 − v
2E2 if v ∈

[
0, 2

3

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)C if v ∈
[2

3 ,1
]
.

N(v) =

 v
2E2 if v ∈

[
0, 2

3

]
,

(2v−1)E2 +(3v−2)C if v ∈
[2

3 ,1
]
.

Moreover,

(P(v))2 =

1− 3v2

2 if v ∈
[
0, 2

3

]
,

3(v−1)2 if v ∈
[2

3 ,1
]
.

P(v) ·E =

3v
2 if v ∈

[
0, 2

3

]
,

3(1− v) if v ∈
[2

3 ,1
]
.

We have SS(E1) =
5
9 . Thus, δP(S)≤ 9

5 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

9v2

8 if v ∈
[
0, 2

3

]
,

3(1−v)(v+1)
2 if v ∈

[2
3 ,1
]
.

Thus, S(W E1•,•;P)≤ 14
27 < 5

9 . We get δP(S) = 9
5 for P ∈ (E1 ∪E2)\(E1 ∩E2).

Step 2. Suppose P = E1 ∩E2. Consider the blowup σ : S̃ → S of S at P with the exceptional

divisor EP. Suppose Ẽ1, Ẽ2 and C̃ are strict transforma of E1, E2 and C on S. Then τ(EP) = 3
and the Zariski decomposition of the divisor σ∗(−KS)−vEP ∼ C̃+ Ẽ1+ Ẽ2+(3−v)EP is given

by:

P(v) =

σ∗(−KS)− vEP − v
3(Ẽ1 + Ẽ2) if v ∈ [0,1],

σ∗(−KS)− vEP − (v−1)(Ẽ1 + Ẽ2)− v−1
2 C̃ if v ∈ [1,3].

N(v) =

 v
3(Ẽ1 + Ẽ2) if v ∈ [0,1],

(v−1)(Ẽ1 + Ẽ2)+
v−1

2 C̃ if v ∈ [1,3].
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Moreover,

(P(v))2 =

1− v2

3 if v ∈ [0,1],
(3−v)2

6 if v ∈ [1,3].
P(v) ·EP =

 v
3 if v ∈ [0,1],
3−v

6 if v ∈ [1,3].

We have SS(EP) =
4
3 . Thus, δP(S)≤ 2

4/3 =
3
2 for P = E1∩E2∩C. Moreover, if O ∈ EP\(Ẽ1∪ Ẽ2)

if O ∈ EP\C̃ we have:

h(v)≤

 v2

18 if v ∈ [0,1],
(3−v)(5v−3)

72 if v ∈ [1,3].
or h(v)≤

v2

6 if v ∈ [0,1],
(3−v)(v+1)

24 if v ∈ [1,3].

Thus, S(W EP•,• ;O)≤ 1
3 < 2

3 or S(W EP•,• ;O)≤ 5
9 < 2

3 . We get δP(S) = 3
2 for P = E1 ∩E2.

Thus, δP(X) = 3
2 .

A3 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A3 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 3
2 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E1, E2 and E3 are the exceptional

divisors with the following intersection:

Figure 9.5: Dual graph: (−KS)
2 = 1, A3 singularity

We have −KS ∼C+E1 +E2 +E3. Let P be a point on S.

Step 1. Suppose P ∈ E2. Then τ(E2) = 1 and the Zariski decomposition of the divisor −KS −
vE2 ∼C+E1 +(1− v)E2 +E3 is given by:

P(v) =−KS − vE2 −
v
2
(E1 +E3) and N(v) =

v
2
(E1 +E3) if v ∈ [0,1].

Moreover,

(P(v))2 = (1− v)(1+ v) and P(v) ·E2 = v if v ∈ [0,1].

We have SS(E2) =
2
3 . Thus, δP(S) ≤ 3

2 for P ∈ E2. Moreover, for such points we have h(v) ≤
v2 if v ∈ [0,1]. Thus, S(W E2•,•;P)≤ 2

3 . We get δP(S) = 3
2 for P ∈ E2.

Step 2. Suppose P ∈ E1 ∪E3. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor
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−KS − vE1 ∼C+(1− v)E1 +E2 +E3 is given by:

P(v) =

−KS − vE1 − v
3(2E2 +E3) if v ∈

[
0, 3

4

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)E3 − (4v−3)C if v ∈
[3

4 ,1
]

N(v) =

 v
3(2E2 +E3) if v ∈

[
0, 3

4

]
,

(2v−1)E2 +(3v−2)E3 +(4v−3)C if v ∈
[3

4 ,1
]
.

Moreover,

(P(v))2 =

1− 4v2

3 if v ∈
[
0, 3

4

]
,

4(v−1)2 if v ∈
[3

4 ,1
]
.

P(v) ·E1 =

4v
3 if v ∈

[
0, 3

4

]
,

4(1− v) if v ∈
[3

4 ,1
]
.

We have SS(E1) =
5
9 . Thus, δP(S)≤ 9

5 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

8v2

9 if v ∈
[
0, 3

4

]
,

4(1− v)(2v−1) if v ∈
[3

4 ,1
]
.

Thus, S(W E1•,•;P)≤ 5
12 < 7

12 . We get δP(S) = 12
7 for P ∈ (E1 ∪E3)\E2. Thus, δP(X) = 3

2 .

A4 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A4 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 4
3 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E1, E2, E3 and E4 are the exceptional

divisors with the intersection:

Figure 9.6: Dual graph: (−KS)
2 = 1, A4 singularity

We have −KS ∼ C + E1 + E2 + E3 + E4. Let P be a point on S. Consider a linear system

L = |−2KS− (E1+2E2+2E3+E4)|. Using Riemann-Roch for surfaces we get dim |L |= 1.

Thus there is a unique element L ∈ |L | such that it contains the intersection point of E2 and

E3. Moreover we have L ·E1 = L ·E4 = 0, L ·E2 = L ·E3 = 1 and L2 = 0.

Step 1. Suppose P = E2 ∩E3. Consider the blowup σ : S̃ → S of S at P with the exceptional
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divisor EP. Suppose Ẽ1, Ẽ2, Ẽ3, Ẽ4, L̃ and C̃ are strict transforms of E1, E2, E3, E4, L and C on

S̃. Then τ(EP) =
5
2 and the Zariski decomposition of the divisor

σ
∗(−KS)− vEP ∼

(5
2
− v
)

EP +
1
2

L̃+ Ẽ1 +
3
2

Ẽ2 +
3
2

Ẽ3 + Ẽ4

is given by:

P(v) =

σ∗(−KS)− vEP − v
5(Ẽ1 +2Ẽ2 +2Ẽ3 + Ẽ4) if v ∈ [0,2],

σ∗(−KS)− vEP − v
5(Ẽ1 +2Ẽ2 +2Ẽ3 + Ẽ4)− (v−2)L̃ if v ∈

[
2, 5

2

]
.

N(v) =

 v
5(Ẽ1 +2Ẽ2 +2Ẽ3 + Ẽ4) if v ∈ [0,2],
v
5(Ẽ1 +2Ẽ2 +2Ẽ3 + Ẽ4)− (v−2)L̃ if v ∈

[
2, 5

2

]
.

Moreover,

(P(v))2 =

1− v2

5 if v ∈ [0,2],
(5−2v)2

5 if v ∈
[
2, 5

2

]
.

P(v) ·EP =

 v
5 if v ∈ [0,2],

2(1− 2v
5 ) if v ∈

[
2, 5

2

]
.

We have SS(EP) =
3
2 . Thus, δP(S)≤ 2

3/2 = 4
3 for P = E2 ∩E3. Moreover, if O ∈ EP\(Ẽ2 ∪ Ẽ3) if

O ∈ EP\L̃ we have:

h(v)≤

 v2

50 if v ∈ [0,2],
2(5−2v)(3v−5)

25 if v ∈
[
2, 5

2

]
.

or h(v)≤

 v2

10 if v ∈ [0,2],
2(5−2v)

5 if v ∈
[
2, 5

2

]
.

Thus, S(W EP•,• ;O)≤ 1
6 < 3

4 or S(W EP•,• ;O)≤ 11
15 < 3

4 . We get δP(S) = 4
3 for P = E2 ∩E3.

Step 2. Suppose P ∈ E2 ∪E3. Without loss of generality we can assume that P ∈ E2 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form one of the following dual graphs:

a)

b)

c)
d)

e)

f)

g)

Figure 9.7: Dual graph: (−KS)
2 = 1, A4 singularity, δP(S) = 15

11
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Then τ(E2) =
6
5 and the Zariski Decomposition of the divisor −KS − vE2 is:

a). P(v) =

−KS − vE2 − v
6(3E1 +4E3 +2E4) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +4E3 +2E4)− (v−1)(A2,1 +A2,2 +A2,3 +A2,4 +A2,5) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3E1 +4E3 +2E4) if v ∈ [0,1],
v
6(3E1 +4E3 +2E4)+(v−1)(A2,1 +A2,2 +A2,3 +A2,4 +A2,5) if v ∈

[
1, 6

5

]
.

b). P(v) =

−KS − vE2 − v
6(3E1 +4E3 +2E4) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +4E3 +2E4)− (v−1)(2A2,1 +B2 +A2,2 +A2,3 +A2,4) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3E1 +4E3 +2E4) if v ∈ [0,1],
v
6(3E1 +4E3 +2E4)+(v−1)(2A2,1 +B2 +A2,2 +A2,3 +A2,4) if v ∈

[
1, 6

5

]
.

c). P(v) =

−KS − vE2 − v
6(3E1 +4E3 +2E4) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +4E3 +2E4)− (v−1)(2A2,1 +B2,1 +2A2,2 +B2,2 +A2,3) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3E1 +4E3 +2E4) if v ∈ [0,1],
v
6(3E1 +4E3 +2E4)+(v−1)(2A2,1 +B2,1 +2A2,2 +B2,2 +A2,3) if v ∈

[
1, 6

5

]
.

d). P(v) =

−KS − vE2 − v
6(3E1 +4E3 +2E4) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +4E3 +2E4)− (v−1)(3A2,1 +2B2 +C2 +2A2,2 +A2,3) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3E1 +4E3 +2E4) if v ∈ [0,1],
v
6(3E1 +4E3 +2E4)+(v−1)(3A2,1 +2B2 +C2 +A2,2 +A2,3) if v ∈

[
1, 6

5

]
.

e). P(v) =

−KS − vE2 − v
6(3E1 +4E3 +2E4) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +4E3 +2E4)− (v−1)(3A2,1 +2B2,1 +C2,1 +2A2,2 +B2,2) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3E1 +4E3 +2E4) if v ∈ [0,1],
v
6(3E1 +4E3 +2E4)+(v−1)(3A2,1 +2B2,1 +C2,1 +2A2,2 +B2,2) if v ∈

[
1, 6

5

]
,

f). P(v) =

−KS − vE2 − v
6(3E1 +4E3 +2E4) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +4E3 +2E4)− (v−1)(4A2,1 +3B2 +2C2 +D2 +A2,2) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3E1 +4E3 +2E4) if v ∈ [0,1],
v
6(3E1 +4E3 +2E4)+(v−1)(4A2,1 +3B2 +2C2 +D2 +A2,2) if v ∈

[
1, 6

5

]
.

g). P(v) =

−KS − vE2 − v
6(3E1 +4E3 +2E4) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +4E3 +2E4)− (v−1)(5A2 +4B2 +3C2 +2D2 +F2) if v ∈

[
1, 6

5

]
.

N(v) =

 v
6(3E1 +4E3 +2E4) if v ∈ [0,1],
v
6(3E1 +4E3 +2E4)+(v−1)(5A2 +4B2 +3C2 +2D2 +F2) if v ∈

[
1, 6

5

]
.
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The Zariski Decomposition in part a). follows from

−KS − vE2 ∼R

(6
5
− v
)

E2 +
1
5

(
3E1 +4E3 +2E4 +A2,1 +A2,2 +A2,3 +A2,4 +A2,5

)
.

A similar statement holds in other parts. Moreover,

(P(v))2 =

1− 5v2

6 if v ∈ [0,1],
(6−5v)2

6 if v ∈
[
1, 6

5

]
.

P(v) ·E2 =

5v
6 if v ∈ [0,1],

3(1− v) if v ∈
[
1, 6

5

]
.

We have SS(E2) =
11
15 . Thus, δP(S)≤ 15

11 for P ∈ E2\E3. Moreover, if P ∈ E2∩E1 or if P ∈ E2\E1

for such points we have

h(v)≤

55v2

72 if v ∈ [0,1],
5(5v−6)(19v−30)

72 if v ∈
[
1, 6

5

]
.

or h(v)≤

25v2

72 if v ∈ [0,1],
25(5v−6)(6−7v)

72 if v ∈
[
1, 6

5

]
.

Thus, S(W E2•,•;P)≤ 29
45 <

11
15 or S(W E2•,•;P)1

3 <
11
15 . We get δP(S) = 15

11 for P ∈ (E1∪E2)\(E1∩E2).

Step 3. Suppose P ∈ E1 ∪E4. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor

−KS − vE1 ∼C+(1− v)E1 +E2 +E3 +E4 is given by:

P(v) =

−KS − vE1 − v
4(3E2 +2E3 +E4) if v ∈

[
0, 4

5

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)E3 − (4v−3)E4 − (5v−4)C if v ∈
[4

5 ,1
]
.

N(v) =

 v
4(3E2 +2E3 +E4) if v ∈

[
0, 4

5

]
,

(2v−1)E2 +(3v−2)E3 +(4v−3)E4 +(5v−4)C if v ∈
[4

5 ,1
]
.

Moreover,

(P(v))2 =

1− 5v2

4 if v ∈
[
0, 4

5

]
,

5(v−1)2 if v ∈
[4

5 ,1
]
.

P(v) ·E1 =

5v
4 if v ∈

[
0, 4

5

]
,

5(1− v) if v ∈
[4

5 ,1
]
.

We have SS(E1) =
3
5 Thus, δP(S)≤ 5

3 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

25v2

32 if v ∈
[
0, 4

5

]
,

5(1−v)(5v−3)
2 if v ∈

[4
5 ,1
]
.

Thus, S(W E1•,•;P)≤ 2
5 <

3
5 . We get δP(S) = 5

3 for P∈ (E1∪E4)\(E2∪E3). Thus, δP(X) = 4
3 .
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A5 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A5 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 6
5 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface

of degree 1. Suppose C is a strict transform of C on S and E1, E2, E3, E4 and E5 are the

exceptional divisors with the intersection:

Figure 9.8: Dual graph: (−KS)
2 = 1, A5 singularity

We have −KS ∼C+E1 +E2 +E3 +E4 +E5. Let P be a point on S.

Step 1. Suppose P ∈ E3. If we contract the curve C the resulting surface is isomorphic to a

weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-
curves and (−2)-curves which form one of the following dual graphs:

a) b)

Figure 9.9: Dual graph: (−KS)
2 = 1, A5 singularity, δP(S) = 6

5

Then τ(E3) =
3
2 and the Zariski Decomposition of the divisor −KS − vE3 is:

a). P(v) =

−KS − vE3 − v
3(E1 +2E2 +2E4 +E5) if v ∈ [0,1],

−KS − vE3 − v
3(E1 +2E2 +2E4 +E5)− (v−1)(A3,1 +A3,2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(E1 +2E2 +2E4 +E5) if v ∈ [0,1],
v
3(E1 +2E2 +2E4 +E5)+(v−1)(A3,1 +A3,2) if v ∈

[
1, 3

2

]
.

b). P(v) =

−KS − vE3 − v
3(E1 +2E2 +2E4 +E5) if v ∈ [0,1],

−KS − vE3 − v
3(E1 +2E2 +2E4 +E5)− (v−1)(2A3 +B3) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(E1 +2E2 +2E4 +E5) if v ∈ [0,1],
v
3(E1 +2E2 +2E4 +E5)+(v−1)(2A3 +B3) if v ∈

[
1, 3

2

]
.

The Zariski Decomposition in part a). follows from

−KS − vE3 ∼R

(3
2
− v
)

E3 +
1
2

(
E1 +2E2 +2E4 +E5 +A3,1 +A3,2

)
.
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A similar statement holds in other parts. Moreover,

(P(v))2 =

1− 2v2

3 if v ∈ [0,1],
(3−2v)2

3 if v ∈
[
1, 3

2

]
.

P(v) ·E3 =

2v
3 if v ∈ [0,1],

2(1− 2v
3 ) if v ∈

[
1, 3

2

]
.

We have SS(E3) =
5
6 . Thus, δP(S) ≤ 6

5 for P ∈ E3. Moreover, if P ∈ E3 ∩ (E2 ∪E4) or if P ∈
E3\(E2 ∪E4) we have

h(v)≤

2v2

3 if v ∈ [0,1],
2(3−2v)

3 if v ∈
[
1, 3

2

]
.

or h(v)≤

2v2

9 if v ∈ [0,1],
2(3−2v)(4v−3)

9 if v ∈
[
1, 3

2

]
.

Thus, S(W E3•,•;P)≤ 7
9 < 5

6 or S(W E3•,•;P)≤ 1
3 < 5

6 . We get δP(S) = 6
5 for P ∈ E3.

Step 2. Suppose P ∈ E2 ∪E4. Without loss of generality we can assume that P ∈ E2 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form one of the following dual graphs:

a)
b) c)

Figure 9.10: Dual graph: (−KS)
2 = 1, A5 singularity, δP(S) = 9

7

Then τ(E2) =
4
3 and the Zariski Decomposition of the divisor −KS − vE2 is:

a). P(v) =

−KS − vE2 − v
4(2E1 +3E3 +2E4 +E5) if v ∈ [0,1],

−KS − vE2 − v
4(2E1 +3E3 +2E4 +E5)− (v−1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(2E1 +3E3 +2E4 +E5) if v ∈ [0,1],
v
4(2E1 +3E3 +2E4 +E5)+(v−1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 4

3

]
.

b). P(v) =

−KS − vE2 − v
4(2E1 +3E3 +2E4 +E5) if v ∈ [0,1],

−KS − vE2 − v
4(2E1 +3E3 +2E4 +E5)− (v−1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(2E1 +3E3 +2E4 +E5) if v ∈ [0,1],
v
4(2E1 +3E3 +2E4 +E5)+(v−1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 4

3

]
.

c). P(v) =

−KS − vE2 − v
4(2E1 +3E3 +2E4 +E5) if v ∈ [0,1],

−KS − vE2 − v
4(2E1 +3E3 +2E4 +E5)− (v−1)(3A2 +B2 +C2) if v ∈

[
1, 4

3

]
.
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N(v) =

 v
4(2E1 +3E3 +2E4 +E5) if v ∈ [0,1],
v
4(2E1 +3E3 +2E4 +E5)+(v−1)(3A2 +B2 +C2) if v ∈

[
1, 4

3

]
.

The Zariski Decomposition in part a). follows from

−KS − vE2 ∼R

(4
3
− v
)

E2 +
1
3

(
2E1 +3E3 +2E4 +E5 +A2,1 +A2,2 +A2,3

)
.

A similar statement holds in other parts. Moreover,

(P(v))2 =

1− 3v2

4 if v ∈ [0,1],
(4−3v)2

4 if v ∈
[
1, 4

3

]
.

P(v) ·E2 =

3v
4 if v ∈ [0,1],

3(1− 3v
4 ) if v ∈

[
1, 4

3

]
.

We have SS(E2) =
7
9 . Thus, δP(S)≤ 9

7 for P∈E2. Moreover, if P∈E2∩E1 or if P∈E2\(E1∪E3)

we have

h(v)≤

21v2

32 if v ∈ [0,1],
3(3v−4)(5v−12)

32 if v ∈
[
1, 4

3

]
.

or h(v)≤

9v2

32 if v ∈ [0,1],
9(3v−4)(4−5v)

32 if v ∈
[
1, 4

3

]
.

Thus, S(W E2•,•;P)≤ 23
36 < 7

9 or S(W E2•,•;P)≤ 1
3 < 7

9 . We get δP(S) = 9
7 for P ∈ (E2 ∪E4)\E3.

Step 3. Suppose P ∈ E1 ∪E5. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor

−KS − vE1 ∼C+(1− v)E1 +E2 +E3 +E4 +E5 is given by:

P(v) =

−KS − vE1 − v
5(4E2 +3E3 +2E4 +E5) if v ∈

[
0, 5

6

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)E3 − (4v−3)E4 − (5v−4)E5 − (6v−5)C if v ∈
[5

6 ,1
]
.

N(v) =

 v
5(4E2 +3E3 +2E4 +E5) if v ∈

[
0, 5

6

]
,

(2v−1)E2 +(3v−2)E3 +(4v−3)E4 +(5v−4)E5 +(6v−5)C if v ∈
[5

6 ,1
]
.

Moreover,

(P(v))2 =

1− 6v2

5 if v ∈
[
0, 5

6

]
,

6(v−1)2 if v ∈
[5

6 ,1
]
.

P(v) ·E1 =

6v
5 if v ∈

[
0, 5

6

]
,

6(1− v) if v ∈
[5

6 ,1
]
.

We have SS(E1) =
11
18 . Thus, δP(S)≤ 18

11 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

18v2

25 if v ∈
[
0, 5

6

]
,

6(1− v)(3v−2) if v ∈
[5

6 ,1
]
.
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Thus, S(W E1•,•;P)≤ 7
18 < 11

18 . We get δP(S) = 18
11 for P ∈ (E1 ∪E5)\(E2 ∪E4).

Thus, δP(X) = 6
5 .

A6 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A6 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 9
8 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E6 and E7 are the

exceptional divisors with the intersection:

Figure 9.11: Dual graph: (−KS)
2 = 1, A6 singularity

We have −KS ∼C+E1 +E2 +E3 +E4 +E5 +E6. Let P be a point on S.

Step 1. Suppose P ∈ E3 ∪E4. Without loss of generality we can assume that P ∈ E3 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form the following dual graph:

Figure 9.12: Dual graph: (−KS)
2 = 1, A6 singularity, δP(S) = 9

8

Then τ(E3) =
3
2 and the Zariski Decomposition of the divisor −KS − vE3 is:

P(v) =


−KS − vE3 − v

12(4E1 +8E2 +9E4 +6E5 +3E6) if v ∈ [0,1],

−KS − vE3 − v
12(4E1 +8E2 +9E4 +6E5 +3E6)− (v−1)A3 if v ∈

[
1, 4

3

]
,

−KS − vE3 − v
3(E1 +2E2)− (v−1)(3E4 +2E5 +E6 +A3)− (3v−4)A4 if v ∈

[4
3 ,

3
2

]
.

N(v) =


v

12(4E1 +8E2 +9E4 +6E5 +3E6) if v ∈ [0,1],
v

12(4E1 +8E2 +9E4 +6E5 +3E6)+(v−1)A3 if v ∈
[
1, 4

3

]
,

v
3(E1 +2E2)+(v−1)(3E4 +2E5 +E6 +A3)+(3v−4)A4 if v ∈

[4
3 ,

3
2

]
.

The Zariski Decomposition in part a). follows from

−KS − vE3 ∼R

(3
2
− v
)

E3 +
1
2

(
E1 +2E2 +3E4 +2E5 +E6 +A3 +A4

)
.
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Moreover,

(P(v))2 =


1− 7v2

12 if v ∈ [0,1],

2−2v+ 5v2

12 if v ∈
[
1, 4

3

]
,

2(3−2v)2

3 if v ∈
[4

3 ,
3
2

]
.

P(v) ·E3 =


7v
12 if v ∈ [0,1],

1− 5v
12 if v ∈

[
1, 4

3

]
,

4(1− 2v
3 ) if v ∈

[4
3 ,

3
2

]
.

We have SS(E3) =
8
9 . Thus, δP(S)≤ 9

8 for P ∈ E3. Moreover, if P ∈ E3 ∩A3 or if P ∈ E3 ∩E2 or

if P ∈ E3\(E2 ∪A3) we have

h(v)≤


49v2

288 if v ∈ [0,1],
(12−5v)(19v−12)

288 if v ∈
[
1, 4

3

]
,

4(2v−3)(v−3)
9 if v ∈

[4
3 ,

3
2

]
.

or h(v)≤


161v2

288 if v ∈ [0,1],
(12−5v)(11v+12)

288 if v ∈
[
1, 4

3

]
,

8(2v−3)(v−3)
9 if v ∈

[4
3 ,

3
2

]
.

or h(v)≤


175v2

288 if v ∈ [0,1],
(12−5v)(13v+12)

288 if v ∈
[
1, 4

3

]
,

4(2v−3)(5v−3)
9 if v ∈

[4
3 ,

3
2

]
.

Thus, S(W E3•,•;P) ≤ 8
27 < 8

9 or S(W E3•,•;P) ≤ 29
36 < 8

9 or S(W E3•,•;P) ≤ 8
9 . We get δP(S) = 9

8 for

P ∈ E3 ∪E4.

Step 2. Suppose P ∈ E2 ∪E5. Without loss of generality we can assume that P ∈ E2 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form one of the following dual graphs:

a) b)

Figure 9.13: Dual graph: (−KS)
2 = 1, A6 singularity, δP(S) = 36

29

Then τ(E2) =
4
3 and the Zariski Decomposition of the divisor −KS − vE2 is:

a). P(v) =


−KS − vE2 − v

10(5E1 +8E3 +6E4 +4E5 +2E6) if v ∈ [0,1],

−KS − vE2 − v
10(5E1 +8E3 +6E4 +4E5 +2E6)− (v−1)(A2,1 +A2,2) if v ∈

[
1, 5

4

]
,

−KS − vE2 − v
2 E1 − (v−1)(4E3 +3E4 +2E5 +E6 +A2,1 +A2,2)− (4v−5)A3 if v ∈

[5
4 ,

4
3

]
.

N(v) =


v

10(5E1 +8E3 +6E4 +4E5 +2E6) if v ∈ [0,1],
v

10(5E1 +8E3 +6E4 +4E5 +2E6)+(v−1)(A2,1 +A2,2) if v ∈
[
1, 5

4

]
,

v
2 E1 +(v−1)(4E3 +3E4 +2E5 +E6 +A2,1 +A2,2)+(4v−5)A3 if v ∈

[5
4 ,

4
3

]
.
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b). P(v) =


−KS − vE2 − v

10(5E1 +8E3 +6E4 +4E5 +2E6) if v ∈ [0,1],

−KS − vE2 − v
10(5E1 +8E3 +6E4 +4E5 +2E6)− (v−1)(2A2 +B2) if v ∈

[
1, 5

4

]
,

−KS − vE2 − v
2 E1 − (v−1)(4E3 +3E4 +2E5 +E6 +2A2 +B2)− (4v−5)A3 if v ∈

[5
4 ,

4
3

]
.

N(v) =


v

10(5E1 +8E3 +6E4 +4E5 +2E6) if v ∈ [0,1],
v

10(5E1 +8E3 +6E4 +4E5 +2E6)+(v−1)(2A2 +B2) if v ∈
[
1, 5

4

]
,

v
2 E1 +(v−1)(4E3 +3E4 +2E5 +E6 +2A2 +B2)+(4v−5)A3 if v ∈

[5
4 ,

4
3

]
.

The Zariski Decomposition in part a). follows from

−KS − vE2 ∼R

(4
3
− v
)

E2 +
1
3

(
2E1 +4E3 +3E4 +2E5 +E6 +A2,1 +A2,2 +A3

)
.

A similar statement holds in other parts. Moreover,

(P(v))2 =


1− 7v2

10 if v ∈ [0,1],

3−4v+ 13v2

10 if v ∈
[
1, 5

4

]
,

(4−3v)2

2 if v ∈
[5

4 ,
4
3

]
.

P(v) ·E2 =


7v
10 if v ∈ [0,1],

2− 13v
10 if v ∈

[
1, 5

4

]
,

3(2− 3v
2 ) if v ∈

[5
4 ,

4
3

]
.

We have SS(E2) =
29
36 . Thus, δP(S)≤ 36

29 for P ∈ E2. Moreover, if P ∈ E2∩E1 or if P ∈ E2\(E1∪
E3) we have

h(v)≤


119v2

200 if v ∈ [0,1],
(13v−20)(3v−20)

200 if v ∈
[
1, 5

4

]
,

3(3v−4)(7v−12)
8 if v ∈

[5
4 ,

4
3

]
.

or h(v)≤


49v2

200 if v ∈ [0,1],
(13v−20)(27v−20)

200 if v ∈
[
1, 5

4

]
,

3(3v−4)(v−4)
8 if v ∈

[5
4 ,

4
3

]
.

Thus S(W E2•,•;P)≤ 29
45 < 29

36 or S(W E2•,•;P)≤ 23
72 < 29

36 . We get δP(S) = 36
29 for P ∈ (E2∪E5)\(E3∪

E4).
Step 3. Suppose P ∈ E1 ∪E6. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor
−KS − vE1 ∼C+(1− v)E1 +E2 +E3 +E4 +E5 +E6 is given by:

P(v) =

−KS − vE1 − v
6(5E2 +4E3 +3E4 +2E5 +E6) if v ∈

[
0, 6

7

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)E3 − (4v−3)E4 − (5v−4)E5 − (6v−5)E6 − (7v−6)C if v ∈
[6

7 ,1
]
.

N(v) =

 v
6(5E2 +4E3 +3E4 +2E5 +E6) if v ∈

[
0, 6

7

]
,

(2v−1)E2 +(3v−2)E3 +(4v−3)E4 +(5v−4)E5 +(6v−5)E6 +(7v−6)C if v ∈
[6

7 ,1
]
.
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Moreover,

(P(v))2 =

1− 7v2

6 if v ∈
[
0, 6

7

]
,

7(v−1)2 if v ∈
[6

7 ,1
]
.

P(v) ·E1 =

7v
6 if v ∈

[
0, 6

7

]
,

7(1− v) if v ∈
[6

7 ,1
]
.

We have SS(E1) =
13
21 . Thus, δP(S)≤ 21

13 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

49v2

72 if v ∈
[
0, 6

7

]
,

7(1−v)(7v−5)
2 if v ∈

[6
7 ,1
]
.

Thus S(W E1•,•;P)≤ 8
21 < 13

21 . We get δP(S) = 21
13 for P ∈ (E1 ∪E6)\(E2 ∪E5).

Thus, δP(X) = 9
8 .

A7 singularity & reducible ramification divisor on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A7 singularity at point P . X can

be realized as the double cover X 2:1−→ P(1,1,2), which is ramified along a sextic curve R ∈
P(1,1,2). Suppose R is reducible. Let C be a curve in the pencil |−KX | that contains P . Then

δP(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E5, E6 and E7 are the

exceptional divisors with the intersection:

Figure 9.14: Dual graph: (−KS)
2 = 1, A7 singularity (reducible ramification divisor)

We have −KS ∼C+E1+E2+E3+E4+E5+E6+E7. Let P be a point on S. If the ramification

divisor R is reducible, then this implies the existence of a (−1)-curve A4 which intersects the

fundamental cycle only at E4 and this intersection is transversal.

Step 1. Suppose P ∈ E4. If we contract the curve C the resulting surface is isomorphic to a

weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-
curves and (−2)-curves which form the following dual graph:

Figure 9.15: Dual graph: (−KS)
2 = 1, A7 singularity, δP(S) = 1
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Then τ(E4) = 2 and the Zariski Decomposition of the divisor −KS − vE4 is:

P(v) =

−KS − vE4 − v
4(E1 +2E2 +3E3 +3E5 +2E6 +E7) if v ∈ [0,1],

−KS − vE4 − v
4(E1 +2E2 +3E3 +3E5 +2E6 +E7)− (v−1)A4 if v ∈ [1,2].

N(v) =

 v
4(E1 +2E2 +3E3 +3E5 +2E6 +E7) if v ∈ [0,1],
v
4(E1 +2E2 +3E3 +3E5 +2E6 +E7)+(v−1)A4 if v ∈ [1,2].

The Zariski Decomposition follows from

−KS − vE4 ∼R (2− v)E4 +
1
4

(
E1 +2E2 +3E3 +3E5 +2E6 +E7 +4A4

)
.

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E4 =

 v
2 if v ∈ [0,1],

1− v
2) if v ∈ [1,2].

We have SS(E4) = 1. Thus, δP(S) ≤ 1 for P ∈ E4. Moreover, if P ∈ E4 ∩ (E3 ∪E5) or if P ∈
E4\(E3 ∪E5) we have

h(v)≤

v2

2 if v ∈ [0,1],
(2−v)(v+1)

4 if v ∈ [1,2].
or h(v)≤

v2

8 if v ∈ [0,1],
(2−v)(3v−2)

8 if v ∈ [1,2].

Thus S(W E4•,•;P)≤ 11
12 < 1 or S(W E4•,•;P)≤ 1

3 < 1. We get δP(S) = 1 for P ∈ E4.

Step 2. Suppose P ∈ E3 ∪E5. Without loss of generality we can assume that P ∈ E3 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form the following dual graph:

Figure 9.16: Dual graph: (−KS)
2 = 1, A7 singularity, δP(S) = 12

11

Then τ(E3) =
3
2 and the Zariski Decomposition of the divisor −KS − vE3 is:

P(v) =

−KS − vE3 − v
15(5E1 +10E2 +12E4 +9E5 +6E6 +3E7) if v ∈

[
0, 5

4

]
,

−KS − vE3 − v
3(E1 +2E2)− (v−1)(4E4 +3E5 +2E6 +E7)− (4v−5)A4 if v ∈

[5
4 ,

3
2

]
.

N(v) =

 v
15(5E1 +10E2 +12E4 +9E5 +6E6 +3E7) if v ∈

[
0, 5

4

]
,

v
3(E1 +2E2)+(v−1)(4E4 +3E5 +2E6 +E7)+(4v−5)A4 if v ∈

[5
4 ,

3
2

]
.
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The Zariski Decomposition follows from

−KS − vE3 ∼R

(3
2
− v
)

E3 +
1
2

(
E1 +2E2 +4E4 +3E5 +2E6 +E7 +2A4

)
.

Moreover,

(P(v))2 =

1− 8v2

15 if v ∈
[
0, 5

4

]
,

2(3−2v)2

3 if v ∈
[5

4 ,
3
2

]
.

P(v) ·E3 =

 8v
15 if v ∈

[
0, 5

4

]
,

4(1− 2v
3 ) if v ∈

[5
4 ,

3
2

]
.

We have SS(E3) =
11
12 . Thus, δP(S)≤ 12

11 for P ∈ E3. Moreover, if P ∈ E3\E4 we have

h(v)≤

112v2

225 if v ∈
[
0, 5

4

]
,

8(2v−3)(v−3)
9 if v ∈

[5
4 ,

3
2

]
.

Thus, S(W E3•,•;P)≤ 5
6 < 11

12 . We get δP(S) = 12
11 for P ∈ (E3 ∪E5)\E4.

Step 3. Suppose P ∈ E2 ∪E6. Without loss of generality we can assume that P ∈ E2 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form one of the following dual graphs:

a) b)

Figure 9.17: Dual graph: (−KS)
2 = 1, A7 singularity, δP(S) = 6

5

Then τ(E2) =
3
2 and the Zariski Decomposition of the divisor −KS − vE2 is:

a). P(v) =

−KS − vE2 − v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7)− (v−1)(A2,1 +A2,2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],
v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7)+(v−1)(A2,1 +A2,2) if v ∈

[
1, 3

2

]
.

b). P(v) =

−KS − vE2 − v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7)− (v−1)(2A2 +B2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],
v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7)+(v−1)(2A2 +B2) if v ∈

[
1, 3

2

]
.
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The Zariski Decomposition follows from

−KS − vE2 ∼R

(3
2
− v
)

E2 +
1
4

(
3E1 +5E3 +4E4 +3E5 +2E6 +E7 +2A2,1 +2A2,2

)
.

Moreover,

(P(v))2 =

1− 2v2

3 if v ∈ [0,1],
(3−2v)2

3 if v ∈
[
1, 3

2

]
.

P(v) ·E2 =

2v
3 if v ∈ [0,1],

2(1− 2v
3 ) if v ∈

[
1, 3

2

]
.

We have SS(E2) =
5
6 . Thus, δP(S)≤ 6

5 for P∈E2. Moreover, if P∈E2∩E1 or if P∈E2\(E1∪E3)

we have

h(v)≤

5v2

9 if v ∈ [0,1],
(2v−3)(v−6)

9 if v ∈
[
1, 3

2

]
.

or h(v)≤

2v2

9 if v ∈ [0,1],
2(3−2v)(4v−3)

9 if v ∈
[
1, 3

2

]
.

Thus S(W E2•,•;P)≤ 23
36 < 5

6 or S(W E2•,•;P)≤ 1
3 < 5

6 . We get δP(S) = 6
5 for P ∈ (E2∪E6)\(E1∪E7).

Step 4. Suppose P ∈ E1 ∪E7. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor
−KS − vE1 is given by:

P(v) =

−KS − vE1 − v
7 (6E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈

[
0, 7

8

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)E3 − (4v−3)E4 − (5v−4)E5 − (6v−5)E6 − (7v−6)E7 − (8v−7)C if v ∈
[ 7

8 ,1
]
.

N(v) =

 v
7 (6E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈

[
0, 7

8

]
,

(2v−1)E2 +(3v−2)E3 − (4v−3)E4 +(5v−4)E5 +(6v−5)E6 +(7v−6)C if v ∈
[ 7

8 ,1
]
.

Moreover,

(P(v))2 =

1− 8v2

7 if v ∈
[
0, 7

8

]
,

8(v−1)2 if v ∈
[7

8 ,1
]
.

P(v) ·E1 =

8v
7 if v ∈

[
0, 7

8

]
,

8(1− v) if v ∈
[7

8 ,1
]
.

We have SS(E1) =
5
8 . Thus, δP(S)≤ 8

5 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

32v2

49 if v ∈
[
0, 7

8

]
,

8(1− v)(3v−4) if v ∈
[7

8 ,1
]

Thus, S(W E1•,•;P)≤ 13
96 <

5
8 . We get δP(S)= 8

5 for P∈ (E1∪E7)\(E2∪E6). Thus, δP(X)= 1.
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A7 singularity & irreducible ramification divisor on Du Val Del Pezzo surfaces of degree

1

Let X be a singular del Pezzo surface of degree 1 with an A7 singularity at point P . X can

be realized as the double cover X 2:1−→ P(1,1,2), which is ramified along a sextic curve R ∈
P(1,1,2). Suppose R is irreducible. Let C be a curve in the pencil | −KX | that contains P .

Then δP(X) = 18
17 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E5, E6 and E7 are the

exceptional divisors with the intersection: We have −KS ∼C+E1+E2+E3+E4+E5+E6+E7.

Figure 9.18: Dual graph: (−KS)
2 = 1, A7 singularity (irreducible ramification divisor)

Let P be a point on S. If the ramification divisor R is reducible, then this implies that there is no

(−1)-curve that intersects the fundamental cycle only at E4.

Step 1. Suppose P ∈ E4. If we contract the curve C the resulting surface is isomorphic to a

weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-
curves and (−2)-curves which form the following dual graph:

Figure 9.19: Dual graph: (−KS)
2 = 1, A7 singularity, δP(S) = 18

17 (1)

Then τ(E4) =
3
2 and the Zariski Decomposition of the divisor −KS − vE4 is:

P(v) =

−KS − vE4 − v
4(E1 +2E2 +3E3 +3E5 +2E6 +E7) if v ∈

[
0, 4

3

]
,

−KS − vE4 − (v−1)(E1 +2E2 +3E3 +3E5 +2E6 +E7)− (3v−4)A3 if v ∈
[4

3 ,
3
2

]
.

N(v) =

 v
4(E1 +2E2 +3E3 +3E5 +2E6 +E7) if v ∈

[
0, 4

3

]
,

(v−1)(E1 +2E2 +3E3 +3E5 +2E6 +E7)+(3v−4)A3 if v ∈
[4

3 ,
3
2

]
.

The Zariski Decomposition follows from

−KS − vE4 ∼R

(3
2
− v
)

E4 +
1
2

(
E1 +2E2 +3E3 +3E5 +2E6 +E7 +2A3

)
.
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Moreover,

(P(v))2 =

1− v2

2 if v ∈
[
0, 4

3

]
,

(3−2v)2 if v ∈
[4

3 ,
3
2

]
.

P(v) ·E4 =

 v
2 if v ∈

[
0, 4

3

]
,

2(3−2v) if v ∈
[4

3 ,
3
2

]
.

We have SS(E4) =
17
18 . Thus, δP(S)≤ 18

17 for P ∈ E4. Moreover, if P ∈ E4 we have

h(v)≤

v2

2 if v ∈
[
0, 4

3

]
,

2(3−2v)v if v ∈
[4

3 ,
3
2

]
Thus S(W E2•,•;P)≤ 17

18 . We get δP(S) = 18
17 for P ∈ E4.

Step 2. Suppose P ∈ E3 ∪E5. Without loss of generality we can assume that P ∈ E3 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form the following dual graph:

Figure 9.20: Dual graph: (−KS)
2 = 1, A7 singularity, δP(S) = 18

17 (2)

Then τ(E3) =
5
3 and the Zariski Decomposition of the divisor −KS − vE3 is:

P(v) =


−KS − vE3 − v

15(5E1 +10E2 +12E4 +9E5 +6E6 +3E7) if v ∈ [0,1],

−KS − vE3 − v
15(5E1 +10E2 +12E4 +9E5 +6E6 +3E7)− (v−1)A3 if v ∈

[
1, 3

2

]
,

−KS − vE3 − (v−1)(E1 +2E2 +A3)− v
5(4E4 +3E5 +2E6 +E7)− (2v−3)A2 if v ∈

[3
2 ,

5
3

]
.

N(v) =


v

15(5E1 +10E2 +12E4 +9E5 +6E6 +3E7) if v ∈ [0,1],
v

15(5E1 +10E2 +12E4 +9E5 +6E6 +3E7)+(v−1)A3 if v ∈
[
1, 3

2

]
,

(v−1)(E1 +2E2 +A3)+
v
5(4E4 +3E5 +2E6 +E7)+(2v−3)A2 if v ∈

[3
2 ,

5
3

]
.

The Zariski Decomposition follows from

−KS − vE3 ∼R

(5
3
− v
)

E3 +
1
3

(
2E1 +4E2 +2A3 +4E4 +3E5 +2E6 +E7 +2A2

)
.



9.1. Finding δ -invariants for degree 1 217

Moreover,

(P(v))2 =


1− 8v2

15 if v ∈ [0,1],

2−2v+ 7v2

15 if v ∈
[
1, 3

2

]
,

(5−3v)2

5 if v ∈
[3

2 ,
5
3

]
.

P(v) ·E3 =


8v
15 if v ∈ [0,1],

1− 7v
15 if v ∈

[
1, 3

2

]
,

3(1− 3v
5 ) if v ∈

[3
2 ,

5
3

]
.

We have SS(E3) =
17
18 . Thus, δP(S)≤ 18

17 for P ∈ E3. Moreover, if P ∈ E3 ∩A3 or if P ∈ E3 ∩E2

we have

h(v)≤


32v2

225 if v ∈ [0,1],
(15−7v)(23v−15)

450 if v ∈
[
1, 3

2

]
,

3(5−3v)(v+5)
50 if v ∈

[3
2 ,

5
3

]
.

or h(v)≤


112v2

225 if v ∈ [0,1],
(15−7v)(13v+15)

450 if v ∈
[
1, 3

2

]
,

3(5−3v)(11v−5)
50 if v ∈

[3
2 ,

5
3

]
.

Thus S(W E3•,•;P)≤ 14
45 < 17

18 or S(W E3•,•;P)≤ 37
45 < 17

18 . We get δP(S) = 18
17 for P ∈ (E3 ∪E5)\E4.

Step 3. Suppose P ∈ E2 ∪E6. Without loss of generality we can assume that P ∈ E2 since the

proof is similar in other cases. Then τ(E2) =
4
3 and the Zariski Decomposition of the divisor

−KS − vE2 is:

P(v) =


−KS − vE2 − v

6(3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],

−KS − vE2 − v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7)− (v−1)A2 if v ∈

[
1, 6

5

]
,

−KS − vE2 − v
2E1 − (v−1)(5E3 +4E4 +3E5 +2E6 +E7 +A2)− (5v−6)A3 if v ∈

[6
5 ,

4
3

]
.

N(v) =


v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],
v
6(3E1 +5E3 +4E4 +3E5 +2E6 +E7)+(v−1)A2 if v ∈

[
1, 6

5

]
,

v
2E1 +(v−1)(5E3 +4E4 +3E5 +2E6 +E7 +A2)+(5v−6)A3 if v ∈

[6
5 ,

4
3

]
.

Moreover,

(P(v))2 =


1− 2v2

3 if v ∈ [0,1],

2−2v+ v2

3 if v ∈
[
1, 6

5

]
,

(4−3v)2

2 if v ∈
[6

5 ,
4
3

]
.

P(v) ·E2 =


2v
3 if v ∈ [0,1],

1− v
3 if v ∈

[
1, 6

5

]
,

3(2− 3v
2 ) if v ∈

[6
5 ,

4
3

]
.

The Zariski Decomposition follows from

−KS − vE2 ∼R

(4
3
− v
)

E2 +
1
3

(
2E1 +5E3 +4E4 +3E5 +2E6 +E7 +A2 +2A3

)
.
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We have SS(E2) =
37
45 . Thus, δP(S)≤ 45

37 for P ∈ E2. Moreover, if P ∈ E2∩E1 or if P ∈ E2\(E1∪
E3) we have

h(v)≤


5v2

9 if v ∈ [0,1],
(3−v)(2v+3)

18 if v ∈
[
1, 6

5

]
,

3(3v−4)(7v−12)
8 if v ∈

[6
5 ,

4
3

]
.

or h(v)≤


2v2

9 if v ∈ [0,1],
(3−v)(5v−3)

18 if v ∈
[
1, 6

5

]
,

3(3v−4)(5v−8)
8 if v ∈

[6
5 ,

4
3

]
.

Thus, S(W E2•,•;P)≤ 59
90 < 37

45 or S(W E2•,•;P)≤ 13
45 < 37

45 . We get δP(S) = 45
37 for P ∈ (E2∪E6)\(E3∪

E5).
Step 4. Suppose P ∈ E1 ∪E7. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor
−KS − vE1 ∼C+E1 +E2 +E3 +E4 +E5 +E6 +E7 is given by:

P(v) =

−KS − vE1 − v
7 (6E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈

[
0, 7

8

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)E3 − (4v−3)E4 − (5v−4)E5 − (6v−5)E6 − (7v−6)E7 − (8v−7)C if v ∈
[ 7

8 ,1
]
.

N(v) =

 v
7 (6E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈

[
0, 7

8

]
,

(2v−1)E2 +(3v−2)E3 +(4v−3)E4 +(5v−4)E5 +(6v−5)E6 +(7v−6)C if v ∈
[ 7

8 ,1
]
.

Moreover,

(P(v))2 =

1− 8v2

7 if v ∈
[
0, 7

8

]
,

8(v−1)2 if v ∈
[7

8 ,1
]
.

P(v) ·E1 =

8v
7 if v ∈

[
0, 7

8

]
,

8(1− v) if v ∈
[7

8 ,1
]
.

We have SS(E1) =
5
8 . Thus, δP(S)≤ 8

5 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

32v2

49 if v ∈
[
0, 7

8

]
,

8(1− v)(3v−4) if v ∈
[7

8 ,1
]

Thus, S(W E1•,•;P) ≤ 13
96 < 5

8 . We get δP(S) = 8
5 for P ∈ (E1 ∪E7)\(E2 ∪E6). Thus, δP(X) =

18
17 .

A8 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A8 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E5, E6, E7 and E8 are

the exceptional divisors with the intersection:

We have −KS ∼C+E1 +E2 +E3 +E4 +E5 +E6 +E7 +E8. Let P be a point on S.
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Figure 9.21: Dual graph: (−KS)
2 = 1, A8 singularity

Step 1. Suppose P ∈ E4 ∪E5. Without loss of generality we can assume that P ∈ E4 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form the following dual graph:

Figure 9.22: Dual graph: (−KS)
2 = 1, A8 singularity, δP(S) = 1

Then τ(E4) =
5
3 and the Zariski Decomposition of the divisor −KS − vE4 is:

P(v) =

−KS − vE4 − v
20(5E1 +10E2 +15E3 +16E5 +12E6 +8E7 +4E8) if v ∈

[
0, 4

3

]
,

−KS − vE4 − (v−1)(E1 +2E2 +3E3)− v
5(4E5 +3E6 +2E7 +E8)− (3v−4)A3 if v ∈

[4
3 ,

5
3

]
.

N(v) =

 v
20(5E1 +10E2 +15E3 +16E5 +12E6 +8E7 +4E8) if v ∈

[
0, 4

3

]
,

(v−1)(E1 +2E2 +3E3)+
v
5(4E5 +3E6 +2E7 +E8)+(3v−4)A3 if v ∈

[4
3 ,

5
3

]
.

The Zariski Decomposition follows from

−KS − vE4 ∼R

(5
3
− v
)

E4 +
1
3

(
2E1 +4E2 +6E3 +4E5 +3E6 +2E7 +E8 +3A3

)
.

Moreover,

(P(v))2 =

1− 9v2

20 if v ∈
[
0, 4

3

]
,

(5−3v)2

5 if v ∈
[4

3 ,
5
3

]
.

P(v) ·E4 =

 9v
20 if v ∈

[
0, 4

3

]
,

3(2− 3v
5 ) if v ∈

[4
3 ,

5
3

]
.

We have SS(E4) = 1. Thus, δP(S)≤ 1 for P ∈ E4. Moreover, if P ∈ E4 ∩E5 or if P ∈ E4\E5 we

have

h(v)≤

369v2

800 if v ∈
[
0, 4

3

]
,

3(3v−5)(v−15)
50 if v ∈

[4
3 ,

5
3

]
.

or h(v)≤

351v2

800 if v ∈
[
0, 4

3

]
,

9(3v−5)(5−7v)
50 if v ∈

[4
3 ,

5
3

]
.
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Thus, S(W E2•,•;P)≤ 1. We get δP(S) = 1 for P ∈ E4 ∪E5.

Step 2. Suppose P ∈ E3 ∪E5. Without loss of generality we can assume that P ∈ E3 since the

proof is similar in other cases. Then τ(E3) = 2 and the Zariski Decomposition of the divisor

−KS − vE3 is:

P(v) =

−KS − vE3 − v
6(2E1 +4E2 +5E4 +4E5 +3E6 +2E7 +E8) if v ∈ [0,1],

−KS − vE3 − v
6(2E1 +4E2 +5E4 +4E5 +3E6 +2E7 +E8)− (v−1)A3 if v ∈ [1,2].

N(v) =

 v
6(2E1 +4E2 +5E4 +4E5 +3E6 +2E7 +E8) if v ∈ [0,1],
v
6(2E1 +4E2 +5E4 +4E5 +3E6 +2E7 +E8)+(v−1)A3 if v ∈ [1,2].

The Zariski Decomposition follows from

−KS − vE3 ∼R (2− v)E3 +
1
3

(
2E1 +4E2 +5E4 +4E5 +3E6 +2E7 +E8

)
+A3.

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E3 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

We have SS(E3) = 1. Thus, δP(S)≤ 1 for P∈ E3. Moreover, if P∈ E4∩E2 or if P∈ E4\(E2∪E4)

we have

h(v)≤

11v2

24 if v ∈ [0,1],
(2−v)(5v+6)

24 if v ∈ [1,2].
or h(v)≤

v2

8 if v ∈ [0,1],
(2−v)(3v−2)

8 if v ∈ [1,2].

Thus, S(W E3•,•;P)≤ 5
6 < 1 or S(W E3•,•;P)≤ 1

3 < 1. We get δP(S) = 1 for P ∈ (E3∪E6)\(E4∪E5).
Step 3. Suppose P ∈ E2 ∪E7. Then τ(E2) =

4
3 and the Zariski Decomposition of the divisor

−KS − vE2 is:

P(v) =

−KS − vE2 − v
2 E1 − v

7(6E3 +5E4 +4E5 +3E6 +2E7 +E7) if v ∈
[
0, 7

6

]
,

−KS − vE2 − v
2 E1 − (v−1)(6E3 +5E4 +4E5 +3E6 +2E7 +E7)− (6v−7)A3 if v ∈

[7
6 ,

4
3

]
.

N(v) =

 v
2 E1 +

v
7(6E3 +5E4 +4E5 +3E6 +2E7 +E7) if v ∈

[
0, 7

6

]
,

v
2 E1 +(v−1)(6E3 +5E4 +4E5 +3E6 +2E7 +E7)+(6v−7)A3 if v ∈

[7
6 ,

4
3

]
.

The Zariski Decomposition follows from

−KS − vE2 ∼R

(4
3
− v
)

E2 +
1
3

(
2E1 +6E3 +5E4 +4E5 +3E6 +2E7 +E7 +3A3

)
.
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Moreover,

(P(v))2 =

1− 9v2

14 if v ∈
[
0, 7

6

]
,

(4−3v)2

2 if v ∈
[7

6 ,
4
3

]
.

P(v) ·E2 =

 9v
14 if v ∈

[
0, 7

6

]
,

3(1− 3v
2 ) if v ∈

[7
6 ,

4
3

]
.

We have SS(E2) =
5
6 . Thus, δP(S)≤ 6

5 for P ∈ E2. Moreover, if P ∈ E2\E3 we have

h(v)≤

207v2

392 if v ∈
[
0, 7

6

]
,

3(3v−4)(7v−12)
8 if v ∈

[7
6 ,

4
3

]
.

Thus

S(W E2
•,•;P)≤ 2

(∫ 7/6

0

207v2

392
dv+

∫ 4/3

7/6

3(3v−4)(7v−12)
8

dv
)
=

1
4
<

5
6

We get δP(S) = 6
5 for P ∈ (E2 ∪E7)\(E3 ∪E6).

Step 4. Suppose P ∈ E1 ∪E8. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor
−KS − vE1 ∼C+(1− v)E1 +E2 +E3 +E4 +E5 +E6 +E7 +E8 is given by:

P(v) =

−KS − vE1 − v
8 (7E2 +6E3 +5E4 +4E5 +3E6 +2E7 +E8) if v ∈

[
0, 8

9

]
,

−KS − vE1 − (2v−1)E2 − (3v−2)E3 − (4v−3)E4 − (5v−4)E5 − (6v−5)E6 − (7v−6)E7 − (8v−7)E8 − (9v−8)C if v ∈
[ 8

9 ,1
]
.

N(v) =

 v
8 (7E2 +6E3 +5E4 +4E5 +3E6 +2E7 +E8) if v ∈

[
0, 8

9

]
,

(2v−1)E2 +(3v−2)E3 +(4v−3)E4 +(5v−4)E5 +(6v−5)E6 +(7v−6)E8 +(9v−8)C if v ∈
[ 8

9 ,1
]
.

Moreover,

(P(v))2 =

1− 9v2

8 if v ∈
[
0, 8

9

]
,

9(v−1)2 if v ∈
[8

9 ,1
]
.

P(v) ·E1 =

9v
8 if v ∈

[
0, 8

9

]
,

9(1− v) if v ∈
[8

9 ,1
]
.

We have SS(E1) =
17
27 . Thus, δP(S)≤ 27

17 for P ∈ E1\E2. Moreover, for such points we have

h(v) =

81v2

128 if v ∈
[
0, 8

9

]
,

9(1−v)(9v−7)
2 if v ∈

[8
9 ,1
]
.

Thus, S(W E1•,•;P)≤ 10
27 < 17

27 . We get δP(S) = 27
17 for P ∈ (E1 ∪E8)\(E2 ∪E7).

Thus, δP(X) = 1.
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D4 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D4 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E, E1, E2 and E3 are the exceptional

divisors with the intersection:

Figure 9.23: Dual graph: (−KS)
2 = 1, D4 singularity

We have −KS ∼C+2E +E1 +E2 +E3. Let P be a point on S.

Step 1. Suppose P ∈ E. Then τ(E) = 2 and the Zariski decomposition of the divisor −KS −
vE ∼ (2− v)E +E1 +E2 +E3 +C is:

P(v) =

−KS − vE − v
2(E1 +E2 +E3) if v ∈ [0,1],

−KS − vE − v
2(E1 +E2 +E3)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(E1 +E2 +E3) if v ∈ [0,1],
v
2(E1 +E2 +E3)+(v−1)C if v ∈ [1,2].

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

We have SS(E) = 1 Thus, δP(S) ≤ 1 for P ∈ E. Moreover, if P ∈ E ∩ (E1 ∪E2 ∪E3) or if P ∈
E\(E1 ∪E2 ∪E3) we have

h(v)≤

3v2

8 if v ∈ [0,1],
(2−v)(2+v)

24 if v ∈ [1,2].
or h(v)≤

v2

8 if v ∈ [0,1],
(2−v)(3v−2)

8 if v ∈ [1,2].
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Thus, S(W E
•,•;P)≤ 2

3 < 1 or S(W E
•,•;P)≤ 1

3 < 1. We get δP(S) = 1 for P ∈ E.

Step 2. Suppose P ∈ E1∪E2∪E3. Without loss of generality we can assume that P ∈ E1 since

the proof is similar in other cases. Then τ(E1) = 1 and the Zariski decomposition of the divisor

−KS − vE1 ∼C+2E +(1− v)E1 +E2 +E3 is given by:

P(v) =−KS − vE1 −
v
2
(2E +E1 +E2) and N(v) =

v
2
(2E +E1 +E2) if v ∈ [0,1].

Moreover,

(P(v))2 = (1− v)(1+ v) and P(v) ·E1 = v if v ∈ [0,1].

We have SS(E1) =
2
3 . Thus, δP(S) ≤ 3

2 for P ∈ E1. Moreover, for E1\E such points we have

h(v) ≤ v2

2 if v ∈ [0,1]. Thus, S(W E1•,•;P) ≤ 1
3 < 2

3 . We get δP(S) = 3
2 for P ∈ (E1 ∪E2 ∪E3)\E.

Thus, δP(X) = 1.

D5 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D5 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 6
7 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface

of degree 1. Suppose C is a strict transform of C on S and E, E1, E2, E3 and E4 are the

exceptional divisors with the intersection:

Figure 9.24: Dual graph: (−KS)
2 = 1, D5 singularity

We have −KS ∼C+E1 +E2 +2E +2E3 +E4. Let P be a point on S.

Step 1. Suppose P ∈ E. Then τ(E) = 2 and the Zariski decomposition of the divisor −KS −
vE ∼ (2− v)E +E1 +E2 +2E3 +E4 +C is:

P(v) =

−KS − vE − v
6(3E1 +3E2 +4E3 +2E4) if v ∈

[
0, 3

2

]
,

−KS − vE − v
2(E1 +E2)− (v−1)(2E3 +E4)− (2v−3)C if v ∈

[3
2 ,2
]
.

N(v) =

 v
6(3E1 +3E2 +4E3 +2E4) if v ∈

[
0, 3

2

]
,

v
2(E1 +E2)+(v−1)(2E3 +E4)+(2v−3)C if v ∈

[3
2 ,2
]
.
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Moreover,

(P(v))2 =

1− v2

3 if v ∈
[
0, 3

2

]
,

(2− v)2 if v ∈
[3

2 ,2
]
.

P(v) ·E =

 v
3 if v ∈

[
0, 3

2

]
,

2− v if v ∈
[3

2 ,2
]
.

We have SS(E) = 7
6 . Thus, δP(S) ≤ 6

7 for P ∈ E. Moreover, if P ∈ E ∩ (E1 ∪ E2) or if P ∈
E\(E1 ∪E2) we have

h(v)≤

2v2

9 if v ∈
[
0, 3

2

]
,

2− v if v ∈
[3

2 ,2
]
.

or h(v)≤

5v2

18 if v ∈
[
0, 3

2

]
,

(2−v)(3v−2)
2 if v ∈

[3
2 ,2
]
.

Thus, S(W E
•,•;P)≤ 3

4 < 7
6 or S(W E

•,•;P)≤ 1 < 7
6 . We get δP(S) = 6

7 for P ∈ E.

Step 2. Suppose P ∈ E1 ∪E2. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form one of the following dual graphs:

a) b) c) d) e)

Figure 9.25: Dual graph: (−KS)
2 = 1, D5 singularity, δP(S) = 4

3

Then τ(E1) =
5
4 and the Zariski Decomposition of the divisor −KS − vE1 is:

a). P(v) =

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4)− (v−1)(A1,1 +A1,2 +A1,3 +A1,4) if v ∈

[
1, 5

4

]
.

N(v) =

 v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],
v
5(6E +3E2 +4E3 +2E4)+(v−1)(A1,1 +A1,2 +A1,3 +A1,4) if v ∈

[
1, 5

4

]
.

b). P(v) =

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4)− (v−1)(2A1,1 +B1 +A1,2 +A1,3) if v ∈

[
1, 5

4

]
.

N(v) =

 v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],
v
5(6E +3E2 +4E3 +2E4)+(v−1)(2A1,1 +B1 +A1,2 +A1,3) if v ∈

[
1, 5

4

]
.

c). P(v) =

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4)− (v−1)(2A1,1 +B1,1 +A1,2 +B1,2) if v ∈

[
1, 5

4

]
.
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N(v) =

 v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],
v
5(6E +3E2 +4E3 +2E4)+(v−1)(2A1,1 +B1,1 +A1,2 +B1,2) if v ∈

[
1, 5

4

]
.

d). P(v) =

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4)− (v−1)(3A1,1 +2B1 +C1 +A1,2) if v ∈

[
1, 5

4

]
.

N(v) =

 v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],
v
5(6E +3E2 +4E3 +2E4)+(v−1)(3A1,1 +2B1 +C1 +A1,2) if v ∈

[
1, 5

4

]
.

e). P(v) =

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],

−KS − vE1 − v
5(6E +3E2 +4E3 +2E4)− (v−1)(4A1,1 +3B1 +2C1 +D1) if v ∈

[
1, 5

4

]
.

N(v) =

 v
5(6E +3E2 +4E3 +2E4) if v ∈ [0,1],
v
5(6E +3E2 +4E3 +2E4)+(v−1)(4A1,1 +3B1 +2C1 +D1) if v ∈

[
1, 5

4

]
.

The Zariski Decomposition in part a). follows from

−KS − vE1 ∼R

(5
4
− v
)

E1 +
1
4

(
6E +3E2 +4E3 +2E4 +A1,1 +A1,2 +A1,3 +A1,4

)
.

A similar statement holds in other parts. Moreover,

(P(v))2 =

1− 4v2

5 if v ∈ [0,1],
(5−4v)2

5 if v ∈
[
1, 5

4

]
.

P(v) ·E1 =

4v
5 if v ∈ [0,1],

4(1− 4v
5 ) if v ∈

[
1, 5

4

]
.

We have SS(E1) =
3
4 . Thus, δP(S)≤ 4

3 for P ∈ E1. Moreover, if P ∈ E1\E we have

h(v)≤

8v2

25 if v ∈ [0,1],
4(5−4v)(7v−5)

25 if v ∈
[
1, 5

4

]
.

Thus, S(W E1•,•;P)≤ 19
60 < 3

4 . We get δP(S) = 4
3 for P ∈ (E1 ∪E2)\E.

Step 3. Suppose P ∈ E3. Then τ(E3) = 2 and the Zariski decomposition of the divisor −KS −
vE3 ∼C+E1 +E2 +2E +(2− v)E3 +E4 is:

P(v) =

−KS − vE3 − v
2(E4 +2E +E1 +E2) if v ∈ [0,1],

−KS − vE3 − v
2(E4 +2E +E1 +E2)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(E4 +2E +E1 +E2) if v ∈ [0,1],
v
2(E4 +2E +E1 +E2)+(v−1)C if v ∈ [1,2].
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Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E3 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 1 for P ∈ E3\E.

Step 4. Suppose P ∈ E4. Then τ(E4) = 1 and the Zariski decomposition of the divisor −KS −
vE4 ∼C+E1 +E2 +2E +2E3 +(1− v)E4 is given by:

P(v) =−KS − vE4 −
v
2
(2E3 +2E +E1 +E2) and N(v) =

v
2
(2E3 +2E +E1 +E2) if v ∈ [0,1].

Moreover,

(P(v))2 = (1− v)(1+ v) and P(v) ·E4 = v if v ∈ [0,1].

Now we apply the computation from Section 9.1 (Step 2.) and get that δP(S) = 3
2 for P∈E4\E3.

Thus, δP(X) = 6
7 .

D6 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D6 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 3
4 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface

of degree 1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4 and E5 are the

exceptional divisors with the intersection:

Figure 9.26: Dual graph: (−KS)
2 = 1, D6 singularity

We have −KS ∼C+E1 +E2 +2E +2E3 +2E4 +E5. Let P be a point on S.

Step 1. Suppose P ∈ E. Then τ(E) = 2 and the Zariski decomposition of the divisor −KS −
vE ∼C+E1 +E2 +(2− v)E +2E3 +2E4 +E5 is given by:

P(v) =−KS − vE − v
4
(2E1 +2E2 +3E3 +2E4 +E5) if v ∈ [0,2].

N(v) =
v
4
(2E1 +2E2 +3E3 +2E4 +E5) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(2+ v)

4
P(v) ·E =

v
4

and if v ∈ [0,2].
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We have SS(E) = 4
3 . Thus, δP(S) ≤ 3

4 for P ∈ E. Moreover, for such points we have h(v) ≤
7v2

32 if v ∈ [0,2]. Thus, S(W E
•,•;P)≤ 7

6 < 4
3 . We get δP(S) = 3

4 for P ∈ E.

Step 2. Suppose P ∈ E1 ∪E2. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form one of the following dual graphs:

a) a') b) b')

Figure 9.27: Dual graph: (−KS)
2 = 1, D6 singularity, δP(S) = 6

5

Then τ(E1) =
3
2 and the Zariski Decomposition of the divisor −KS − vE1 is:

a, a’). P(v) =

−KS − vE1 − v
3(4E +2E2 +3E3 +2E4 +E5) if v ∈ [0,1],

−KS − vE1 − v
3(4E +2E2 +3E3 +2E4 +E5)− (v−1)(A1,1 +A1,2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(4E +2E2 +3E3 +2E4 +E5) if v ∈ [0,1],
v
3(4E +2E2 +3E3 +2E4 +E5)+(v−1)(A1,1 +A1,2) if v ∈

[
1, 3

2

]
.

b, b’). P(v) =

−KS − vE1 − v
3(4E +2E2 +3E3 +2E4 +E5) if v ∈ [0,1],

−KS − vE1 − v
3(4E +2E2 +3E3 +2E4 +E5)− (v−1)(2A1,1 +B1) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(4E +2E2 +3E3 +2E4 +E5) if v ∈ [0,1],
v
3(4E +2E2 +3E3 +2E4 +E5)+(v−1)(2A1,1 +B1) if v ∈

[
1, 3

2

]
.

The Zariski Decomposition in part a). follows from

−KS − vE1 ∼R

(3
2
− v
)

E1 +
1
2

(
4E +2E2 +3E3 +2E4 +E5 +A1,1 +A1,2

)
.

A similar statement holds in other parts. Moreover,

(P(v))2 =

1− 2v2

3 if v ∈ [0,1],
(3−2v)2

3 if v ∈
[
1, 3

2

]
.

P(v) ·E1 =

2v
3 if v ∈ [0,1],

2(1− 2v
3 ) if v ∈

[
1, 3

2

]
.

We have SS(E1) =
5
6 . Thus, δP(S)≤ 6

5 for P ∈ E1. Moreover, if P ∈ E1\E we have

h(v)≤

2v2

9 if v ∈ [0,1],
2(2v−3)(4v−3)

9 if v ∈
[
1, 3

2

]
.
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Thus, S(W E1•,•;P)≤ 1
3 < 5

6 . We get δP(S) = 6
5 for P ∈ (E1 ∪E2)\E.

Step 3. Suppose P ∈ E3. Then τ(E3) = 2 and the Zariski decomposition of the divisor Zariski

decomposition of the divisor −KS − vE3 ∼C+E1 +E2 +2E +(2− v)E3 +2E4 +E5 is:

P(v) =

−KS − vE3 − v
6(3E1 +3E2 +6E +4E4 +2E5) if v ∈

[
0, 3

2

]
,

−KS − vE3 − v
2(2E +E1 +E2)− (v−1)(2E4 +E5)− (2v−3)C if v ∈

[3
2 ,2
]
.

N(v) =

 v
6(3E1 +3E2 +6E +4E4 +2E5) if v ∈

[
0, 3

2

]
,

v
2(2E +E1 +E2)+(v−1)(2E4 +E5)+(2v−3)C if v ∈

[3
2 ,2
]
.

Moreover,

(P(v))2 =

1− v2

3 if v ∈
[
0, 3

2

]
,

(2− v)2 if v ∈
[3

2 ,2
]
.

P(v) ·E3 =

 v
3 if v ∈

[
0, 3

2

]
,

2− v if v ∈
[3

2 ,2
]
.

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 6
7 for P ∈ E3\E.

Step 4. Suppose P ∈ E4. Then τ(E4) = 2 and the Zariski decomposition of the divisor Zariski

decomposition of the divisor −KS − vE4 ∼C+E1 +E2 +2E +2E3 +(2− v)E4 +E5 is:

P(v) =

−KS − vE4 − v
2(2E3 +2E +E1 +E2 +E5) if v ∈ [0,1],

−KS − vE4 − v
2(2E3 +2E +E1 +E2 +E5)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(2E3 +2E +E1 +E2 +E5) if v ∈ [0,1],
v
2(2E3 +2E +E1 +E2 +E5)+(v−1)C if v ∈ [1,2].

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E4 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get δP(S) = 1 for P ∈ E4\E3.

Step 5. Suppose P ∈ E5. Then τ(E5) = 1 and the Zariski decomposition of the divisor Zariski

decomposition of the divisor −KS − vE5 ∼C+E1 +E2 +2E +2E3 +2E4 +(1− v)E5 is given

by:

P(v) =−KS − vE5 −
v
2
(2E4 +2E3 +2E +E1 +E2) if v ∈ [0,1].

N(v) =
v
2
(2E4 +2E3 +2E +E1 +E2) if v ∈ [0,1].

Moreover,

(P(v))2 = (1− v)(1+ v) and P(v) ·E5 = v if v ∈ [0,1].
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Now we apply the computation from Section 9.1 (Step 2.) and get that δP(S) = 3
2 for P∈E5\E4.

Thus, δP(X) = 3
4 .

D7 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D7 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 2
3 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5 and E6 are the

exceptional divisors with the intersection:

Figure 9.28: Dual graph: (−KS)
2 = 1, D7 singularity

We have −KS ∼C+E1 +E2 +2E +2E3 +2E4 +2E5 +E6. Let P be a point on S.

Step 1. Suppose P∈E. If we contract the curve C the resulting surface is isomorphic to a weak

del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves

A1 and A2 which form the dual graph above with the rest of the curves. Then τ(E) = 5
2 and the

Zariski decomposition of the divisor Zariski Decomposition of the divisor −KS − vE is:

P(v) =

−KS − vE − v
2(E1 +E2)− v

5(4E3 +3E4 +2E5 +E6) if v ∈ [0,2],

−KS − vE − (v−1)(E1 +E2)− v
5(4E3 +3E4 +2E5 +E6)− (v−2)(A1 +A2) if v ∈

[
2, 5

2

]
.

N(v) =

 v
2(E1 +E2)+

v
5(4E3 +3E4 +2E5 +E6) if v ∈ [0,2],

(v−1)(E1 +E2)+
v
5(4E3 +3E4 +2E5 +E6)+(v−2)(A1 +A2) if v ∈

[
2, 5

2

]
.

The Zariski Decomposition follows from

−KS − vE ∼R

(5
2
− v
)

E +
1
2

(
3E1 +3E2 +4E3 +3E4 +2E5 +E6 +A1 +A2

)
.

Moreover,

(P(v))2 =

1− v2

5 if v ∈ [0,2],
(5−2v)2

5 if v ∈
[
2, 5

2

]
.

P(v) ·E =

 v
5 if v ∈ [0,2],

2(1− 2v
5 ) if v ∈

[
2, 5

2

]
.
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We have SS(E) = 3
2 . Thus, δP(S)≤ 2

3 for P ∈ E. Moreover, if P ∈ E ∩E3 if P ∈ E\E3 we have

h(v)≤

9v2

50 if v ∈
[
0,2
]
,

2(5−2v)(2v+5)
25 if v ∈

[
2, 5

2

]
.

or h(v)≤

3v2

25 if v ∈
[
0,2
]
,

6v(5−2v)
25 if v ∈

[
2, 5

2

]
.

Thus S(W E
•,•;P)≤ 4

3 < 3
2 or S(W E

•,•;P)≤ 9
10 < 3

2 . We get δP(S) = 2
3 for P ∈ E.

Step 2. Suppose P ∈ E1 ∪E2. ithout loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. Then τ(E1) =

3
2 and the Zariski decomposition of the divisor

Zariski decomposition of the divisor −KS − vE3 is the following:

P(v) =


−KS − vE1 − v

7(10E +5E2 +8E3 +6E4 +4E5 +2E6) if v ∈ [0,1],

−KS − vE1 − v
7(10E +5E2 +8E3 +6E4 +4E5 +2E6)− (v−1)A1 if v ∈

[
1, 7

5

]
,

−KS − vE1 − (v−1)(10E +8E3 +6E4 +4E5 +2E6 +A1)− (5v−6)E2 − (5v−7)A2 if v ∈
[7

5 ,
3
2

]
.

N(v) =


v
7(10E +5E2 +8E3 +6E4 +4E5 +2E6) if v ∈ [0,1],
v
7(10E +5E2 +8E3 +6E4 +4E5 +2E6)+(v−1)A1 if v ∈

[
1, 7

5

]
,

(v−1)(10E +8E3 +6E4 +4E5 +2E6 +A1)+(5v−6)E2 +(5v−7)A2 if v ∈
[7

5 ,
3
2

]
.

Then τ(E1) =
3
2 and the Zariski Decomposition follows from

−KS − vE1 ∼R

(3
2
− v
)

E1 +
1
2

(
2A2 +3E2 +5E +4E3 +3E4 +2E5 +E6 +A1

)
.

Moreover,

(P(v))2 =


1− 4v2

7 if v ∈ [0,1],

2−2v+ 3v2

7 if v ∈
[
1, 7

5

]
,

(3−2v)2 if v ∈
[7

5 ,
3
2

]
.

P(v) ·E1 =


4v
7 if v ∈ [0,1],

1− 3v
7 if v ∈

[
1, 7

5

]
,

2(3−2v) if v ∈
[7

5 ,
3
2

]
.

We have SS(E3) =
9
10 . Thus, δP(S)≤ 10

9 for P ∈ E1. Moreover, if P ∈ E1\E we have

h(v)≤


8v2

49 if v ∈ [0,1],
(7−3v)(11v−7)

98 if v ∈
[
1, 7

5

]
,

2(3−2v)(2− v) if v ∈
[7

5 ,
3
2

]
.

Thus, S(W E1•,•;P)≤ 3
10 < 9

10 . We get δP(S) = 10
9 for P ∈ (E1 ∪E2)\E.

Step 3. Suppose P ∈ E3. Then τ(E3) = 2 and the Zariski decomposition of the divisor −KS −
vE3 ∼C+E1 +E2 +2E +(2− v)E3 +2E4 +2E5 +E6 is given by:

P(v) =−KS − vE3 −
v
4
(2E1 +2E2 +4E +3E4 +2E5 +E6) if v ∈ [0,2].
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N(v) =
v
4
(2E1 +2E2 +4E +3E4 +2E5 +E6) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(2+ v)

4
and P(v) ·E3 =

v
4

if v ∈ [0,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
4 for P ∈ E3\E.

Step 4. Suppose P ∈ E4. Then τ(E4) = 2 and the Zariski decomposition of the divisor −KS −
vE4 ∼C+E1 +E2 +2E +2E3 +(2− v)E4 +2E5 +E6 is:

P(v) =

−KS − vE4 − v
6(3E1 +3E2 +6E +6E3 +4E5 +2E6) if v ∈

[
0, 3

2

]
,

−KS − vE4 − v
2(E1 +E2 +2E +2E3)− (v−1)(2E5 +E6)− (2v−3)C if v ∈

[3
2 ,2
]
.

N(v) =

 v
6(3E1 +3E2 +6E +6E3 +4E5 +2E6) if v ∈

[
0, 3

2

]
,

v
2(E1 +E2 +2E +2E3)+(v−1)(2E5 +E6)+(2v−3)C if v ∈

[3
2 ,2
]
.

Moreover,

(P(v))2 =

1− v2

3 if v ∈
[
0, 3

2

]
,

(2− v)2 if v ∈
[3

2 ,2
]
.

P(v) ·E4 =

 v
3 if v ∈

[
0, 3

2

]
,

2− v if v ∈
[3

2 ,2
]
.

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 6
7 for P∈E4\E3.

Step 5. Suppose P ∈ E5. Then τ(E5) = 2 and the Zariski decomposition of the divisor −KS −
vE5 ∼C+E1 +E2 +2E +2E3 +2E4 +(2− v)E5 +E6 is:

P(v) =

−KS − vE5 − v
2(2E4 +2E3 +2E +E1 +E2 +E6) if v ∈ [0,1],

−KS − vE5 − v
2(2E4 +2E3 +2E +E1 +E2 +E6)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(2E4 +2E3 +2E +E1 +E2 +E6) if v ∈ [0,1],
v
2(2E4 +2E3 +2E +E1 +E2 +E6)+(v−1)C if v ∈ [1,2].

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E5 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 1 for P∈ E5\E4.

Step 6. Suppose P ∈ E6. Then τ(E6) = 1 and the Zariski decomposition of the divisor −KS −
vE6 ∼C+E1 +E2 +2E +2E3 +2E4 +2E5 +(1− v)E6 is given by:

P(v) =−KS − vE6 −
v
2
(2E5 +2E4 +2E3 +2E +E1 +E2) if v ∈ [0,1].
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N(v) =
v
2
(2E5 +2E4 +2E3 +2E +E1 +E2) if v ∈ [0,1].

Moreover,

(P(v))2 = (1− v)(1+ v) and P(v) ·E6 = v if v ∈ [0,1].

Now we apply the computation from Section 9.1 (Step 2.) and get that δP(S) = 3
2 for P∈E6\E5.

Thus, δP(X) = 2
3 .

D8 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D8 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 3
5 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5, E6 and E7 are

the exceptional divisors with the intersection:

Figure 9.29: Dual graph: (−KS)
2 = 1, D8 singularity

We have −KS ∼C+E1 +E2 +2E +2E3 +2E4 +2E5 +2E6 +E7. Let P be a point on S.

Step 1. Suppose P ∈ E.If we contract the curve C the resulting surface is isomorphic to a weak

del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist a (−1)-curve

A1 which form the dual graph above with the rest of the curves. Then the corresponding Zariski

Decomposition of the divisor −KS − vE is:

P(v) =

−KS − vE − v
6(3E1 +3E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,2],

−KS − vE − (v−1)E1 − v
6(3E2 +5E3 +4E4 +3E5 +2E6 +E7)− (v−2)A1 if v ∈ [2,3].

N(v) =

 v
6(3E1 +3E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,2],

(v−1)E1 +
v
6(3E2 +5E3 +4E4 +3E5 +2E6 +E7)+(v−2)A1 if v ∈ [2,3].

Then τ(E) = 3 and the Zariski Decomposition follows from

−KS − vE ∼R (3− v)E +
1
2

(
4E1 +3E2 +5E3 +4E4 +3E5 +2E6 +E7 +2A1

)
.



9.1. Finding δ -invariants for degree 1 233

Moreover,

(P(v))2 =

1− v2

6 if v ∈ [0,2],
(3−v)2

3 if v ∈ [2,3].
P(v) ·E =

 v
6 if v ∈ [0,2],

1− v
6 if v ∈ [2,3].

We have SS(E) = 5
3 . Thus, δP(S)≤ 3

5 for P ∈ E. Moreover, if P ∈ E ∩E1 if P ∈ E\E1 we have

h(v)≤

7v2

72 if v ∈
[
0,2
]
,

(3−v)(5v−3)
18 if v ∈ [2,3].

or h(v)≤

11v2

72 if v ∈
[
0,2
]
,

(3−v)(4v+3)
18 if v ∈ [2,3].

Thus, S(W E
•,•;P)≤ 1 < 5

3 or S(W E
•,•;P)≤ 3

2 < 5
3 . We get δP(S) = 3

5 for P ∈ E.

Step 2. Suppose P ∈ E1. Then τ(E1) = 2 and the Zariski decomposition of the divisor −KS −
vE1 is:

P(v) =

−KS − vE1 − v
4(6E +3E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],

−KS − vE1 − v
4(6E +3E2 +5E3 +4E4 +3E5 +2E6 +E7)− (v−1)A1 if v ∈ [1,2].

N(v) =

 v
4(6E +3E2 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈ [0,1],
v
4(6E +3E2 +5E3 +4E4 +3E5 +2E6 +E7)+(v−1)A1 if v ∈ [1,2].

The Zariski Decomposition follows from

−KS − vE1 ∼R (2− v)E1 +
1
2

(
6E +3E2 +5E3 +4E4 +3E5 +2E6 +E7 +2A1

)
.

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E1 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get δP(S) = 1 for P ∈ E1\E.

Step 3. Suppose P ∈ E2. Then τ(E2) =
3
2 and the Zariski decomposition of the divisor −KS −

vE2 is the following:

P(v) =

−KS − vE2 − v
4(6E +3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈

[
0, 4

3

]
,

−KS − vE2 − (v−1)(6E +5E3 +4E4 +3E5 +2E6 +E7)− (6v−7)E1 − (6v−8)A1 if v ∈
[4

3 ,
3
2

]
.

N(v) =

 v
4(6E +3E1 +5E3 +4E4 +3E5 +2E6 +E7) if v ∈

[
0, 4

3

]
,

(v−1)(6E +5E3 +4E4 +3E5 +2E6 +E7)+(6v−7)E1 +(6v−8)A1 if v ∈
[4

3 ,
3
2

]
.
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The Zariski Decomposition follows from

−KS − vE2 ∼R

(3
2
− v
)

E2 +
1
2

(
6E +5E3 +4E4 +3E5 +2E6 +E7 +4E1 +2A1

)
.

Moreover,

(P(v))2 =

1− v2

2 if v ∈
[
0, 4

3

]
,

(3−2v)2 if v ∈
[4

3 ,
3
2

]
.

P(v) ·E2 =

 v
2 if v ∈

[
0, 4

3

]
,

2(3−2v) if v ∈
[4

3 ,
3
2

]
.

We have SS(E2) =
17
18 . Thus, δP(S)≤ 18

17 for P ∈ E2. Moreover, if P ∈ E2\E1 we have:

h(v)≤

v2

8 if v ∈
[
0, 4

3

]
,

2(3−2v)2 if v ∈
[4

3 ,
3
2

]
.

Thus, S(W E2•,•;P)≤ 2
9 < 17

18 . We get δP(S) = 18
17 for P ∈ E2\E1.

Step 4. Suppose P ∈ E3. Then τ(E3) =
5
2 and the Zariski decomposition of the divisor −KS −

vE3 is the following:

P(v) =

−KS − vE3 − v
2(2E +E1 +E2)− v

5(4E3 +3E4 +2E5 +E6) if v ∈ [0,2],

−KS − vE3 − (v−1)(2E +E2)− v
5(4E3 +3E4 +2E5 +E6)− (2v−3)E1 − (2v−4)A1 if v ∈

[
2, 5

2

]
.

N(v) =

 v
2(2E +E1 +E2)+

v
5(4E3 +3E4 +2E5 +E6) if v ∈ [0,2],

(v−1)(2E +E2)+
v
5(4E3 +3E4 +2E5 +E6)+(2v−3)E1 +(2v−4)A1 if v ∈

[
2, 5

2

]
.

The Zariski Decomposition follows from

−KS − vE3 ∼R

(5
2
− v
)

E3 +
1
2

(
6E +3E2 +4E3 +3E4 +2E5 +E6 +4E1 +2A1

)
.

Moreover,

(P(v))2 =

1− v2

5 if v ∈ [0,2],
(5−2v)2

5 if v ∈
[
2, 5

2

]
.

P(v) ·E3 =

 v
5 if v ∈ [0,2],

2(1− 2v
5 ) if v ∈

[
2, 5

2

]
.

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 2
3 for P ∈ E3\E.

Step 5. Suppose P ∈ E4. Then τ(E4) = 2 and the Zariski decomposition of the divisor −KS −
vE4 ∼C+E1 +E2 +2E +2E3 +(2− v)E4 +2E5 +2E6 +E7 is given by:

P(v) =−KS − vE4 −
v
4
(2E1 +2E2 +4E +4E3 +3E4 +2E5 +E6) if v ∈ [0,2].

N(v) =
v
4
(2E1 +2E2 +4E +4E3 +3E4 +2E5 +E6) if v ∈ [0,2].
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Moreover,

(P(v))2 =
(2− v)(2+ v)

4
and P(v) ·E4 =

v
4

if v ∈ [0,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
4 for P∈E4\E3.

Step 6. Suppose P ∈ E5. Then τ(E5) = 2 and the Zariski decomposition of the divisor −KS −
vE5 ∼C+E1 +E2 +2E +2E3 +2E4 +(2− v)E5 +2E6 +E7 is:

P(v) =

−KS − vE5 − v
6(3E1 +3E2 +6E +6E3 +6E4 +4E6 +2E7) if v ∈

[
0, 3

2

]
,

−KS − vE5 − v
2(E1 +E2 +2E +2E3 +2E4)− (v−1)(2E6 +E7)− (2v−3)C if v ∈

[3
2 ,2
]
.

N(v) =

 v
6(3E1 +3E2 +6E +6E3 +6E4 +4E6 +2E7) if v ∈

[
0, 3

2

]
,

v
2(E1 +E2 +2E +2E3 +2E4)+(v−1)(2E6 +E7)+(2v−3)C if v ∈

[3
2 ,2
]
.

Moreover,

(P(v))2 =

1− v2

3 if v ∈
[
0, 3

2

]
,

(2− v)2 if v ∈
[3

2 ,2
]
.

P(v) ·E5 =

 v
3 if v ∈

[
0, 3

2

]
,

2− v if v ∈
[3

2 ,2
]
.

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 6
7 for P∈E5\E4.

Step 7. Suppose P ∈ E6. Then τ(E6) = 2 and the Zariski decomposition of the divisor −KS −
vE6 ∼C+E1 +E2 +2E +2E3 +2E4 +2E5 +(2− v)E6 +E7 is:

P(v) =

−KS − vE6 − v
2(2E5 +2E4 +2E3 +2E +E1 +E2 +E6) if v ∈ [0,1],

−KS − vE6 − v
2(2E5 +2E4 +2E3 +2E +E1 +E2 +E6)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(2E5 +2E4 +2E3 +2E +E1 +E2 +E6) if v ∈ [0,1],
v
2(2E5 +2E4 +2E3 +2E +E1 +E2 +E6)+(v−1)C if v ∈ [1,2].

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E6 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 1 for P∈ E6\E5.

Step 8. Suppose P ∈ E7. Then τ(E7) = 1 and the Zariski decomposition of the divisor −KS −
vE7 ∼C+E1 +E2 +2E +2E3 +2E4 +2E5 +2E6 +(1− v)E7 is given by:

P(v) =−KS − vE7 −
v
2
(2E6 +2E5 +2E4 +2E3 +2E +E1 +E2) if v ∈ [0,1].

N(v) =
v
2
(2E6 +2E5 +2E4 +2E3 +2E +E1 +E2) if v ∈ [0,1].
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Moreover,

(P(v))2 = (1− v)(1+ v) and P(v) ·E7 = v if v ∈ [0,1].

Now we apply the computation from Section 9.1 (Step 2.) and get that δP(S) = 3
2 for P∈E7\E6.

Thus, δP(X) = 3
5 .

E6 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an E6 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 3
5 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface

of degree 1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4 and E5 are the

exceptional divisors with the intersection:

Figure 9.30: Dual graph: (−KS)
2 = 1, E6 singularity

We have −KS ∼C+E1 +2E2 +3E3 +2E4 +E5 +2E. Let P be a point on S.

Step 1. Suppose P ∈ E3. Then τ(E3) = 3 and the Zariski decomposition of the divisor −KS −
vE3 ∼C+E1 +2E2 +(3− v)E3 +2E4 +E5 +2E is the following:

P(v) =

−KS − vE3 − v
3(E1 +2E2 +2E4 +E5)− v

2E if v ∈ [0,2],

−KS − vE3 − v
3(E1 +2E2 +2E4 +E5)− (v−1)E − (v−2)C if v ∈ [2,3].

N(v) =

 v
3(E1 +2E2 +2E4 +E5)+

v
2E if v ∈ [0,2],

v
3(E1 +2E2 +2E4 +E5)+(v−1)E +(v−2)C if v ∈ [2,3].

Moreover,

(P(v))2 =

1− v2

6 if v ∈ [0,2],
(3−v)2

3 if v ∈ [2,3].
P(v) ·E3 =

 v
6 if v ∈ [0,2],

1− v
6 if v ∈ [2,3].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
5 for P ∈ E3.



9.1. Finding δ -invariants for degree 1 237

Step 2. Suppose P ∈ E2 ∪E4. Without loss of generality we can assume that P ∈ E2 since the

proof is similar in other cases. Then τ(E2) = 2 and the Zariski decomposition of the divisor

−KS − vE2 ∼C+E1 +(2− v)E2 +3E3 +2E4 +E5 +2 is:

P(v) =

−KS − vE2 − v
2E1 − v

5(3E +6E3 +4E4 +2E5) if v ∈
[
0, 5

3

]
,

−KS − vE2 − v
2E1 − (v−1)(3E3 +2E4 +E5)− (3v−4)E − (3v−5)C if v ∈

[5
3 ,2
]
.

N(v) =

 v
2E1 +

v
5(3E +6E3 +4E4 +2E5) if v ∈

[
0, 5

3

]
,

v
2E1 +(v−1)(3E3 +2E4 +E5)+(3v−4)E +(3v−5)C if v ∈

[5
3 ,2
]
.

Moreover,

(P(v))2 =

1− 3v2

10 if v ∈
[
0, 5

3

]
,

3(2−v)2

2 if v ∈
[5

3 ,2
]
.

P(v) ·E2 =

 3v
10 if v ∈

[
0, 5

3

]
,

3(1− v
2) if v ∈

[5
3 ,2
]
.

We have SS(E2) =
11
9 . Thus, δP(S)≤ 9

11 for P ∈ E2. Moreover, if P ∈ E2\E3 we have

h(v)≤

39v2

200 if v ∈
[
0, 5

3

]
,

3(v−2)(v−6)
8 if v ∈

[5
3 ,2
]
.

Thus, S(W E2•,•;P)≤ 7
9 < 11

9 . We get δP(S) = 9
11 for P ∈ (E2 ∪E4)\E3.

Step 3. Suppose P ∈ E1 ∪E5. Without loss of generality we can assume that P ∈ E1 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(−1)-curves and (−2)-curves which form one of the following dual graphs:

a)
b) c)

Figure 9.31: Dual graph: (−KS)
2 = 1, E6 singularity, δP(S) = 3

5

Then the corresponding Zariski Decomposition of the divisor −KS − vE1 is:

a). P(v) =

−KS − vE1 − v
4(5E2 +6E3 +4E4 +2E5 +3E) if v ∈ [0,1],

−KS − vE1 − v
4(5E2 +6E3 +4E4 +2E5 +3E)− (v−1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(5E2 +6E3 +4E4 +2E5 +3E) if v ∈ [0,1],
v
4(5E2 +6E3 +4E4 +2E5 +3E)+(v−1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 4

3

]
.
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b). P(v) =

−KS − vE1 − v
4(5E2 +6E3 +4E4 +2E5 +3E) if v ∈ [0,1],

−KS − vE1 − v
4(5E2 +6E3 +4E4 +2E5 +3E)− (v−1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(5E2 +6E3 +4E4 +2E5 +3E) if v ∈ [0,1],
v
4(5E2 +6E3 +4E4 +2E5 +3E)+(v−1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 4

3

]
.

c). P(v) =

−KS − vE1 − v
4(5E2 +6E3 +4E4 +2E5 +3E) if v ∈ [0,1],

−KS − vE1 − v
4(5E2 +6E3 +4E4 +2E5 +3E)− (v−1)(3A2 +B2 +C2) if v ∈

[
1, 4

3

]
.

N(v) =

 v
4(5E2 +6E3 +4E4 +2E5 +3E) if v ∈ [0,1],
v
4(5E2 +6E3 +4E4 +2E5 +3E)+(v−1)(3A2 +B2 +C2) if v ∈

[
1, 4

3

]
.

Then τ(E1) =
4
3 and the Zariski Decomposition in part a). follows from

−KS − vE1 ∼R

(4
3
− v
)

E1 +
1
3

(
5E2 +6E3 +4E4 +2E5 +3E +A2,1 +A2,2 +A2,3

)
.

A similar statement holds in other parts. Moreover,

(P(v))2 =

1− 3v2

4 if v ∈ [0,1],
(4−3v)2

4 if v ∈
[
1, 4

3

]
.

P(v) ·E1 =

3v
4 if v ∈ [0,1],

3(1− 3v
4 ) if v ∈

[
1, 4

3

]
.

We apply the computation from Section 9.1 (Step 2.) and get δP(S) = 3
5 if P ∈ (E1∪E5)\(E2∪

E4).

Step 4. Suppose P ∈ E. Then τ(E) = 2 and the Zariski decomposition of the divisor −KS −
vE ∼C+E1 +2E2 +3E3 +2E4 +E5 +(2− v)E is:

P(v) =

−KS − vE − v
2(E1 +2E2 +3E3 +2E4 +E5) if v ∈ [0,1],

−KS − vE − v
2(E1 +2E2 +3E3 +2E4 +E5)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(E1 +2E2 +3E3 +2E4 +E5) if v ∈ [0,1],
v
2(E1 +2E2 +3E3 +2E4 +E5)+(v−1)C if v ∈ [1,2].

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 1 for P ∈ E\E3.

Thus, δP(X) = 3
5 .
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E7 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an E7 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 3
7 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5 and E6 are the

exceptional divisors with the intersection:

Figure 9.32: Dual graph: (−KS)
2 = 1, E7 singularity

We have −KS ∼C+2E1 +3E2 +4E3 +3E4 +2E5 +E6 +2E. Let P be a point on S.

Step 1. Suppose P ∈ E3. Then τ(E3) = 4 and the Zariski decomposition of the divisor −KS −
vE3 ∼C+2E1 +3E2 +(4− v)E3 +3E4 +2E5 +E6 +2E is the following:

P(v) =

−KS − vE3 − v
4(2E +3E4 +2E5 +E6)− v

3(E1 +2E2) if v ∈ [0,3],

−KS − vE3 − v
4(2E +3E4 +2E5 +E6)− (v−1)E1 − (v−2)E2 − (v−3)C if v ∈ [3,4].

N(v) =

 v
4(2E +3E4 +2E5 +E6)− v

3(E1 +2E2) if v ∈ [0,3],
v
4(2E +3E4 +2E5 +E6)+(v−1)E1 +(v−2)E2 +(v−3)C if v ∈ [3,4].

Moreover,

(P(v))2 =

1− v2

12 if v ∈ [0,3],
(4−v)2

4 if v ∈ [3,4].
P(v) ·E3 =

 v
12 if v ∈ [0,3],

1− v
4 if v ∈ [3,4].

We have SS(E3) =
7
3 . Thus, δP(S)≤ 3

7 for P ∈ E3. Moreover, if P ∈ E3∩(E ∪E4) if P ∈ E3\(E ∪
E4) we have

h(v)≤

19v2

228 if v ∈
[
0,3
]
,

(4−v)(5v+4)
32 if v ∈ [3,4]

or h(v)≤

17v2

228 if v ∈
[
0,3
]
,

(4−v)(7v−4)
32 if v ∈ [3,4]

Thus, S(W E3•,•;P)≤ 11
6 < 7

3 or S(W E3•,•;P)≤ 5
3 < 7

3 . We get δP(S) = 3
7 for P ∈ E3.

Step 2. Suppose P ∈ E2. Then τ(E2) = 3 and the Zariski decomposition of the divisor −KS −
vE2 ∼C+2E1 +(3− v)E2 +4E3 +3E4 +2E5 +E6 +2E is the following:

P(v) =

−KS − vE2 − v
3(2E +4E3 +3E4 +2E5 +E6)− v

2E1 if v ∈ [0,2],

−KS − vE2 − v
3(2E +4E3 +3E4 +2E5 +E6)− (v−1)E1 − (v−2)C if v ∈ [2,3].
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N(v) =

 v
3(2E +4E3 +3E4 +2E5 +E6)+

v
2E1 if v ∈ [0,2],

v
3(2E +4E3 +3E4 +2E5 +E6)+(v−1)E1 +(v−2)C if v ∈ [2,3].

Moreover,

(P(v))2 =

1− v2

6 if v ∈ [0,2],
(3−v)2

3 if v ∈ [2,3].
P(v) ·E2 =

 v
6 if v ∈ [0,2],

1− v
6 if v ∈ [2,3].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
5 for P∈E2\E3.

Step 3. Suppose P ∈ E1. Then τ(E1) = 2 and the Zariski decomposition of the divisor −KS −
vE1 ∼C+(2− v)E1 +3E2 +4E3 +3E4 +2E5 +E6 +2E is:

P(v) =

−KS − vE1 − v
2(2E +3E2 +4E3 +3E4 +2E5 +E6) if v ∈ [0,1],

−KS − vE1 − v
2(2E +3E2 +4E3 +3E4 +2E5 +E6)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(2E +3E2 +4E3 +3E4 +2E5 +E6) if v ∈ [0,1],
v
2(2E +3E2 +4E3 +3E4 +2E5 +E6)+(v−1)C if v ∈ [1,2].

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E1 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 1 for P∈ E1\E2.

Step 4. Suppose P ∈ E. Then τ(E) = 2 and the Zariski decomposition of the divisor −KS −
vE ∼C+2E1 +3E2 +4E3 +3E4 +2E5 +E6 +(2− v)E is:

P(v) =

−KS − vE − v
7(4E1 +8E2 +12E3 +9E4 +6E5 +3E6) if v ∈

[
0, 7

4

]
,

−KS − vE − (4v−7)C− (4v−6)E1 − (4v−5)E2 − (v−1)(4E3 +3E4 +2E5 +E6) if v ∈
[7

4 ,2
]
.

N(v) =

 v
7(4E1 +8E2 +12E3 +9E4 +6E5 +3E6) if v ∈

[
0, 7

4

]
,

(4v−7)C+(4v−6)E1 +(4v−5)E2 +(v−1)(4E3 +3E4 +2E5 +E6) if v ∈
[7

4 ,2
]
.

Moreover,

(P(v))2 =

1− 2v2

7 if v ∈
[
0, 7

4

]
,

2(2− v)2 if v ∈
[7

4 ,2
]
.

P(v) ·E =

2v
7 if v ∈

[
0, 7

4

]
,

2(2− v) if v ∈
[7

4 ,2
]
.
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We have SS(E) = 5
4 . Thus, δP(S)≤ 4

5 for P ∈ E. Moreover, if P ∈ E\E3 we have

h(v)≤

2v2

49 if v ∈
[
0, 7

4

]
,

2(v−2)2 if v ∈
[7

4 ,2
]
.

Thus S(W E2•,•;P)≤ 1
6 < 5

4 . We get δP(S) = 4
5 for P ∈ E\E3.

Step 5. Suppose P ∈ E4. Then τ(E4) = 3 and the Zariski decomposition of the divisor −KS −
vE4 ∼C+2E1 +3E2 +4E3 +(3− v)E4 +2E5 +E6 +2E is:

P(v) =

−KS − vE4 − v
5(2E1 +4E2 +6E3 +3E)− v

3(2E5 +E6) if v ∈
[
0, 5

2

]
,

−KS − vE4 − (2v−5)C− (2v−4)E1 − (2v−3)E2 − (2v−2)E3 − (v−1)E − v
3(2E5 +E6) if v ∈

[5
2 ,3
]
.

N(v) =

 v
5(2E1 +4E2 +6E3 +3E)− v

3(2E5 +E6) if v ∈
[
0, 5

2

]
,

(2v−5)C+(2v−4)E1 +(2v−3)E2 +(2v−2)E3 +(v−1)E + v
3(2E5 +E6) if v ∈

[5
2 ,3
]
.

Moreover,

(P(v))2 =

1− 2v2

15 if v ∈
[
0, 5

2

]
,

2(3−v)2

3 if v ∈
[5

2 ,3
]
.

P(v) ·E4 =

 2v
15 if v ∈

[
0, 5

2

]
,

2(1− v
3) if v ∈

[5
2 ,3
]
.

We have SS(E4) =
11
6 . Thus, δP(S)≤ 6

11 for P ∈ E4. Moreover, if P ∈ E4\E3 we have

h(v)≤

22v2

225 if v ∈
[
0, 5

2

]
,

2(3−v)(v+3)
9 if v ∈

[5
2 ,3
]
.

Thus, S(W E4•,•;P)≤ 4
3 < 11

6 . We get δP(S) = 6
11 for P ∈ E4\E3.

Step 6. Suppose P ∈ E5. Then τ(E5) = 2 and the Zariski decomposition of the divisor −KS −
vE5 ∼C+2E1 +3E2 +4E3 +3E4 +(2− v)E5 +E6 +2E is given by:

P(v) =−KS − vE5 −
v
4
(2E1 +4E2 +6E3 +5E4 +3E +2E6) if v ∈ [0,2].

N(v) =
v
4
(2E1 +4E2 +6E3 +5E4 +3E +2E6) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(2+ v)

4
and P(v) ·E5 =

v
4

if v ∈ [0,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
4 for P∈E5\E4.

Step 7. Suppose P ∈ E6. If we contract the curve C the resulting surface is isomorphic to a

weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-
curves and (−2)-curves which form one of the following dual graphs:
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b)a)

Figure 9.33: Dual graph: (−KS)
2 = 1, E7 singularity, δP(S) = 6

5

Then τ(E6) =
3
2 and the Zariski Decomposition of the divisor −KS − vE6 is:

a). P(v) =

−KS − vE6 − v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E) if v ∈ [0,1],

−KS − vE6 − v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)− (v−1)(A6,1 +A6,2) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E) if v ∈ [0,1],
v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)+(v−1)(A1,1 +A1,2) if v ∈

[
1, 3

2

]
.

b). P(v) =

−KS − vE6 − v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E) if v ∈ [0,1],

−KS − vE6 − v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)− (v−1)(2A6 +B6) if v ∈

[
1, 3

2

]
.

N(v) =

 v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E) if v ∈ [0,1],
v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)+(v−1)(2A6 +B6) if v ∈

[
1, 3

2

]
.

The Zariski Decomposition in part a). follows from

−KS − vE6 ∼R

(3
2
− v
)

E6 +
1
2

(
2E1 +4E2 +6E3 +5E4 +4E5 +3E +A6,1 +A6,2

)
.

A similar statement holds in other parts. Moreover,

(P(v))2 =

1− 2v2

3 if v ∈ [0,1],
(3−2v)2

3 if v ∈
[
1, 3

2

]
.

P(v) ·E1 =

2v
3 if v ∈ [0,1],

2(1− 2v
3 ) if v ∈

[
1, 3

2

]
.

Now we apply the computation from Section 9.1 (Step 2.) and get that δP(S) = 6
5 for P∈E6\E5.

Thus, δP(X) = 3
7 .

E8 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an E8 singularity at point P . Let C be

a curve in the pencil |−KX | that contains P . Then δP(X) = 3
11 .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of

degree 1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5, E6 and E7 are

the exceptional divisors with the intersection:
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Figure 9.34: Dual graph: (−KS)
2 = 1, E8 singularity

We have −KS ∼C+2E1 +4E2 +6E3 +5E4 +4E5 +3E6 +2E7 +3E.
Step 1. Suppose P ∈ E3. Then τ(E3) = 6 and the Zariski decomposition of the divisor −KS −
vE3 ∼C+2E1 +4E2 +(6− v)E3 +5E4 +4E5 +3E6 +2E7 +3E is the following:

P(v) =

−KS − vE3 − v
2 E − v

3(E1 +2E2)− v
5(4E4 +3E5 +2E6 +E7) if v ∈

[
0,5
]
,

−KS − vE3 − v
2 E − v

3(E1 +2E2)− (v−1)E4 − (v−2)E5 − (v−3)E6 − (v−4)E7 − (v−5)C if v ∈ [5,6].

N(v) =

 v
2 E + v

3(E1 +2E2)+
v
5(4E4 +3E5 +2E6 +E7) if v ∈

[
0,5
]
,

v
2 E + v

3(E1 +2E2)+(v−1)E4 +(v−2)E5 +(v−3)E6 +(v−4)E7 +(v−5)C if v ∈ [5,6].

Moreover,

(P(v))2 =

1− v2

30 if v ∈ [0,5],
(6−v)2

6 if v ∈ [5,6].
P(v) ·E3 =

 v
30 if v ∈ [0,5],

1− v
6 if v ∈ [5,6].

We have SS(E3) =
11
3 . Thus, δP(S) ≤ 3

11 for P ∈ E3. Moreover, if P ∈ E3 ∩ (E ∪ E2) if P ∈
E3\(E ∪E2) we have

h(v)≤

 41v2

1800 if v ∈ [0,5],
(6−v)(7v+6)

72 if v ∈ [5,6].
or h(v)≤

 49v2

1800 if v ∈ [0,5],
(6−v)(11v−6)

72 if v ∈ [5,6].

Thus, S(W E3•,•;P)≤ 5
2 < 11

3 or S(W E3•,•;P)≤ 3 < 11
3 . We get δP(S) = 3

11 for P ∈ E3.
Step 2. Suppose P ∈ E2. Then τ(E2) = 4 and the Zariski decomposition of the divisor −KS −
vE2 ∼C+2E1 +(4− v)E2 +6E3 +5E4 +4E5 +3E6 +2E7 +3E is:

P(v) =

−KS − vE2 − v
2 E1 − v

7 (5E +10E3 +8E4 +6E5 +4E6 +2E7) if v ∈
[
0, 7

2

]
,

−KS − vE2 − v
2 E1 − (v−1)E − (2v−2)E3 − (2v−3)E4 − (2v−4)E5 − (2v−5)E6 − (2v−6)E7 − (2v−7)C if v ∈

[ 7
2 ,4
]
.

N(v) =

 v
2 E1 +

v
7 (5E +10E3 +8E4 +6E5 +4E6 +2E7) if v ∈

[
0, 7

2

]
,

v
2 E1 +(v−1)E +(2v−2)E3 +(2v−3)E4 +(2v−4)E5 +(2v−5)E6 +(2v−6)E7 +(2v−7)C if v ∈

[ 7
2 ,4
]
.

Moreover,

(P(v))2 =

1− v2

14 if v ∈
[
0, 7

2

]
,

(4−v)2

2 if v ∈
[7

2 ,4
]
.

P(v) ·E2 =

 v
14 if v ∈

[
0, 7

2

]
,

2− v
2 if v ∈

[7
2 ,4
]
.
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We have SS(E2) =
5
2 . Thus, δP(S)≤ 2

5 for P ∈ E2. Moreover, if P ∈ E2\E3 we have

h(v)≤

15v2

392 if v ∈
[
0, 7

2

]
,

(4−v)(4+v)
8 if v ∈

[7
2 ,4
]
.

Thus, S(W E2•,•;P)≤ 4
3 < 5

2 . We get δP(S) = 2
5 for P ∈ E2\E3.

Step 3. Suppose P ∈ E1. Then τ(E1) = 2 and the Zariski decomposition of the divisor −KS −
vE1 ∼C+(2− v)E1 +4E2 +6E3 +5E4 +4E5 +3E6 +2E7 +3E is given by:

P(v) =−KS − vE1 −
v
4
(5E +7E2 +10E3 +8E4 +6E5 +4E6 +2E7) if v ∈ [0,2].

N(v) =
v
4
(5E +7E2 +10E3 +8E4 +6E5 +4E6 +2E7) if v ∈ [0,2].

Moreover,

(P(v))2 =
(2− v)(2+ v)

4
and P(v) ·E1 =

v
4

if v ∈ [0,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
4 for P∈E1\E2.

Step 4. Suppose P ∈ E. Then τ(E) = 3 and the Zariski decomposition of the divisor −KS −
vE ∼C+2E1 +4E2 +6E3 +5E4 +4E5 +3E6 +2E7 +(3− v)E is:

P(v) =

−KS − vE − v
8 (5E1 +10E2 +15E3 +12E4 +9E5 +6E6 +3E7) if v ∈

[
0, 8

3

]
,

−KS − vE − (v−1)(E1 +2E2 +3E3)− (3v−4)E4 − (3v−5)E5 − (3v−6)E6 − (3v−7)E7 − (3v−8)C if v ∈
[ 8

3 ,3
]
.

N(v) =

 v
8 (5E1 +10E2 +15E3 +12E4 +9E5 +6E6 +3E7) if v ∈

[
0, 8

3

]
,

(v−1)(E1 +2E2 +3E3)+(3v−4)E4 +(3v−5)E5 +(3v−6)E6 +(3v−7)E7 +(3v−8)C if v ∈
[ 8

3 ,3
]
.

Moreover,

(P(v))2 =

1− v2

8 if v ∈
[
0, 8

3

]
,

(3− v)2 if v ∈
[8

3 ,3
]
.

P(v) ·E =

 v
8 if v ∈

[
0, 8

3

]
,

3− v if v ∈
[8

3 ,3
]
.

We have SS(E) = 17
9 . Thus, δP(S)≤ 9

17 for P ∈ E. Moreover, if P ∈ E\E3 we have

h(v)≤

 v2

128 if v ∈
[
0, 8

3

]
,

(3−v)2

2 if v ∈ if v ∈
[8

3 ,3
]
.

Thus, S(W E
•,•;P)≤ 1

9 < 17
9 . We get δP(S) = 9

17 for P ∈ E\E3.
Step 5. Suppose P ∈ E4. Then τ(E4) = 5 and the Zariski decomposition of the divisor −KS −
vE4 ∼C+2E1 +4E2 +6E3 +(5− v)E4 +4E5 +3E6 +2E7 +3E is the following:

P(v) =

−KS − vE4 − v
5(2E1 +4E2 +6E3 +3E)− v

4(3E5 +2E6 +E7) if v ∈ [0,4],

−KS − vE4 − v
5(2E1 +4E2 +6E3 +3E)− (v−1)E5 − (v−2)E6 − (v−3)E7 − (v−4)C if v ∈ [4,5].
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N(v) =

 v
5(2E1 +4E2 +6E3 +3E)+ v

4(3E5 +2E6 +E7) if v ∈ [0,4],
v
5(2E1 +4E2 +6E3 +3E)+(v−1)E5 +(v−2)E6 +(v−3)E7 +(v−4)C if v ∈ [4,5].

Moreover,

(P(v))2 =

1− v2

20 if v ∈ [0,4],
(5−v)2

5 if v ∈ [4,5].
P(v) ·E4 =

 v
20 if v ∈ [0,4],

1− v
5 if v ∈ [4,5].

We have SS(E4) = 3. Thus, δP(S)≤ 1
3 for P ∈ E4. Moreover, if P ∈ E4\E3 we have

h(v)≤

31v2

800 if v ∈ [0,4],
(5−v)(9v−5)

50 if v ∈ [4,5].

Thus, S(W E4•,•;P)≤ 7
3 < 3. We get δP(S) = 3 for P ∈ E4\E3.

Step 6. Suppose P ∈ E5. Then τ(E5) = 4 and the Zariski decomposition of the divisor −KS −
vE5 ∼C+2E1 +4E2 +6E3 +5E4 +(4− v)E5 +3E6 +2E7 +3E is the following:

P(v) =

−KS − vE5 − v
4(2E1 +4E2 +6E3 +5E4 +3E)− v

3(2E6 +E7) if v ∈ [0,3],

−KS − vE5 − v
4(2E1 +4E2 +6E3 +5E4 +3E)− (v−1)E6 − (v−2)E7 − (v−3)C if v ∈ [3,4].

N(v) =

 v
4(2E1 +4E2 +6E3 +5E4 +3E)− v

3(2E6 +E7) if v ∈ [0,3],
v
4(2E1 +4E2 +6E3 +5E4 +3E)+(v−1)E6 +(v−2)E7 +(v−3)C if v ∈ [3,4].

Moreover,

(P(v))2 =

1− v2

12 if v ∈ [0,3],
(4−v)2

4 if v ∈ [3,4].
P(v) ·E5 =

 v
12 if v ∈ [0,3],

1− v
4 if v ∈ [3,4].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
7 for P∈E5\E4.

Step 7. Suppose P ∈ E6. Then τ(E6) = 3 and the Zariski decomposition of the divisor −KS −
vE6 ∼C+2E1 +4E2 +6E3 +5E4 +4E5 +(3− v)E6 +2E7 +3E is the following:

P(v) =

−KS − vE6 − v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)− v

2E7 if v ∈ [0,2],

−KS − vE6 − v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)− (v−1)E7 − (v−2)C if v ∈ [2,3].

N(v) =

 v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)+ v

2E7 if v ∈ [0,2],
v
3(2E1 +4E2 +6E3 +5E4 +4E5 +3E)+(v−1)E7 +(v−2)C if v ∈ [2,3].
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Moreover,

(P(v))2 =

1− v2

6 if v ∈ [0,2],
(3−v)2

3 if v ∈ [2,3].
P(v) ·E6 =

 v
6 if v ∈ [0,2],

1− v
6 if v ∈ [2,3].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 3
5 for P∈E6\E5.

Step 8. Suppose P ∈ E7. Then τ(E7) = 2 and the Zariski decomposition of the divisor −KS −
vE7 ∼C+2E1 +4E2 +6E3 +5E4 +4E5 +3E6 +(2− v)E7 +3E is:

P(v) =

−KS − vE7 − v
2(2E1 +4E2 +6E3 +5E4 +4E5 +3E6 +3E) if v ∈ [0,1],

−KS − vE7 − v
2(2E1 +4E2 +6E3 +5E4 +4E5 +3E6 +3E)− (v−1)C if v ∈ [1,2].

N(v) =

 v
2(2E1 +4E2 +6E3 +5E4 +4E5 +3E6 +3E) if v ∈ [0,1],
v
2(2E1 +4E2 +6E3 +5E4 +4E5 +3E6 +3E)+(v−1)C if v ∈ [1,2].

Moreover,

(P(v))2 =

1− v2

2 if v ∈ [0,1],
(2−v)2

2 if v ∈ [1,2].
P(v) ·E7 =

 v
2 if v ∈ [0,1],

1− v
2 if v ∈ [1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that δP(S) = 1 for P∈ E7\E6.

Thus, δP(X) = 3
11 .
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Chapter 10

First Examples of K-stable Fano

Threefolds

In this chapter, we discuss the immediate applications of the results described in Part I.

10.1 K-stable Fano Surfaces
Let X be a del Pezzo surface of degree 2 with at most Du Val singularities. Let S be a weak

resolution of X . We will call an image on X of a (−1)-curve in S a line as was done in Cheltsov

and Prokhorov (2021). The immediate corollaries from Main Theorem of Part I are:

Corollary 10.1.1. Let X be a Du Val del Pezzo surface of degree 4 with at most A1 singularities

then X is K-semi-stable.

Proof. For such X have δ (X)≥ 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem

1.59).

Corollary 10.1.2. Let X be a Du Val del Pezzo surface of degree 3 with at most A2 singularities

then X is K-semi-stable.

Proof. For such X have δ (X)≥ 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem

1.59).

Corollary 10.1.3 (Odaka et al. (2016), Cheltsov and Prokhorov (2021)). Let X be a Du Val del

Pezzo surface of degree 3 with at most A1 singularities then X is K-stable. Moreover, Aut(X)

is finite.

Proof. For such X have δ (X)> 1. Thus, X is K-stable. X is K-stable so by (Blum & Xu, 2019,

Corollary 1.3) Aut(X) is finite.

Corollary 10.1.4. Let X be a Du Val del Pezzo surface of degree 2 with at most A3 singularities

then X is K-semi-stable.

Proof. For such X have δ (X)≥ 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem

1.59).

248
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Corollary 10.1.5 (Ghigi and Kollár (2007); Odaka et al. (2016), Cheltsov and Prokhorov

(2021)). Let X be a Du Val del Pezzo surface of degree 2 with at most A2 singularities then X

is K-stable. Moreover, Aut(X) is finite.

Proof. For such X have δ (X) > 1. Thus, X is K-stable. This was studied in Ghigi and Kollár

(2007). X is K-stable so by (Blum & Xu, 2019, Corollary 1.3) Aut(X) is finite

Corollary 10.1.6 (Odaka et al. (2016)). Let X be a Du Val del Pezzo surface of degree 2 with

at least one A3 singularity. Then X is K-polystable if it has two A3 singularities and X is strictly

K-semi-stable otherwise.

Proof. Suppose X has at least one A3 singularity. By Cheltsov and Prokhorov (2021) only

surfaces of types 2A3 and 2A3 +A1 have infinite automorphism groups. Suppose X has

exactly two A3 singularities, G = Aut(X). Then there are no G-invariant points that belong

to lines on X and for all G-invariant points we have δP(X)> 1 so by (Zhuang, 2021, Corollary

4.14) X is K-polystable. Any X with exactly one A3-singularity deforms isotrivially to this case.

Thus, if X has exactly one A3-singularity it is strictly K-semi-stable by (Araujo et al., 2023,

Corollary 1.13). Suppose now that X is of type 2A3A1 and G = Aut(X) then the only G-

invariant points that belong to lines on X is a unique A1 point so for all G-invariant points we

have δP(X)> 1 and by (Zhuang, 2021, Corollary 4.14) X is K-polystable.

Corollary 10.1.7. Let X be a Du Val del Pezzo surface of degree 1 with An (n ≤ 8) or D4

singularities then X is K-semi-stable.

Proof. For such X have δ (X)≥ 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem

1.59).

Corollary 10.1.8 (Odaka et al. (2016), Cheltsov and Prokhorov (2021)). Let X be a Du Val

del Pezzo surface of degree 1 with at most A6 singularities or a Du Val del Pezzo surface of

degree 1 with A7 singularity and irreducible ramification divisor R then X is K-stable. Moreover,

Aut(X) is finite.

Proof. For such X have δ (X) > 1. Thus, X is K-stable. By (Blum & Xu, 2019, Corollary 1.3)

Aut(X) is finite for K-stable X .

10.2 First examples of K-stable Fano Threefolds

There are also applications in the case of Fano threefolds. Smooth Fano threefolds over C were

classified in Iskovskikh (1997, 1998) and Mori and Mukai (1981, 2003) into 105 families. The

detailed description of these families can be found in Araujo et al. (2023) where the problem

to find all K-polystable smooth Fano threefolds in each family was posed. The output of this

paper, give some alternative proofs for this problem as well as some proofs in case of singular
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Fano threefolds. We know (Fujita (2019); Li (2017)) that the Fano threefold X is K-stable if and

only if for every prime divisor E over X we have

β (E) = AX(E)−SX(E)> 0,

where AX(E) is the log discrepancy of the divisor E and SX
(
E
)
= 1

(−KX)3

∞∫
0

vol
(
−KX−uE

)
du.

To show this, we fix a prime divisor E over X. Then we set Z = CX(E). Let Q be a general

point in Z. Following Abban and Zhuang (2022); Araujo et al. (2023) denote

δQ
(
X ,W X

•,•
)
= inf

F/X
Q∈CX (F)

AX(F)

S
(
W X

•,•;F
) and δQ

(
X
)
= inf

F/X
Q∈CX(F)

AX(F)
SX(F)

,

where the first infimum is taken by all prime divisors F over the surface X whose center on X

contains Q and the second infimum is taken by all prime divisors F over the threefold X whose

center on X contains Q. Moreover, it follows from (Araujo et al., 2023, Theorem 1.95) that

δQ(X)⩾ min
{ 1

SX(X)
,δQ
(
X ;W X

•,•
)}

.

10.2.1 Family №1.13 (Del Pezzo Threefolds of degree 3)

Let V be a Fano threefold with canonical Gorenstein singularities such that −KV ∼ 2H for

some H ∈ Pic(V) with H3 = 3. Then V is a cubic hypersurface in P4 and a del Pezzo threefold

of degree 3. A general element in |H| is a Du Val del Pezzo surface of degree 3 and if V has

isolated singularities then a general surface in |H| is a smooth.

Remark 10.2.1. Every smooth element in Family №1.13. is known to be K-stable by Araujo et

al. (2023).

Main Theorem gives the following corollary:

COROLLARY 1. Suppose that for any point Q on V there exists an element X ∈ |H| such that
Q ∈ X and X is smooth then V is K-stable.

Proof. Suppose X is an irreducible element of |H| then SV(X) < 1. As explained above we

fix a prime divisor E over V. Then we set Z = CV(E) and if β (E) ⩽ 0, then δQ(X ,W X
•,•) ⩽ 1.

Let Q be a general point in Z, Let X be the general element of |H| that contains Q. The

divisor −KV − uX is nef if and only if u ≤ 2 and the Zariski Decomposition is given by by

P(u) = −KV − uX ∼ (2− u)X and N(u) = 0 for u ∈ [0,2]. By (Araujo et al., 2023, Corollary

1.110) for any divisor F such that O ∈CX(F) over X we get:

S
(
W X

•,•;F
)
=
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=
3

(−KV)3

(∫
τ

0

(
P(u)2 ·X

)
·ordQ

(
N(u)

∣∣
X

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu

)
=

=
3

24

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu =

3
24

∫ 2

0
(2−u)3

∫
∞

0
vol
(
−KX −wF

)
dwdu =

=
3
8

∫ 2

0
(2−u)3

(1
3

∫
∞

0
vol
(
−KX −wF

)
dw
)

du =
3
8

∫ 2

0
(2−u)3SX(F)du =

=
3
2

SX(F)≤ 3
2

AX(F)

δQ(X)
.

We get that δQ(V) ≥ 2
3δQ(X). For smooth X we have δQ(X) ≥ 3

2 . If Q is a singular point

and there exists an element X of |H| with δQ(X) = 3
2 then AX(E)

SX(E)
> min

{
1

SX(X) ,δQ
(
X ,W X

•,•
)}

from (Araujo et al., 2023, Corollary 1.108.) and otherwise we choose X with δQ(X) > 3
2 so

δQ(V)> 1 if X is smooth and the result follows.

10.2.2 Family №2.5

Let V be a Fano threefold with canonical Gorenstein singularities such that −KV ∼ 2H for

some H ∈ Pic(V) with H3 = 3. Then V is a cubic hypersurface in P4 and a del Pezzo threefold

of degree 3. Let S1 and S2 be two distinct surfaces in the linear system |H|, and let C = S1∩S2.

Suppose that the curve C is smooth. Then C is an elliptic curve by the adjunction formula. Let

π : X → V be the blow up of the curve C , and let E be the π-exceptional surface. We have the

following commutative diagram:

X
π

��

φ

��
V // P1

Where V 99K P1 is the rational map given by the pencil that is generated by S1 and S2, and φ

is a fibration into del Pezzo surfaces of degree 3.

Remark 10.2.2. Every smooth threefold in Family 2.5 such that there is no fiber of p1 which

contains D5 or E6 singularity in this family is known to be K-stable Cheltsov et al. (2024).

Main Theorem gives the following corollary:

COROLLARY 2. If every fiber X of φ at most A2 singularities, then X is K-stable.

Proof. If X is an irreducible fiber of p1 then we have SX(X)< 1. We now fix a prime divisor E
over X. Then we set Z = CX(E). Let Q be the point on Z. let X be the fiber of φ that passes

through Q. Then −KX − uX is nef if and only if u ≤ 2 and the Zariski Decomposition is given

by

P(u) =

−KX −uX ∼ (2−u)X +E if u ∈ [0,1],

−KX −uX − (u−1)E ∼ (2−u)π∗(H) if u ∈ [1,2].
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N(u) =

0 if u ∈ [0,1],

(u−1)E if u ∈ [1,2].

We apply Abban-Zhuang method to prove that Q ̸∈ E ∼= C × P1. By (Araujo et al., 2023,

Corollary 1.110) for any divisor F such that Q ∈CX(F) over X we get:

S
(
W X

•,•;F
)
=

=
3

(−KX)3

(∫
τ

0

(
P(u)2 ·X

)
·ordQ

(
N(u)

∣∣
X

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu

)
=

=
3

12

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu =

=
3

12

(∫ 1

0

∫
∞

0
vol
(
−KX − vF

)
dvdu+

∫ 2

1

∫
∞

0
vol
(
−KX − (u−1)E|X − vF

)
dvdu

)
=

=
3

12

(∫
∞

0
vol
(
−KX − vF

)
dv+

∫ 2

1
(2−u)3

∫
∞

0
vol
(
−KX −wF

)
dwdu

)
=

=
3
4

(
1
3

∫
∞

0
vol
(
−KX − vF

)
dv+

∫ 2

1
(2−u)3 · 1

3

∫
∞

0
vol
(
−KX −wF

)
dwdu

)
=

=
3
4

(
SX(F)+

1
4
·SX(F)

)
=

15
16

SX(F)≤ 15
16

· AX(F)

δQ(X)
.

We see that δQ(X) ≥ 16
15δQ(X). Thus, by Main Theorem if every fiber of p1 has at most A2

singularities the result follows.

10.2.3 Family №2.2

Let R be a surface with isolated singularities of degree (2,4) in P1 ×P2, let π : X → P1 ×P2

be a double cover ramified over the surface R. Let pr1 : P1 ×P2 → P1 be the projection on the

first factor. Set p1 = pr1 ◦π . Then p1 is a fibration into del Pezzo surfaces of degree 2.

Remark 10.2.3. Every smooth element in Family №2.2. is known to be K-stable by Cheltsov

et al. (2024).

Main Theorem gives the following corollary:

COROLLARY 7. If every fiber X of p1 has at most A3 singularities, then X is K-stable.

Proof. If X is an irreducible fiber of p1 then arguing as in the proof of (Fujita, 2016, Theorem

10.1) we have SX(X) < 1. The divisor −KX − uX is nef if and only if u ≤ 1 and the Zariski

Decomposition is given by P(u) = −KX − uX and N(u) = 0 for u ∈ [0,1]. By (Araujo et al.,

2023, Corollary 1.110) for any divisor F such that Q ∈CX(F) over X we get:

S
(
W X

•,•;F
)
=
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=
3

(−KX)3

(∫
τ

0

(
P(u)2 ·X

)
·ordQ

(
N(u)

∣∣
X

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu

)
=

=
3
6

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu =

3
6

∫ 1

0

∫
∞

0
vol
(
−KX − vF

)
dvdu =

=
3
6

∫
∞

0
vol
(
−KX − vF

)
dv =

1
2

∫
∞

0
vol
(
−KX − vF

)
dv =

= SX(F)≤ AX(F)

δQ(X)
.

We see that δQ(X) ≥ δQ(X). Thus, by Main Theorem if every fiber of p1 has at most A3

singularities, i.e. all the fibers are K-semi-stable, then δ (X) > 1 since if Q is a singular point

and X is a fiber containing Q, such that δQ(X) = 1 then AX(E)
SX(E)

>min
{

1
SX(X) ,δQ

(
X ,W X

•,•
)}

from

(Araujo et al., 2023, Corollary 1.108.) and otherwise δQ(X)> 1 and the result follows.

10.2.4 Family №1.12 (Del Pezzo Threefolds of degree 2)

Let ψ : V → P3 be the double cover branched along the reduced possibly reducible quartic

surface R. Set H = ψ∗(OP3(1)). Then V is a del Pezzo threefold of degree 2. One can show

that a general surface in |H| is a smooth del Pezzo surface of degree 2.

Remark 10.2.4. Every smooth element in Family №1.12. is known to be K-stable by Araujo et

al. (2023) and Dervan (2016).

Singular Del Pezzo Threefolds of degree 2 were studied in Ascher et al. (2023). It follows from

Ascher et al. (2023); Shah (1981) that V is K-polystable if and only if the quartic surface R is

GIT -polystable with respect to natural action PGL(4) except for those of the form (x0x2+x2
1+

x2
3)

2 +a · x4
3 for a ∈ C. Main Theorem gives the following (slightly weaker) corollary:

COROLLARY 3. If R has An-singulalrities, then V is K-stable.

Proof. Suppose X is an irreducible element of |H| then SV(X) < 1. As for Family №2.2 we

fix a prime divisor E over V. Then we set Z = CV(E) and if β (E) ⩽ 0, then δQ(X ,W X
•,•) ⩽ 1.

Let Q be a general point in Z, Let X be the general element of |H| that contains Q. The

divisor −KV − uX is nef if and only if u ≤ 2 and the Zariski Decomposition is given by by

P(u) = −KV − uX ∼ (2− u)X and N(u) = 0 for u ∈ [0,2]. By (Araujo et al., 2023, Corollary

1.110) for any divisor F such that Q ∈CX(F) over X we get:

S
(
W X

•,•;F
)
=

3
(−KV)3

(∫
τ

0

(
P(u)2 ·X

)
·ordQ

(
N(u)

∣∣
X

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu

)
=

=
3

16

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu =

3
16

∫ 2

0
(2−u)3

∫
∞

0
vol
(
−KX −wF

)
dwdu =
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=
3
8

∫ 2

0
(2−u)3

(1
2

∫
∞

0
vol
(
−KX −wF

)
dw
)

du =
3
8

∫ 2

0
(2−u)3SX(F)du =

=
3
2

SX(F)≤ 3
2

AX(F)

δQ(X)
.

We get that δQ(V) ≥ 2
3δQ(X). For X with at most A1-singularities we have δQ(X) ≥ 3

2 . If

Q is a singular point and there exists an element X of |H| with δQ(X) = 3
2 then AX(E)

SX(E)
>

min
{

1
SX(X) ,δQ

(
X ,W X

•,•
)}

from (Araujo et al., 2023, Corollary 1.108.) and otherwise we choose

X with δQ(X)> 3
2 so δQ(V)> 1 if X has at most A1-singularities. This is the case when R has

An-singularities and the result follows.

10.2.5 Family №2.3

Let ψ : V → P3 be the double cover branched along the reduced possibly reducible quartic

surface R. Set H = ψ∗(OP3(1)). Let S1 and S2 be two distinct surfaces in the linear system

|H|, and let C = S1 ∩ S2. Suppose that the curve C is smooth. Then C is an elliptic curve

by the adjunction formula. Let π : X → V be the blow up of the curve C , and let E be the

π-exceptional surface. We have the following commutative diagram:

X
π

��

φ

��
V // P1

Where V 99K P1 is the rational map given by the pencil that is generated by S1 and S2, and φ

is a fibration into del Pezzo surfaces of degree 2.

Remark 10.2.5. Every smooth threefold in Family №2.3. is known to be K-stable by Cheltsov

et al. (2024).

Main Theorem gives the following corollary:

COROLLARY 4. If every fiber X of φ at most A3 singularities, then X is K-stable.

Proof. If X is an irreducible fiber of p1 then arguing as in the proof of (Fujita, 2016, Theorem

10.1) we have SX(X) < 1. As for Family №2.2 we fix a prime divisor E over X. Then we set

Z = CX(E). Let Q be the point on Z. let X be the fiber of φ that passes through Q. Then

−KX −uX is nef if and only if u ≤ 2 and the Zariski Decomposition is given by

P(u) =

−KX −uX ∼ (2−u)X +E if u ∈ [0,1],

−KX −uX − (u−1)E ∼ (2−u)π∗(H) if u ∈ [1,2].

N(u) =

0 if u ∈ [0,1],

(u−1)E if u ∈ [1,2].
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We apply Abban-Zhuang method to prove that Q ̸∈ E ∼= C × P1. By (Araujo et al., 2023,

Corollary 1.110) for any divisor F such that Q ∈CX(F) over X we get:

S
(
W X

•,•;F
)
=

=
3

(−KX)3

(∫
τ

0

(
P(u)2 ·X

)
·ordQ

(
N(u)

∣∣
X

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu

)
=

=
3
8

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu =

=
3
8

(∫ 1

0

∫
∞

0
vol
(
−KX − vF

)
dvdu+

∫ 2

1

∫
∞

0
vol
(
−KX − (u−1)E|X − vF

)
dvdu

)
=

=
3
8

(∫
∞

0
vol
(
−KX − vF

)
dv+

∫ 2

1
(2−u)3

∫
∞

0
vol
(
−KX −wF

)
dwdu

)
=

=
3
4

(
1
2

∫
∞

0
vol
(
−KX − vF

)
dv+

∫ 2

1
(2−u)3 · 1

2

∫
∞

0
vol
(
−KX −wF

)
dwdu

)
=

=
3
4

(
SX(F)+

1
4
·SX(F)

)
=

15
16

SX(F)≤ 15
16

· AX(F)

δQ(X)
.

We see that δQ(X) ≥ 16
15δQ(X). Thus, by Main Theorem if every fiber of p1 has at most A3

singularities the result follows.

10.2.6 Family №1.11 (Del Pezzo Threefolds of degree 1)

Let V be a Fano threefold with canonical Gorenstein singularities such that −KV ∼ 2H for

some H ∈ Pic(V) with H3 = 1. Then V is a sextic hypersurface in P(1,1,1,2,3) and a del

Pezzo threefold of degree 1. A general element in |H| is a Du Val del Pezzo surface of degree

1 and if V has isolated singularities then a general surface in |H| is a smooth.

Remark 10.2.6. Every smooth element in Family №1.11. is K-stable by Araujo et al. (2023).

Main Theorem gives the following corollary:

COROLLARY 5. Suppose that for any point Q on V there exists an element X ∈ |H| such that
Q ∈ X and X has at most A2 singularities then V is K-stable.

Proof. Suppose X is an irreducible element of |H| then SV(X) < 1. As explained above we

fix a prime divisor E over V. Then we set Z = CV(E) and if β (E) ⩽ 0, then δQ(X ,W X
•,•) ⩽ 1.

Let Q be a general point in Z, Let X be the general element of |H| that contains Q. The

divisor −KV − uX is nef if and only if u ≤ 2 and the Zariski Decomposition is given by by

P(u) = −KV − uX ∼ (2− u)X and N(u) = 0 for u ∈ [0,2]. By (Araujo et al., 2023, Corollary

1.110) for any divisor F such that Q ∈CX(F) over X we get:

S
(
W X

•,•;F
)
=



10.2. First examples of K-stable Fano Threefolds 256

=
3

(−KV)3

(∫
τ

0

(
P(u)2 ·X

)
·ordQ

(
N(u)

∣∣
X

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu

)
=

=
3
8

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu =

3
8

∫ 2

0
(2−u)3

∫
∞

0
vol
(
−KX −wF

)
dwdu =

=
3
8

∫ 2

0
(2−u)3

(∫ ∞

0
vol
(
−KX −wF

)
dw
)

du =
3
8

∫ 2

0
(2−u)3SX(F)du =

=
3
2

SX(F)≤ 3
2

AX(F)

δQ(X)
.

We get that δQ(V) ≥ 2
3δQ(X). For X with at most A2-singularities we have δQ(X) ≥ 3

2 . If

Q is a singular point and there exists an element X of |H| with δQ(X) = 3
2 then AX(E)

SX(E)
>

min
{

1
SX(X) ,δQ

(
X ,W X

•,•
)}

from (Araujo et al., 2023, Corollary 1.108.) and otherwise we choose

X with δQ(X)> 3
2 so δQ(V)> 1 if X has at most A2-singularities and the result follows.

10.2.7 Family №2.1

Let V be a Fano threefold with canonical Gorenstein singularities such that −KV ∼ 2H for

some H ∈ Pic(V) with H3 = 1. Then V is a sextic hypersurface in P(1,1,1,2,3) and a del

Pezzo threefold of degree 1. Let S1 and S2 be two distinct surfaces in the linear system |H|,
and let C = S1 ∩ S2. Suppose that the curve C is smooth. Then C is an elliptic curve by the

adjunction formula. Let π : X→V be the blow up of the curve C , and let E be the π-exceptional

surface. We have the following commutative diagram:

X
π

��

φ

��
V // P1

Where V 99K P1 is the rational map given by the pencil that is generated by S1 and S2, and φ

is a fibration into del Pezzo surfaces of degree 1.

Remark 10.2.7. Every smooth Fano threefold in Family №2.1. is K-stable by Cheltsov et al.

(2024).

Main Theorem gives the following corollary:

COROLLARY 6. If every fiber X of φ at most D4 singularities, then X is K-stable.
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Proof. If X is an irreducible fiber of p1 then we have SX(X)< 1. We now fix a prime divisor E
over X. Then we set Z = CX(E). Let Q be the point on Z. let X be the fiber of φ that passes

through Q. Then −KX − uX is nef if and only if u ≤ 2 and the Zariski Decomposition is given

by

P(u) =

−KX −uX ∼ (2−u)X +E if u ∈ [0,1],

−KX −uX − (u−1)E ∼ (2−u)π∗(H) if u ∈ [1,2].

N(u) =

0 if u ∈ [0,1],

(u−1)E if u ∈ [1,2].

We apply Abban-Zhuang method to prove that Q ̸∈ E ∼= C × P1. By (Araujo et al., 2023,

Corollary 1.110) for any divisor F such that Q ∈CX(F) over X we get:

S
(
W X

•,•;F
)
=

=
3

(−KX)3

(∫
τ

0

(
P(u)2 ·X

)
·ordQ

(
N(u)

∣∣
X

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu

)
=

=
3
4

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
X − vF

)
dvdu =

=
3
4

(∫ 1

0

∫
∞

0
vol
(
−KX − vF

)
dvdu+

∫ 2

1

∫
∞

0
vol
(
−KX − (u−1)E|X − vF

)
dvdu

)
=

=
3
4

(∫
∞

0
vol
(
−KX − vF

)
dv+

∫ 2

1
(2−u)3

∫
∞

0
vol
(
−KX −wF

)
dwdu

)
=

=
3
4

(∫
∞

0
vol
(
−KX − vF

)
dv+

∫ 2

1
(2−u)3

∫
∞

0
vol
(
−KX −wF

)
dwdu

)
=

=
3
4

(
SX(F)+

1
4
·SX(F)

)
=

15
16

SX(F)≤ 15
16

· AX(F)

δQ(X)
.

We see that δQ(X) ≥ 16
15δQ(X). Thus, by Main Theorem if every fiber of p1 has at most D4

singularities the result follows.



Chapter 11

K-stability classification for Family №3.12

In this chapter we find all K-polystable smooth Fano threefolds that can be obtained as blowup

of P3 along the disjoint union of a twisted cubic curve and a line. The results presented in this

chapter were published in Journal of London Mathematical Society (see Denisova (2024b)).

11.1 Calabi Problem for Family №3.12

By the works of Chen-Donaldson-Sun and Tian (see Chen et al. (2015) and Tian (2015)),

a Fano manifold admits a Kähler–Einstein metric if and only if it is K-polystable. For two-

dimensional Fano varieties (del Pezzo surfaces) Tian and Yau proved that a smooth del Pezzo

surface is K-polystable if and only if it is not a blow up of P2 in one or two points (see

Tian (1990); Tian and Yau (1987)). For three-dimensional Fano varieties the situation is more

challenging. Smooth Fano threefolds over the field C have been classified in Iskovskikh (1997,

1998); Mori and Mukai (1981, 2003) into 105 families. The detailed description of these families

can be found in Araujo et al. (2023) where the following problem was posed:

Calabi Problem. Find all K-polystable smooth Fano threefolds in each family.

In this chapter, we will solve the Calabi problem completely for Family №3.12, by using Abban–

Zhuang theory (see Abban and Zhuang (2022)), combined with previous partial results on this

family presented in (Araujo et al., 2023, §5.18)

Suppose X is a member of Family №3.12. Then we describe X as the blowup π : X → P3 of P3

at a twisted cubic C and line L that is disjoint from C (see Section 11.3 for an explicit description

of all members of this family). The deformation Family №3.12 contains a unique smooth Fano

threefold with an infinite automorphism group. It was proven in Araujo et al. (2023) that this

smooth Fano threefold is K-polystable (the proof heavily relies on the automorphism group of

this threefold). Using this, the authors of Araujo et al. (2023) described a strictly K-semistable

smooth Fano threefold in this family. Moreover, it has been conjectured in Araujo et al. (2023)

that all other smooth Fano threefolds in the deformation Family №3.12 are K-stable. In this

article we proved this conjecture. This completely solves the K-stability problem for smooth

Fano threefolds in the deformation Family №3.12.

258
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MAIN THEOREM 3. All the smooth threefolds except one in Family №3.12 are K-polystable.

Hence, all smooth Fano threefolds in Family №3.12 except one described in (Araujo et al.,

2023, §7.7) admit a Kähler–Einstein metric.

11.2 Preliminary results

Let X be a Fano variety with Kawamata log terminal singularities, let G be a reductive subgroup

in Aut(X), let f : X̃ → X be a G-equivariant birational morphism, let F be a G-invariant prime

divisor in X̃ , and let n = dim(X).

Definition 11.2.1. We say that F is a G-invariant prime divisor over the Fano variety X .

If F is f -exceptional, we say that F is an exceptional G-invariant prime divisor over X . We

will denotes the subvariety f (F) by CX(F).

Let

SX(F) =
1

(−KX)n

∫
τ

0
vol( f ∗(−KX)−uF)du,

where τ = τ(F) is the pseudo-effective threshold of F with respect to −KX , i.e. we have

τ(F) = sup
{

u ∈Q>0
∣∣ f ∗(−KX)−uF is big

}
. (11.2.2)

Let β (F) = AX(F)−SX(F), where AX(F) is the log discrepancy of the divisor F .

Theorem 11.2.3 (Corollary 4.14 in Zhuang (2021)). Suppose that β (F) > 0 for every G-

invariant prime divisor F over X . Then X is K-polystable.

Theorem 11.2.4 (Theorem 10.1 in Fujita (2016)). Let X be any smooth Fano threefold that is

not contained in the following 41 deformation families:

№1.17, №2.23, №2.26, №2.28, №2.30, №2.31, №2.33, №2.34, №2.35, №2.36,

№3.9, №3.14, №3.16, №3.18, №3.19, №3.21, №3.22, №3.23, №3.24, №3.25,

№3.26, №3.28, №3.29, №3.30, №3.31, №4.2, №4.4, №4.5, №4.7, №4.8, №4.9,

№4.10, №4.11, №4.12, №5.2, №5.3, №6.1, №7.1, №8.1, №9.1, №10.1.

Then SX(Y )< 1 for every irreducible surface Y ⊂ X , i.e. X is divisorially stable.

Theorem 11.2.5 (Collolary 1.110 in Araujo et al. (2023)). Let X be a smooth Fano threefold,

let Y be an irreducible normal surface in the threefold X , let Z be an irreducible curve in Y , and

let F be a prime divisor over the threefold X such that CX(F) = Z. Then

AX(F)

SX(F)
⩾ min

{
1

SX(Y )
,

1
S
(
WY

•,•;Z
)} (11.2.6)

and
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S
(
WY

•,•;Z
)
=

3
(−KX)3

∫
τ

0

(
P(u)2 ·Y

)
·ordZ

(
N(u)

∣∣
Y

)
du+

+
3

(−KX)3

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
Y − vZ

)
dvdu,

where P(u) is the positive part of the Zariski decomposition of the divisor −KX −uY , and N(u)

is its negative part.

Lemma 11.2.7 (Lemma 1.44 in Araujo et al. (2023)). Let X be a smooth Fano variety, Z

be a proper irreducible subvariety in X with dim(Z) ⩾ 1. Let f : X̃ → X be an arbitrary G-

equivariant birational morphism, let F be a G-invariant prime divisor in X̃ such that Z ⊆ f (F),

and let τ(F) satisfy (11.2.2). Then

AX(F)

SX(F)
>

n+1
n

αG,Z(X),

where

αG,Z(X) = sup

{
λ ∈Q

∣∣∣∣∣ the pair (X ,λD) is log canonical at general point of Z for any

effective G-invariant Q-divisor D on X such that D ∼Q −KX

}
.

Lemma 11.2.8 (Corollary A.13 in Araujo et al. (2023)). Suppose X = P3 and BX ∼Q −λKX

for some rational number λ < 3
4 . Let Z be the union of one-dimensional components of

Nklt(X ,BX). Then OP3(1) ·Z ⩽ 1. In particular, if Z ̸= 0, then Z is a line.

Lemma 11.2.9 (Corollary A.15 in Araujo et al. (2023)). Suppose that X is a smooth Fano

threefold, BX ∼Q −λKX for some rational number λ < 1, and there exists a surjective

morphism with connected fibers φ : X → P1. Set H = φ∗(OP1(1)). Let Z be the union of one-

dimensional components of Nklt(X ,λBX). Then H ·Z ⩽ 1.

11.3 Geometry of Fano Threefolds in Family №3.12

11.3.1 Basic properties

Let C be the smooth twisted cubic curve in P3 that is the image of the map P1 ↪→ P3 given by

[x : y]→ [x3 : x2y : xy2 : y3]

let L be a line in P3 that is disjoint from C, and let π : X → P3 be the blow up of P3 along C and

L. Then X is a Fano threefold in Family №3.12 and all threefolds in this family can be obtained

this way. Note that there exists the following commutative diagram:
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P1 ×P2

pr2

��

pr1

��

X σ

  

η

~~
θ

{{

φ

##
π

��

ζ

OO

P1 Y
ϕ

##

νoo V
ξ //

ϑ

{{

P2

P3

[[ CC

Where:

• ϕ is the blowup of a line L,

• ϑ is the blowup of a curve C,

• φ is the blowup of a curve ϑ ∗L,

• θ is the blowup of a curve ϕ∗C,

• the left dashed arrow is the linear projection from the line L,

• the right dashed arrow is given by the linear system of quadrics that contain C,

• ξ is a P1-bundle,

• ν is a P2-bundle,

• σ is a non-standard conic bundle,

• η is a fibration into the del Pezzo surfaces of degree 6,

• ζ is the contraction of the proper transforms of the quartic surface in P3 that is spanned

by the secants of the curve C that intersect L,

• pr1 and pr2 are projections to the first and the second factors, respectively.

Let H be a plane in P3, EL be the exceptional surface of π that is mapped to L, EC be the

exceptional surface of π that is mapped to C, R be ζ -exceptional surface. Then

R ∼Q π
∗(4H)−2EC −EL,

and

−KX ∼Q π
∗(4H)−EC −EL.
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11.3.2 Construction of R

Consider the commutative diagram:

X
φ

  
π

��

σ

��

V
ϑ

��

ξ

��
P3 // P2

Where ξ is a P1-bundle given by the linear system |ϑ ∗(2H)−EC|, ϑ is the blowup of C and

the dashed arrow is given by the linear system of quadrics containing C, φ is the blowup of

ϑ ∗L. Denote L̃ = ϑ ∗L. What is the image of L̃ in P2? We have that

L̃ · (ϑ ∗(2H)−EC) = 2

which means that ξ (L̃) is a conic. The preimage of this conic on V is spanned by strict

transforms of secants of C which intersect L̃. Therefore, π(R) is spanned by secants of C

that intersect L. Note that the class of the preimage is

ξ
∗(OP2(2)) = 2(ϑ ∗(2H)−EC) = ϑ

∗(4H)−2EC.

Moreover ξ (L̃) is a smooth conic and ξ is a P1-bundle thus the preimage of ξ (L̃) is a smooth

surface so it is smooth along L̃ thus the class of R in P3 is given by

R ∼Q π
∗(4H)−2EC −EL.

11.3.3 Z/2Z×Z/2Z - action on X

Note that Aut(X)∼= Aut(P3,C+L). On the other hand, we have

Aut(P3,C) = PGL2(C),

where Aut(P3,C) is the group of automorphisms of P3 which fix C as a set.
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Types of threefolds in Family 3.12

We look at the projection from the line L which is disjoint from C to P1:

φL : P3 99K P1,

which gives a 3-cover of P1:

φL|C : C 3:1−→ P1.

By Riemann-Hurwitz we have that the degree of the ramification divisor is 4. The multiplicity in

each ramification point is either 2 or 3 so we have three options:

• there are two ramification points both of multiplicity 3,

• there is one ramification point of multiplicity 3 and two ramification points of multiplicity 2,

• there are four ramification points of multiplicity 2.

We see that there are at least two ramification points on C. By acting on C by the PGL(2,C)
we can make these points to be p1 = [1 : 0], p2 = [0 : 1] on C. Now we look at the line L. It is

the intersection of 2 planes which are tangent to C at points p1 and p2 (note that these planes

are different since the plane intersects the cubic C in three points, so the same plane cannot

be tangent to C at two points) so it is given by the equations:

L :

x0 = r1x1,

x3 = r2x2.

We have 3 cases:

1. r1 = r2 = 0 so L is given by the equations:

L :

x0 = 0,

x3 = 0.

Here we have two ramification points of multiplicity 3. This case was described in Araujo et al.

(2023). The corresponding threefold X is K-polystable in this case.

2. r1 = 0, r2 ̸= 0 (which is symmetric to the case r1 ̸= 0, r2 = 0) so L is given by the equations:

L :

x0 = 0,

x3 = r2x2.
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Using the action of C∗ by the matrix which fixes C:
1 0 0 0
0 r2 0 0
0 0 r2

2 0
0 0 0 r3

2


We can assume that L is given by

L :

x0 = 0,

x3 = x2.

Here we have one ramification point of multiplicity 3 and two ramification points of multiplicity 2.

This case was described in Araujo et al. (2023) where it was proven that X is not K-polystable.

3. r1 ̸= 0, r2 ̸= 0 so L is given by the equations

L :

x0 = r1x1,

x3 = r2x2.

Using the action of C∗ by the matrix which fixes C:
1 0 0 0
0 λ 0 0
0 0 λ 2 0
0 0 0 λ 3

 ,

where λ satisfies λ 2 = r2
r1

. We can assume that L is given by

L :

x0 = rx1,

x3 = rx2.

Note that:

• r ̸= 0 since otherwise we are in case 1.
• r ̸=±1 since otherwise L intersects C which is prohibited,

• r ̸= ±3 since otherwise there exists a plane containing L which is tangent to C with

multiplicity 3 (it is a plane given by x3 + 3x3 + 3x1 + x0 = 0 in case r = −3 and a plane

−x3 + 3x3 − 3x1 + x0 = 0 in case r = 3) so this case is projectively isomorphic to the

case 2.
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Now the involution on P3 given by [x0 : x1 : x2 : x3] → [x3 : x2 : x1 : x0] fixes C an L. We can

construct a similar involution for any pair of four ramification points on C ∼= P1. This gives the

action of Z/2Z×Z/2Z. More precisely this group is generated by the involutions viewed on

P1: (
0 1
1 0

)
and

 1 − r(r2−5+q)
2(r2−3+q)

r2+3+q
4r −1


where q is any root of the equation r4−10r2+9. The action on P3 is given by the map induced

by [x : y]→ [x3 : x2y : xy2 : y2].

Z/2Z×Z/2Z - fixed points on X

From now on we assume until the end of this section that we are in case 3 of the previous

part and G = Z/2Z×Z/2Z. In particular, Aut(X) is finite (see Cheltsov, Przyjalkowski, and

Shramov (2019)).

Lemma 11.3.1. There are no G-invariant planes on P3

Proof. Note that G ↪→ Aut(C) since C is a spatial curve. If there exists a G-invariant plane Π

consider the intersection of Π with C. There are three points in Π∩C counted with multiplicities.

Thus, since the order of G is 4 then there is a G-fixed point on C ∼= P1, which is a contradiction.

Corollary 11.3.2. There are no G-fixed points on P3.

Corollary 11.3.3. The threefold X does not contain G-invariant points.

Z/2Z×Z/2Z - invariant Quadrics Containing C

Let M be the linear system of quadrics on P3 that contain the curve C.

Lemma 11.3.4. The linear system M is 3-dimensional, it contains exactly 3 G-invariant

surfaces, and these surfaces are smooth.

Proof. Note that this statement does not depend on the equivariant choice of coordinates

because PGL2(C) contains a unique subgroup isomorphic to Z/2Z×Z/2Z up to conjugation.

So we can choose coordinates such that the generators of our group will look like:

τ1 : [x : y]→ [y : x],

τ2 : [x : y]→ [x : −y].

This gives us the action on P3 by:

τ1 : [x0 : x1 : x2 : x3]→ [x3 : x2 : x1 : x0],
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τ2 : [x0 : x1 : x2 : x3]→ [x0 : −x1 : x2 : −x3].

The linear system M is clearly 3-dimensional. We can provide the equations for 3 G-invariant

quadrics containing C:

Q1 : x0x3 = x1x2, Q2 : x2
1 + x2

2 = x0x2 + x1x3, Q3 : x2
1 − x2

2 = x0x2 − x1x3.

Note that (τ1,τ2) acts on the equation of:

• Q1 by multiplying it by (1,−1),
• Q2 by multiplying it by (1, 1),
• Q3 by multiplying it by (−1,1).

Thus, since the action is pairwise distinct and M is 3-dimensional there are exactly 3 G-

invariant quadrics which we listed above. Note that these quadrics are smooth.

Now take a G-invariant quadric Q ∈M and look at the intersection of it with L. Note that L ̸⊂ Q

since L does not intersect C. The intersection Q∩L cannot cannot consist of only one point

since we do not have G-fixed points thus Q∩L consists of two distinct points. These two points

do not belong to the same curve of bidegree (1,0) or (0,1) (since these curves are the lines

on Q and we know that L ̸⊂ Q). Now we see that the blowup Q̃ → Q at these points is a del

Pezzo surface of degree 6.

Z/2Z×Z/2Z - invariant lines

Let us describe G-invariant lines in P3. Assume G is generated by τ1 and τ2, as in the proof of

Lemma 11.3.4. In this case all G-invariant lines are of the form:λx0 +µx2 = 0,

λx3 +µx1 = 0.

where [λ : µ] ∈ P1. All such lines do not intersect each other and lie on the quadric Q4 given

by x1x0 = x2x3. We see that P3 contains infinitely many G-invariant lines and all of them are

contained in Q4. Among them there are 3 lines that intersect C. We can describe them explicitly.

The intersection of this quadric with C consists exactly of 6 points which are:

P1 = [0 : 1] = [0 : 0 : 0 : 1],

P2 = [1 : 0] = [1 : 0 : 0 : 0],

P3 = [1 : 1] = [1 : 1 : 1 : 1],

P4 = [1 : −1] = [1 : −1 : 1 : −1],

P5 = [1 : i] = [1 : i : −1 : −i],

P6 = [1 : −i] = [1 : −i : −1 : i],



11.3. Geometry of Fano Threefolds in Family №3.12 267

here in the third column are given the corresponding coordinates on C ⊂ P3. Note that τ1

exchanges P1 and P2, τ2 exchanges P3 and P4, as well as τ2 exchanges P5 and P6. Each pair

of points belongs to the same line which is different for each point. We denote these lines L12,

L34, L56, where Li j is the line connecting points Pi and Pj.

Lemma 11.3.5. Suppose that Z is a G-invariant irreducible curve on X , π(Z) is its image on

P3 and π(Z) is a line different from L, L12, L34, L56 then Z ̸⊂ R.

Proof. Suppose Z is contained in R. Consider the following commutative diagram from section

11.3.2:

R ⊂ X
φ

%%
π

��

σ

��

V
ϑ

zz

ξ

%%
π(R)⊂ P3 // P2 ⊃ ξ ◦φ(R)

Where the bottom dashed arrow is given by the linear system of quadrics containing C. Using

the equations of quadrics which form the basis of the linear system M defined in Section

11.3.3 we get the explicit map:

P3 99K P2 where [x0 : x1 : x2 : x3] 99K [x0x3 − x1x2 : x2
1 − x0x2 : x2

2 − x1x3].

We know that ξ ◦φ(R) is a conic. Let’s write its equation in P2 with coordinates [x : y : z]:

a1x2 +a2xy+a3xz+a4y2 +a5yz+a6z2 = 0.

We want to look at the preimage of this equation in P3 which will give the equation for π(R).

Substituting [x0x3 − x1x2 : x2
1 − x0x2 : x2

2 − x1x3] into the defining equation of ξ ◦φ(R) we get:

π(R) : a1x2
3x2

0 −a2x2x3x2
0 +a4x2

2x2
0 +a2x3x0x2

1 −2a4x2x0x2
1 +a2x2

2x0x1+

+(−2a1 +a5)x2x3x0x1 −a3x2
3x0x1 +a3x3x2

2x0 −a5x3
2x0 +a4x4

1 −a2x3
1x2 −a5x3x3

1+

+(a1 +a5)x2
2x2

1 +a3x2x3x2
1 +a6x2

3x2
1 −a3x3

2x1 −2a6x2
2x3x1 +a6x4

2 = 0.

Recall from section 11.3.3 that all G-invariant lines are of the formλx0 +µx2 = 0,

λx3 +µx1 = 0.
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where [λ : µ] ∈ P1. Now L is given by

L = Ls :

x0 + sx2 = 0,

x3 + sx1 = 0.
for some s ∈ C.

Note that s ̸= 0 since otherwise X would have an infinite group of automorphisms. Similarly

π(Z) is given by

π(Z) = Lt :

x0 + tx2 = 0,

x3 + tx1 = 0.
for t ∈ C.

By our assumption Ls is contained in π(R). This gives

{a1 =−1/s, a2 = 0, a3 = 0, a4 = 1, a5 = (s2 +1)/s, a6 = 1}.

So that π(R) is given by

π(R) : x2
2x2

0s− x2
3x2

0 −2x2x0x2
1s+(s2 +3)x2x3x0x1 +(−s2 −1)x3

2x0 + sx4
1+

+(−s2 −1)x3x3
1 + s2x2

1x2
2 + x2

3x2
1s−2x2

2x3x1s+ sx4
2 = 0.

Similarly since Lt is contained in π(R) we get

−t4 −4ts+(s2 +3)t2 + s2 = 0,

s+(−s2 −1)t + t2s = 0.

and the solution to this system is s = t which means that Ls = L and Lt = π(Z) coincide

contradicting the assumption on Z.

11.3.4 Mori Cone NE(X)

Let lL, lC, lR be the general fibers of the natural projections EL → L, EC → C, R → σ(R).

Observe that we can contract any of two rays R⩾0[lL], R⩾0[lC], R⩾0[lR]. Indeed lC and lL are

contracted by π : X → P3, lR and lL are contracted by σ : X → P2, lR and lC are contracted by

η : X → P1. Thus, these curves generate 3 extreme rays R⩾0[lL], R⩾0[lC], R⩾0[lR] of the Mori

cone NE(X).
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11.3.5 Cone of Effective Divisors Eff(X)

Lemma 11.3.6. Suppose S is a surface in X then

S ∼ a(π∗(H)−EL)+b(2π
∗(H)−EC)+ cR+ eEL + f EC,

for a,b,c,e, f ∈ Z⩾0.

Proof. Suppose π(S)⊂ P3 is the surface of degree d in P3. Then we have

S ∼ dπ
∗(H)−mLEL −mCEC,

where mL is the multiplicity of π(S) in L, mC is the multiplicity of π(S) in C. Suppose that

S ̸= EC, S ̸= EL and S ̸= R for all n. Now let’s intersect S with three extreme rays lL, lC, lR
corresponding to L, C, R:

• π∗(H) · lC = 0,

• π∗(H) · lL = 0,

• π∗(H) · lR = 1,

• EL · lC = 0,

• EL · lL =−1,

• EL · lR = 1,

• EC · lC =−1,

• EC · lL = 0,

• EC · lR = 2.
So we have that:

S · lC = mC ⩾ 0, S · lL = mL ⩾ 0, S · lR = d −mL −2mC ⩾ 0.

Moreover if l1 is the general line intersecting L, l2 is the general secant of C then we get strict

inequalities:

S · l1 = d −mL > 0, S · l2 = d −2mC > 0.

Now we want to find the integer positive solutions for:

dπ
∗(H)−mLEL −mCEC = a(π∗(H)−EL)+b(2π

∗(H)−EC)+ cR+ eEL + f EC.

Comparing the coefficients we get:

d = a+2b+4c, mC = b+2c− f , mL = a+ c− e.

The non-negative solution to this system can be given by

a = d −2mC,

b = mC,

c = 0,

e = d −mL −2mC,

f = 0.
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Thus, the cone of effective divisors over Z is generated by π∗(H)−EL, 2π∗(H)−EC, R, EL,

EC.

Corollary 11.3.7. The cone of effective divisors of X is generated over Q by π∗(H)−EL, R,

EL, EC. More precisely, suppose S is a surface in X then

S ∼Q a(π∗(H)−EL)+ cR+ eEL + f EC,

for unique a,c,e, f ∈Q⩾0.

11.4 Proof of the Main Theorem (Family №3.12)

Suppose X is a member of Family №3.12 such that Z/2Z×Z/2Z ⊂ Aut(X). In this section

we will prove that X is K-polystable. Then we describe X as the blowup π : X → P3 of P3 at a

twisted cubic C and line L that is disjoint from C. If X is not K-polystable then it follows from

(Zhuang, 2021, Corollary 4.14) that there exists a G-invariant prime divisor F over X such that

β (F) = AX(F)− SX(F) ⩽ 0. Let Z be the center of F on X . Then Z is not a point since X

has no G-fixed points, and Z is not a surface by (Fujita, 2016, Theorem 10.1), so that Z is

a G-invariant irreducible curve.

Lemma 11.4.1. Suppose that π(Z) ̸= L then π(Z) is not one of the G-invariant lines which

does not intersect C.

Proof. Let’s take a G-invariant line π(Z) that does not intersect C and consider a general

plane H which contains this line. It intersects a line L in one point and a twisted cubic C at

three points. Let S be the proper transform of H on X . In this case we have that the induced

map π|S : S → H is the blowup of a plane H in 4 points b1 = H ∩L, b2,b3,b4 = H ∩C. We

now need to check that these points are in general position to conclude that S is a del Pezzo

surface of degree 5.

To prove that we need to show that the points in {b1,b2,b3,b4} are in general position which

means that no three of them belong to the same line. Note that b2,b3,b4 =H∩C do not belong

to the same line, because C is an intersection of quadrics. So the only option is that b1 and two

points from the set {b2,b3,b4} belong to the same line. Suppose H is a general plane and b1

and 2 points among {b2,b3,b4} are contained in one line ℓ. From Section 11.3.2 we know that

π(R) is spanned by secants of C that intersect L, so H contains such secant ℓ. Moreover, π(Z)

intersects ℓ, so we see that π(Z) intersects a general secant of C that is contained in π(R).

Then Z ⊂ R which contradicts Lemma 11.3.5. So we can choose the hyperplane H in such a

way that the points in {b1,b2,b3,b4} are in general position. Thus, S is a del Pezzo surface of

degree 5. Let E1, E2, E3, E4 be the exceptional divisors corresponding to points b1,b2,b3,b4
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Z E1 E2 E3 E4 L12 L13 L14 L23 L24 L34

Z 1 0 0 0 0 1 1 1 1 1 1
E1 0 −1 0 0 0 1 1 1 0 0 0
E2 0 0 −1 0 0 1 0 0 1 1 0
E3 0 0 0 −1 0 0 1 0 1 0 1
E4 0 0 0 0 −1 0 0 1 0 1 1
L12 1 1 1 0 0 −1 0 0 0 0 1
L13 1 1 0 1 0 0 −1 0 0 1 0
L14 1 1 0 0 1 0 0 −1 1 0 0
L23 1 0 1 1 0 0 0 1 −1 0 0
L24 1 0 1 0 1 0 1 0 0 −1 0
L34 1 0 0 1 1 1 0 0 0 0 −1

Table 11.1: Intersections on S - del Pezzo 5

respectively, and Li j be the preimages of lines connecting bi and b j for i ∈ {1, ...,4}. Recall

that E1, E2, E3, E4 and Li j generate the Mori Cone NE(S). We have that

−KX ∼ π
∗(4H)−EC −EL,

R ∼ π
∗(4H)−2EC −EL,

and moreover

π
∗(H)|S ∼ S|S ∼ Z, EL|S ∼ E1, EC|S ∼ E2 +E3 +E4.

The intersections are given by:

By Theorem 11.2.4, we have SX(S)< 1. By Corollary 11.2.5 we have S(W S
•,•;Z) ⩾ 1. Let us

compute S(W S
•,•;Z). Take u ∈ R⩾0. Observe that

−KX −uS ∼R (1−u/3)R+u/3(π∗(H)−EL)+(1−2u/3)EC,

which implies that −KX − uS is pseudo-effective if and only if u ⩽ 3
2 since ζ∗(−KX − uS) is

a divisor of degree (u/3,1− 2u/3) on P1 ×P2, which implies that −KX − uS is not pseudo-

effective for u > 3/2. Let P(u) = P(−KX −uS) be a positive part of Zariski decomposition and

N(u) = N(−KX −uS) be a negative part of Zariski decomposition. Here we use the notations

introduced in Theorem 11.2.5.

P(u) =

−KX −uS if 0 ⩽ u ⩽ 1,

−KX −uS− (u−1)R if 1 ⩽ u ⩽
3
2
.

and N(u) =

0 if 0 ⩽ u ⩽ 1,

(u−1)R if 1 ⩽ u ⩽
3
2
.

Then take any v ∈ R⩾0. Suppose P(u,v) is a positive part of the Zariski decomposition of

(−KX − uS)|S − vZ and N(u,v) is a negative part of the Zariski decomposition of (−KX −
uS)|S − vZ. The intersections of P(u,v) with the generators of NE(S) above are:
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P(u,v)
u [0,1] [1,7/5] [7/5,3/2]
v [0,2−u] [0,3−2u]

[
3−2u, 5−3u

2

]
[0,3−2u] [3−2u,6−4u]

E1 1 2−u 11−7u−3v 2−u 11−7u−3v
E2, E3, E4 1 3−2u 6−4u− v 3−2u 6−4u− v

L12, L13, L14 2−u− v 3−2u− v 0 3−2u− v 0
L23, L24, L34 2−u− v 2−u− v 5−3u−2v 2−u− v 5−3u−2v

Table 11.2: Zariski Decomposition of (−KX −uS)|S − vZ for S - del Pezzo 5

So we obtain:

• if u ∈ [0,1] and v ∈ [0,2−u] then:

P(u,v) = (4−u− v)Z − (E1 +E2 +E3 +E4) and N(u,v) = 0.

• if u ∈ [1,3/2] and v ∈ [0,3−2u] then

P(u,v) = (8−5u− v)Z +(2u−3)(E2 +E3 +E4)+(u−2)E1 and N(u,v) = 0.

• if u ∈ [1,7/5] and v ∈
[
3−2u, 5−3u

2

]
or u ∈ [7/5,3/2] and v ∈ [3−2u,6−4u] then:

P(u,v)= (8−5u−v)Z+(2u−3)(E2+E3+E4)+(u−2)E1+(3−2u−v)(L12+L13+L14),

N(u,v) = (2u+ v−3)(L12 +L13 +L14).

Corollary 11.2.5 gives us

S
(
W S

•,•;Z
)
=

3
(−KX)3

∫ 3/2

0

(
P(u)2 ·S

)
·ordZ

(
N(u)

∣∣
S

)
du+

3
(−KX)3

∫ 3/2

0

∫
∞

0
vol
(
P(u)

∣∣
S−vZ

)
dvdu.

Note that ordZ

(
N(u)

∣∣
S

)
= 0 because Z ̸⊂ R. So we are only left with the second part of the

integral which equals:

S
(
W S

•,•;Z
)
=

3
28

∫ 1

0

∫ 2−u

0

(
(4−u− v)Z − (E1 +E2 +E3 +E4)

)2dvdu+

+
3

28

∫ 3/2

1

∫ 3−2u

0

(
(8−5u− v)Z +(2u−3)(E2 +E3 +E4)+(u−2)E1

)2dvdu+

+
3

28

∫ 7/5

1

∫ 5−3u
2

3−2u

(
(8−5u− v)Z +(2u−3)(E2 +E3 +E4)+(u−2)E1)+

+(3−2u− v)(L12 +L13 +L14)
)2dvdu+

+
3

28

∫ 3/2

7/5

∫ 6−4u

3−2u

(
(8−5u− v)Z +(2u−3)(E2 +E3 +E4)+(u−2)E1)+

+(3−2u− v)(L12 +L13 +L14)
)2dvdu =
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=
3

28

∫ 1

0

∫ 2−u

0

(
(4−u− v)2 −4

)
dvdu+

+
3

28

∫ 3/2

1

∫ 2u−3

0

(
12u2 +10uv+ v2 −40u−16v+33

)
dvdu+

+
3

28

∫ 7/5

1

∫ 5−3u
2

3−2u

(
24u2 +22uv+4v2 −76u−34v+60

)
dvdu+

+
3

28

∫ 7/5

1

∫ 6−4u

3−2u

(
24u2 +22uv+4v2 −76u−34v+60

)
dvdu =

753
1120

< 1.

The obtained contradiction completes the proof of the lemma.

Lemma 11.4.2. One has Z ̸⊂ EL.

Proof. Suppose that Z ⊂ EL. Observe that EL ∼= P1 ×P1. Let s be the section of the natural

projection EL → L such that s2 = 0, and l be a fiber of this projection. The intersections are

given by: Then

s l
s 0 1
l 1 0

Table 11.3: Intersections on EL ∼= P1 ×P1

EL|EL ∼−s+ l, π
∗(H)|EL ∼ l, R|EL ∼ s+3l,

By Theorem 11.2.4, we have SX(EL)< 1. Thus, we conclude that S(W EL•,•;Z) ⩾ 1 by Corol-

lary 11.2.5. Let us compute S(W EL•,•;Z). Take u ∈ R⩾0. Observe that

−KX −uEL ∼R
1
2

R+2(π∗(H)−EL)+
(3

2
−u
)

EL,

which implies that −KX −uEL is pseudo-effective if and only if u ⩽ 3
2 since ζ∗(−KX −uS) is a

divisor of degree (2,3/2−u) on P1 ×P2, which implies that −KX −uS is not pseudo-effective

for u > 3/2. Let P(u) = P(−KX −uEL) and N(u) = N(−KX −uEL). Then

P(u) =

−KX −uEL for 0 ⩽ u ⩽ 1,

(8−4u)π∗(H)− (3−2u)EC −2EL for 1 ⩽ u ⩽
3
2
.

and

N(u) =

0 for 0 ⩽ u ⩽ 1,

(u−1)R for 1 ⩽ u ⩽
3
2
.
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Then take any v ∈ R⩾0. Suppose P(u,v) is a positive part of the Zariski decomposition

of (−KX − uEL)|EL − vZ, N(u,v) is a negative part of the Zariski decomposition of

(−KX −uEL)|EL − vZ.

1 Suppose that Z ̸= R|EL and Z ∼ as + bl. Note that a ⩾ 1 since P3 does not contain

G-fixed points. Then using the convexity of volume we get the inequality we obtain

S
(
W EL

•,•;Z
)
=

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
EL

− v(as+bl)
)

dvdu ⩽
3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
EL

− vs
)

dvdu.

so it is enough to show that the last integral is less than 1 to deduce a contradiction. So

suppose Z ∼ s. We have that:

P(u)|EL − vs ∼R

(1+u− v)s+(3−u)l for 0 ⩽ u ⩽ 1,

(2− v)s+(6−4u)l for 1 ⩽ u ⩽ 3/2.

The intersections of P(u,v) with the generators of NE(S) are: Then Corollary 11.2.5 gives

P(u,v)
u [0,1] [1,3/2]
v [0,1+u] [0,2]
s 3−u 6−4u
l 1+u− v 2− v

Table 11.4: Zariski Decomposition of (−KX −uEL)|EL − vZ for EL ∼= P1 ×P1 (case 1)

S
(
W EL

•,•;s
)
=

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
EL

− vs
)

dvdu =

3
28

∫ 1

0

∫ 1+u

0
2(3−u)(1+u− v)dvdu+

3
28

∫ 3/2

1

∫ 2

0
4(v−2)(−3+2u)dvdu =

13
16

< 1.

Hence, for any G-invariant curve Z ⊂ EL such that Z ̸= R|EL we have S
(
W EL•,•;Z

)
< 1 so by

Corollary 11.2.5 we obtain the desired contradiction.

2 Suppose Z = R|EL ∼ s+3l. Take any v ∈ R⩾0 then we have:

P(u)|EL − vZ ∼R

(1+u− v)s+(3−u−3v)l, for 0 ⩽ u ⩽ 1,

(2− v)s+(6−4u−3v)l, for 1 ⩽ u ⩽ 3/2.

The intersections of P(u,v) with the generators of NE(S) are: Hence, if Z = R|EL , then

Corollary 11.2.5 gives
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P(u,v)
u [0,1] [1,3/2]
v [0, 3−u

3 ] [0, 6−4u
3 ]

s 3−u−3v 6−4u−3v
l 1+u− v 2− v

Table 11.5: Zariski Decomposition of (−KX −uEL)|EL − vZ for EL ∼= P1 ×P1 (case 2)

S
(
W EL

•,•;Z
)
=

3
28

∫ 3
2

1
(u−1)EL ·

(
(8−4u)π∗(H)− (3−2u)EC −2EL

)2du+

+
3

28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
EL

− vZ
)

dvdu =

=
3

28

∫ 3
2

1
4(u−1)(6−4u)du+

3
28

∫ 1

0

∫ 3−u
3

0
2(1+u− v)(3−u−3v)dvdu+

+
3

28

∫ 3
2

1

∫ 6−4u
3

0
2(2− v)(6−4u−3v)dvdu =

19
56

< 1.

Hence, by Corollary 11.2.5 we obtain the desired contradiction which completes the proof of

the lemma.

Lemma 11.4.3. Let S be a G-invariant surface in |π∗(2H)−EC|. Then Z ̸⊂ S .

Proof. Suppose that Z ⊂ S . Note that π(S ) is a G-invariant quadric that contains C. Recall

that it is smooth. Let’s seek for a contradiction. Let us identify π(S ) = P1 ×P1 such that C

is a curve in π(S ) of degree (1,2). Then π induces a birational morphism ϕ : S → P1 ×P1

that is a blow up of two intersection points π(S )∩ L = {A1,A2}, which are not contained

in the curve C. Moreover, the surface S is a smooth del Pezzo surface of degree 6,

because the points of the intersection π(S )∩L are not contained in one line in π(S ) since

otherwise this line would be L. But L is not contained in π(S ) which is a contradiction. By

Theorem 11.2.4, we have SX(S )< 1. Let’s show that S(WS
•,•;Z)< 1.

Take u ∈ R⩾0. Then

−KX −uS ∼R 2π
∗(H)−EL +(1−u)(2π

∗(H)−EC),

which implies that −KX −uS is nef for every u ∈ [0,1]. On the other hand, we have

−KX −uS ∼R (4−2u)
(
π
∗(H)−EL

)
+(3−2u)EL +(u−1)EC,

so that the divisor −KX −uS is pseudo-effective ⇐⇒ u ∈
[
0, 3

2

]
. We denote P(u) = P(−KX −

uS ) and N(u) = N(−KX −uS ). Then we have

P
(
u
)
=

−KX −uS for 0 ⩽ u ⩽ 1,

(4−2u)π∗(H)−EL for 1 ⩽ u ⩽
3
2
.

and N(u) =

0 for 0 ⩽ u ⩽ 1,

(u−1)EC for 1 ⩽ u ⩽
3
2
.
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Suppose ϕ : S → P1 × P1 is the blowup at points A1, A2 with e1 and e2 the exceptional

curves of ϕ which correspond to points A1, A2 respectively. We denote by ℓ1 and ℓ2 the proper

transforms on S of general curves k1 and k2 in P1 × P1 of degrees (1,0) and (0,1),
respectively. The intersections are given by: Then

ℓ1 ℓ2 e1 e2

ℓ1 0 1 0 0
ℓ2 1 0 0 0
e1 0 0 −1 0
e1 0 0 0 −1

Table 11.6: Intersections on S - del Pezzo 6 (pic. 1)

π
∗(H)|S ∼ ℓ1 + ℓ2, EL|S ∼ e1 + e2, EC|S ∼ ℓ1 +2ℓ2.

We let F11, F12, F21, F22 be the (−1)-curves on S such that

F11 ∼ ℓ1 − e1, F12 ∼ ℓ1 − e2, F21 ∼ ℓ2 − e1, F22 ∼ ℓ2 − e2.

We have NE(S ) =< e1,e2,F11,F12,F21,F22 > with the intersections:

1 Suppose Z ̸= EC|S , then ϕ(Z) is a curve since since Z ̸= e1 and Z ̸= e2, because neither

e1 nor e2 is G-invariant. Now we have that ϕ(Z)∼ ak1 +bk2 and so

Z ∼ aℓ1 +bℓ2 −m1e1 −m2e2,

where m1 is the multiplicity of ϕ(Z) at point A1, m2 is the multiplicity of ϕ(Z) at point A2. Note

that G exchanges A1 and A2 and Z is a G-invariant curve thus m1 = m2 =: m. We know that

Z ̸∈ {F11,F12,F21,F22} since the Fi j are not G-invariant for any i, j. Thus:

0 ⩽ Z ·F11 = (aℓ1 +bℓ2 −m1e1 −m2e2)(ℓ1 − e1) = b−m ⇒ b ⩾ m,

0 ⩽ Z ·F22 = (aℓ1 +bℓ2 −m1e1 −m2e2)(ℓ2 − e2) = a−m ⇒ a ⩾ m.

e1 e2 F11 F12 F21 F22

e1 −1 0 1 0 1 0
e2 0 −1 0 1 0 1
F11 1 0 −1 0 0 1
F12 0 1 0 −1 1 0
F21 1 0 0 1 −1 0
F22 0 1 1 0 0 −1

Table 11.7: Intersections on S - del Pezzo 6 (pic. 2)
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Now we have that

Z ∼ aℓ1 +bℓ2 −m(e1 + e2) =

=


(a−b)︸ ︷︷ ︸

⩾0

ℓ1 + m︸︷︷︸
⩾0

(ℓ1 + ℓ2 − e1 − e2)+(b−m)︸ ︷︷ ︸
⩾0

(ℓ1 + ℓ2), for a ⩾ b,

(b−a)︸ ︷︷ ︸
⩾0

ℓ2 + m︸︷︷︸
⩾0

(ℓ1 + ℓ2 − e1 − e2)+(a−m)︸ ︷︷ ︸
⩾0

(ℓ1 + ℓ2), for b ⩾ a.

So we can decompose each curve Z as the sum of ℓ1, ℓ2, ℓ1 + ℓ2 − e1 − e2 with non-negative

coefficients, i.e. Z ∼ c1ℓ1 + c2ℓ2 + c3(ℓ1 + ℓ2 − e1 − e2) for some c1, c2, c3 ∈ Z⩾0. Note if for

example c1 ⩾ 1 then using the convexity of volume we get the inequality:

S
(
WS

•,•;Z
)
=

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− v(c1ℓ1 + c2ℓ2 + c3(ℓ1 + ℓ2 − e1 − e2))

)
dvdu ⩽

⩽
3

28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vℓ1

)
dvdu.

and similarly for c2 and c3. So it is enough to get S
(
WS

•,•;Z
)
< 1 for Z ∼ ℓ1, Z ∼ ℓ2, Z ∼ ℓ1+ℓ2−

e1 − e2 to deduce a contradiction. Take any v ∈ R⩾0. Suppose P(u,v) and N(u,v) are positive

and negative parts part of the Zariski decomposition of (−KX −uS )|S − vZ respectively.

Case 1. Suppose Z ∼ ℓ1 then the intersections of P(u,v) with the generators of NE(S ) above

are given in the following table: So we obtain:

P(u,v)
u [0,1] [1,3/2]
v [0,2−u] [2−u,3−u]

[
0,3−2u

]
[3−2u,6−4u]

e1, e2 1 3−u− v 1 4−2u− v
F11, F12 1 3−u− v 3−2u 6−4u− v
F21, F22 2−u− v 0 3−2u− v 0

Table 11.8: Zariski Decomposition of (−KX −uS )|S − vZ for S - del Pezzo 6 (case 1)

• if u ∈ [0,1] then:

P(u,v) =

{
(3−u− v)ℓ1 +2ℓ2 − (e1 + e2) for 0 ⩽ v ⩽ 2−u,

(3−u− v)(ℓ1 + ℓ2 − e1 − e2) for 2−u ⩽ v ⩽ 3−u.

and

N(u,v) =

{
0 for 0 ⩽ v ⩽ 2−u,

(u+ v−2)(2ℓ2 − e1 − e2) for 2−u ⩽ v ⩽ 3−u.
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• if u ∈ [1,3/2] then:

P(u,v) =

{
(4−2u− v)ℓ1 +(4−2u)ℓ2 − (e1 + e2) for 0 ⩽ v ⩽ 3−2u,

(4−2u− v)(ℓ1 − e1 − e2)+(10−6u−2v)ℓ2 for 3−2u ⩽ v ⩽ 6−4u.

and

N(u,v) =

{
0 for 0 ⩽ v ⩽ 3−2u,

(3−2u− v)(2ℓ2 − e1 − e2) for 3−2u ⩽ v ⩽ 6−4u.

Corollary 11.2.5 gives us:

S
(
WS

•,•;Z
)
=

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vℓ1

)
dvdu =

=
3

28

∫ 1

0

∫ 2−u

0

(
10−4u−4v

)
dvdv+

3
28

∫ 1

0

∫ 3−u

2−u
2(3−u− v)2dvdu+

+
3
28

∫ 3
2

1

∫ 3−2u

0

(
8u2 +4uv−32u−8v+30

)
dvdu+

+
3

28

∫ 3
2

1

∫ 6−4u

3−2u
2(4−2u− v)(6−4u− v)dvdu =

109
112

.

Hence, by Corollary 11.2.5 we obtain the desired contradiction.

Case 2. Suppose Z ∼ ℓ2 then the intersections of P(u,v) with the generators of NE(S ) are

given in the following table: So, we obtain:

P(u,v)
u [0,1] [1,3/2]
v [0,1] [1,2]

[
0,3−2u

]
[3−2u,6−4u]

e1, e2 1 2− v 1 4−2u− v
F11, F12 1− v 0 3−2u− v 0
F21, F22 2−u 3−u− v 3−2u 6−4u− v

Table 11.9: Zariski Decomposition of (−KX −uS )|S − vZ for S - del Pezzo 6 (case 2)

• if u ∈ [0,1] then:

P(u,v) =

{
(3−u)ℓ1 +(2− v)ℓ2 − (e1 + e2) for 0 ⩽ v ⩽ 1,

(v−2)(e1 + e2)+(5−u−2v)ℓ1 +(2− v)ℓ2 for 1 ⩽ v ⩽ 2.

and

N(u,v) =

{
0 for 0 ⩽ v ⩽ 1,

(1− v)(2ℓ1 − e1 − e2) for 1 ⩽ v ⩽ 2.
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• if u ∈ [1,3/2] then:

P(u,v) =

{
(4−2u)ℓ1 +(4−2u− v)ℓ2 − (e1 + e2) for 0 ⩽ v ⩽ 3−2u,

(4−2u− v)(ℓ2 − e1 − e2)+(10−6u−2v)ℓ1 for 3−2u ⩽ v ⩽ 6−4u.

and

N(u,v) =

{
0 for 0 ⩽ v ⩽ 3−2u,

(3−2u− v)(2ℓ1 − e1 − e2) for 3−2u ⩽ v ⩽ 6−4u.

Corollary 11.2.5 gives us:

S
(
WS

•,•;Z
)
=

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vℓ2

)
dvdu =

=
3

28

∫ 1

0

∫ 1

0

(
2uv−4u−6v+10

)
dvdv+

3
28

∫ 1

0

∫ 2

1
2(v−2)(v−3+u)dvdu+

+
3
28

∫ 3
2

1

∫ 3−2u

0

(
8u2 +4uv−32u−8v+30

)
dvdu+

+
3

28

∫ 3
2

1

∫ 6−4u

3−2u
2(4−2u− v)(6−4u− v)dvdu =

89
112

< 1.

Hence, by Corollary 11.2.5 we obtain the desired contradiction.

Case 3. Suppose Z ∼ ℓ1 + ℓ2 − e1 − e2 then the intersections of P(u,v) the generators of

NE(S ) are given in the following table: So we obtain:

P(u,v)
u [0,1] [1,3/2]
v [0,1] [1,2]

[
0,1
]

[1,4−2u]
e1, e2 1− v 0 1− v 0

F11, F12 1 2− v 3−2u 4−2u− v
F21, F22 2−u 3−u− v 3−2u 4−2u− v

Table 11.10: Zariski Decomposition of (−KX −uS )|S − vZ for S - del Pezzo 6 (case 3)

• if u ∈ [0,1] then:

P(u,v) =

{
(v−1)(e1 + e2)+(3−u− v)ℓ1 +(2− v)ℓ2 for 0 ⩽ v ⩽ 1,

(3−u− v)ℓ1 +(2− v)ℓ2 for 1 ⩽ v ⩽ 2.

and

N(u,v) =

{
0 for 0 ⩽ v ⩽ 1,

(1− v)(e1 + e2) for 1 ⩽ v ⩽ 2.
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• if u ∈ [1,3/2] then:

P(u,v) =

{
(v−1)(e1 + e2)+(4−2u− v)(ℓ1 + ℓ2) for 0 ⩽ v ⩽ 1,

(4−2u− v)(ℓ1 + ℓ2) for 1 ⩽ v ⩽ 4−2u.

and

N(u,v) =

{
0 for 0 ⩽ v ⩽ 1,

(1− v)(e1 + e2) for 1 ⩽ v ⩽ 4−2u.

Corollary 11.2.5 gives us:

S
(
WS

•,•;Z
)
=

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vZ

)
dvdu =

=
3

28

∫ 1

0

∫ 1

0

(
2uv−4u−6v+10

)
dvdu+

3
28

∫ 1

0

∫ 2

1
2(v−2)(u+ v−3)dvdu+

+
3
28

∫ 3
2

1

∫ 1

0

(
2(2u−3)(2u+2v−5)

)
dvdu+

3
28

∫ 3
2

1

∫ 4−2u

1
2(2u+ v−4)2dvdu =

=
13
16

< 1.

Hence, by Corollary 11.2.5 we obtain the desired contradiction. Thus, for any G-invariant curve

Z ⊂ S such that Z ̸= EC|S we have S
(
WS

•,•;Z
)
< 1 which is impossible by Corollary 11.2.5.

2 Suppose Z = EC|S ∼ ℓ1 +2ℓ2 then using the convexity of volume we get the inequality:

S
(
WS

•,•;Z
)
=

3
28

∫ 3
2

0

(
P(u) ·P(u) ·S

)
ordZ

(
N(u)

∣∣
S

)
du+

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vZ

)
dvdu =

=
3
28

∫ 3
2

1
(u−1)

(
(4−2u)π∗(H)−EL

)2 ·
(
2π

∗(H)−EC
)
du+

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vZ

)
dvdu =

=
3
28

∫ 3
2

1
(u−1)

(
2(4−2u)2 −2

)
du+

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vZ

)
dvdu =

=
5

224
+

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− v(ℓ1 +2ℓ2)

)
dvdu ⩽

⩽
5

224
+

3
28

∫ 3
2

0

∫
∞

0
vol
(

P(u)
∣∣
S
− vℓ1

)
dvdu =

=
5

224
+

109
112

=
223
224

< 1.

Hence, by Corollary 11.2.5 we obtain the desired contradiction which completes the proof of

the lemma.

Corollary 11.4.4. The curve π(Z) is not a line that intersects C.

Proof. Recall from Section 11.3.3 that there are exactly 3 G-invariant lines in P3 that intersect

the curve C. These are the lines L12, L34, L56. We have that L12 ⊂ Q2 ∩Q3, L34 ⊂ Q1 ∩Q2,

L34 ⊂ Q1 ∩Q3. Thus, the lemma above gives us the result.
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By Lemma 11.2.7, one has αG,Z(X) < 3
4 . Thus, by lemma (Araujo et al., 2023, Lemma 1.42)

and its proof, there is a G-invariant effective Q-divisor D on the threefold X such that D ∼Q

−KX and Z ⊆ Nklt(X ,λD) for some positive rational number λ < 3
4 .

Lemma 11.4.5. Let S be an irreducible surface in X . Suppose that S ⊂ Nklt(X ,λD). Then

either S ∈ |π∗(2H)−EC| and S is G-invariant or S = EL.

Proof. Consider a G-irreducible surface T such that S is its component. Note that T ∈
Nklt(X ,λD) and is G-invariant. We have D ∼Q 4π∗(H)−EC −EL and λ < 3

4 . By assumption

we have D = aT +∆ where a ∈ Q such that a ⩾ 1
λ
> 4

3 and ∆ is an effective Q divisor on X

whose support does not contain T . If T = EC we get

π
∗(4H)−EC −EL ∼Q aEC +∆ ⇒ ∆ ∼Q π

∗(4H)− (1+a)EC −EL = R− (a−1)EC,

which gives a contradiction.

Assume T ̸= EL, T ̸= EC then π(T )⊂ P3 is the surface of some degree d. We have that:

4H ∼Q aπ(T )+π(∆)⇒ 4 ⩾ ad ⇒ d = 1 or d = 2.

The latter holds since a > 4
3 . Since P3 does not contain G-invariant points, it contains no G-

invariant lines, so π(T ) is a quadric. Then T is given by

T ∼ 2π
∗(H)−mLEL −mCEC,

where mL and mC are multiplicities of π(T ) at general points of the curves L and C respectively.

By Corollary 11.3.7 the cone of effective divisors over Q is generated by EL, EC, R ∼ 4π∗(H)−
2EC −EL and π∗(H)−EL so for some a1,a2,a3,a4 ∈Q⩾0 we have

∆ ∼ D−aT ∼ a1EL +a2EC +a3(4π
∗(H)−2EC −EL)+a4(π

∗(H)−EL).

It follows that

(4−2a)π∗(H)+(amL −1)EL +(amC −1)EC ∼

∼ a1EL +a2EC +a3(4π
∗(H)−2EC −EL)+a4(π

∗(H)−EL).

By comparing coefficients we get a linear system

4−2a = 4a3 +a4,

a3 +a4 −a1 = 1−amL,

2a3 −a2 = 1−amC,

a1 ⩾ 0, a2 ⩾ 0, a3 ⩾ 0, a4 ⩾ 0, a > 4/3.
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If T is reducible (union of 2 planes), then mC = 0, mL ∈ {0,1,2}. Suppose mC = 0 then this

system above gives us a contradiction:

2 > 4−2a = 4a3 +a4 ⩾ 4a3 = 2(1+a2)⩾ 2.

Thus, T is irreducible. Then mL = 0 and mC = 1, because L and C are disjoint. We see that

the only options are S ∈ |π∗(2H)−EC| and S is G-invariant or S = EL.

Corollary 11.4.6. One has Z ̸⊂ EC.

Proof. Suppose that Z ⊂ EC. Observe that π(Z) is not a point, since P3 does not have G-fixed

points by Lemma 11.3.1. Hence, we see that π(Z) is the twisted cubic C.

Let S be a general fiber of η . Then S ·Z ⩾ 3, which contradicts Lemma 11.2.9.

Lemma 11.4.7. The curve π(Z) is a line.

Proof. Let D = π(D), Z = π(Z). We see that Z is a G-invariant curve in P3 such that such that

Z is not contained in a G-invariant surface in |2π∗(H)−EC|, Z ̸⊂ EL, and Z ̸⊂ EC (by Lemmas

11.4.3 , 11.4.2, and 11.4.6 respectively). Then Z ⊂ (P3,λD) and Z is not contained in any

surface contained in Nklt(P3,λD) by Lemma 11.4.5. Now we apply Lemma 11.2.8 and get

that OP3(1) ·Z ⩽ 1. Thus OP3(1) ·Z = 1 so π(Z) is a line.

REMARK It is important to mention that Corollary 4.7 and Lemma 4.8 follow the exact same
proof strategy as in (Araujo et al., 2023, Lemma 5.90) and (Araujo et al., 2023, Lemma 5.91).

MAIN THEOREM 3. All the smooth threefolds except one in Family №3.12 are K-polystable.

Proof. By Lemma 11.4.7 we know that π(Z) is a line. We have that π(Z) ̸= L (by Lemma

11.4.2), π(Z) is not one of the G-invariant lines which does not intersect C (by Lemma 11.4.1)

and π(Z) is not one of the G-invariant lines which intersect C (by Corollary 11.4.4). So an

irreducible curve Z described in Section 11.3.1 does not exist and we came to a contradiction.

This argument, alongside (Araujo et al., 2023, §5.18) complete the proof of the Main Theorem.



Chapter 12

K-stability in Family №3.5

In this chapter we prove K-stability of smooth Fano threefolds in Family №3.5 that satisfy very

explicit generality condition. The results presented in this chapter were published in Annali

dell’Universita di Ferrara (see Denisova (2024a)).

12.1 Calabi Problem for Family №3.5

Let S = P1 × P1, let C be a smooth curve in S of degree (5,1), and let ε : C → P1 be

the morphism induced by the projection S → P1 to the first factor. Then ε is a finite morphism of

degree five, and we may assume that the points ([1 : 0], [0 : 1]) and ([0 : 1], [1 : 0]) are among

its ramifications points. This assumption implies that the curve C is given by

u
(
x5 +a1x4y+a2x3y2 +a3x2y3)= v

(
y5 +b1xy4 +b2x2y3 +b3x3y2)

for some a1, a2, a3, b1, b2, b3, where ([u : v], [x : y]) are coordinates on S. Note that

the ramification index of the point ([1 : 0], [0 : 1]) can be computed as follows:

2 if a3 ̸= 0,

3 if a3 = 0 and a2 ̸= 0,

4 if a3 = a2 = 0 and a1 ̸= 0,

5 if a3 = a2 = a1 = 0.

Likewise, we can compute the ramification index of the point ([0 : 1], [1 : 0]). We may

assume that

• ([1 : 0], [0 : 1]) has the largest ramification index among ramifications points of ε

• the ramification index of the point ([0 : 1], [1 : 0]) is the second largest index.

If both these indices are 5, then a1 = a2 = a3 = b1 = b2 = b3 = 0, the morphism ε does not

have other ramification points, and the equation of the curve C simplifies as

ux5 = vy5.

283
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In this case, we have Aut(S,C) ∼= C∗⋊Z/2Z. In all other cases, this group is finite (Cheltsov

et al., 2019, Corollary 2.7). Now, we consider embedding S ↪→ P1 ×P2 given by

(
[u : v], [x : y]

)
7→
(
[u : v], [x2 : xy : y2]

)
,

and identify S and C with their images in P1 × P2. Let π : X → P1 × P2 be the blow up of

the curve C. Then X is a smooth Fano threefold in the deformation family № 3.5 in the Mori–

Mukai list and every smooth member of this family can be obtained in this way. We know from

(Araujo et al., 2023, Section 5.14), that

• X is K-stable if the numbers a1, a2, a3, b1, b2, b3 are general enough,

• X is K-polystable if a1 = a2 = a3 = b1 = b2 = b3 = 0.

However, for some a1, a2, a3, b1, b2, b3, the threefold X is not K-polystable.

Example 12.1.1. If (a1,a2,a3) = (0,0,0) ̸= (b1,b2,b3), then X is not K-polystable (Araujo et

al., 2023, Lemma 7.6).

Note also that it follows from the proof of (Cheltsov et al., 2019, Lemma 8.7) that

Aut(X) ∼= Aut(S,C). In particular, we conclude the group Aut(X) is finite if and only if

(a1,a2,a3,b1,b2,b3) ̸= (0,0,0,0,0,0). In this case, the threefold X is K-polystable if and only

if it is K-stable. Moreover, we have

Conjecture 12.1.2 (Araujo et al. (2023)). The Fano threefold X is K-stable if and only if

(a1,a2,a3) ̸= (0,0,0).

Geometrically, this conjecture says that the following two conditions are equivalent:

1. the threefold X is K-stable,

2. the morphism ε : C → P1 does not have ramification points of ramification index five.

The goal of this paper is to prove the following (slightly weaker) result:

MAIN THEOREM 4. If all ramification points of ε have ramification index two, then X is K-
stable.

Let pr1 : P1 × P2 → P1 be the projection to the first factor and φ1 = pr1 ◦ π . Then φ1 is a

fibration into del Pezzo surfaces of degree four, and every singular fiber of this fibration has Du

Val singular points of types A1, A2, A3 or A4, and we have the following possibilities for the

singularities of a given singular fiber

1. one singular point of type A1,

2. two singular points of type A1,

3. one singular point of type A2,

4. one singular point of type A1 and one singular point of type A2,

5. one singular point of type A3,

6. one singular point of type A4.
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Note that φ1 has at most two singular fibers that have singular points of type A4. Moreover, if φ1

has two singular fibers with singular points of type A4 then all numbers ai and b j vanish, so that

X is K-polystable. Vice versa, if φ1 has exactly one singular fiber with a point type A1, then the

authors of Araujo et al. (2023) proved that X is not K-polystable. Moreover, they conjectured

that X is K-stable in all remaining cases. Now Main Theorem and Conjecture 12.1.2 can be

restated as follows:

MAIN THEOREM 4. If every singular fiber of φ1 has only singular points of type A1, then X is
K-stable.

Conjecture 12.1.3. The Fano threefold X is K-stable if and only if every singular fiber of φ1

has only singular points of type A1, A2 or A3.

12.2 Proof of the Main Theorem (Family №3.5)

Suppose that each singular fiber of the fibration φ1 has one or two singular points of type A1.

Note that this fiber is a del Pezzo surface of degree 4 with Du Val singularities. The Fano

threefold X is K-stable if and only if for every prime divisor F over X we have

β (F) = AX(F)−SX(F)> 0

where AX(F) is the log discrepancy of the divisor F, and

SX
(
F
)
=

1
(−KX)3

∞∫
0

vol
(
−KX −uF

)
du.

To show this, we fix a prime divisor F over X . Then we set Z = CX(F). If Z is an

irreducible surface, then it follows from Fujita (2016) that β (F) > 0, see also (Araujo et al.,

2023, Theorem 3.17). Therefore, we may assume that

• either Z is an irreducible curve in X ,

• or Z is a point in X .

In both cases, we fix a point O ∈ Z. Let T be the fiber of φ1 which contains O. Then T is a del

Pezzo surface with at most Du Val singularities. Set

τ(T ) = sup
{

u ∈ R>0
∣∣ the divisor −KX −uT is pseudo-effective

}
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For u ∈ [0,τ(T )] let P(u) be the positive part of the Zariski decomposition of the divisor

−KX − uT , and let N(u) be its negative part. We denote S̃ to be the proper transform on

X of the surface S. Then we have

P(u) =

{
−KX −uT if u ∈ [0,1],

−KX −uT − (u−1)S̃ if u ∈ [1,2].
and N(u) =

{
0 if u ∈ [0,1],

(u−1)S̃ if u ∈ [1,2].

which gives

SX(T ) =
1

20

2∫
0

P(u)3du =
69
80

< 1

Now, for every prime divisor F over the surface T , we set

S
(
W T

•,•;F
)
=

3
(−KX)3

τ∫
0

ordF
(
N(u)|T

)(
P(u)|T

)2du+
3

(−KX)3

τ∫
0

∞∫
0

vol
(
P(u)

∣∣
T − vF

)
dvdu.

Then, following Abban and Zhuang (2022); Araujo et al. (2023), we let

δO
(
T ,W T

•,•
)
= inf

F/T
O∈CT (F)

AT (F)

S
(
W T

•,•;F
) ,

where the infimum is taken by all prime divisors over the surface T whose center on T contains

O. Then it follows from Abban and Zhuang (2022); Araujo et al. (2023) that

AX(F)
SX(F)

⩾ min

{
1

SX(T )
,δO
(
T ,W T

•,•
)}

.

Therefore, if β (F)⩽ 0, then δO(T ,W T
•,•)⩽ 1.

Let’s prove that δO(T ,W T
•,•)> 1. To estimate δO(T ,W T

•,•), we set D = P(u)|T . We have

D =

{
−KT if u ∈ [0,1],

−KT − (u−1)C2 if u ∈ [1,2].

where C2 := S̃|T . Then D is ample for u ∈ [0,2), and

D2
=

{
4 if u ∈ [0,1],

5−u2 if u ∈ [1,2].

By (Araujo et al., 2023, Lemma 5.68) and (Araujo et al., 2023, Lemma 5.69) we have

Lemma 12.2.1. If O ∈ S̃ then δO(X)> 1.

Lemma 12.2.2. If T is smooth then δO(X)> 1.
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Thus, to prove Main Theorem, we may assume that O ̸∈ S̃ and T is singular. Recall that

δO
(
T ,D

)
= inf

F/T
O∈CT (F)

AT (F)

SD
(
F
)

where the infimum is taken by all prime divisors over T whose center on T contain O, and

SD(F) = 1
D2

∞∫
0

vol
(
D− vF

)
dv. Usually δO(T ,−KT ) is denoted by δO(T ).

Note that since O ̸∈ S̃ then for any divisor F over T then we get

S
(
W T

•,•;F
)
=

=
3

(−KX)3

(∫
τ

0

(
P(u)2 ·T

)
·ordO

(
N(u)

∣∣
T

)
du+

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
T − vF

)
dvdu

)
=

=
3
20

∫
τ

0

∫
∞

0
vol
(
P(u)

∣∣
T − vF

)
dvdu =

=
3
20

(∫ 1

0

∫
∞

0
vol
(
−KT − vF

)
dvdu+

∫ 2

1

∫
∞

0
vol
(
−KT − (u−1)C2 − vF

)
dvdu

)
=

=
3
20

(∫
∞

0
vol
(
−KT − vF

)
dv+

∫
∞

0
vol
(
−KT − (u−1)C2 − vF

)
dv

)
≤

=
3
20

(∫
∞

0
vol
(
−KT − vF

)
dv+

∫
∞

0
vol
(
−KT − vF

)
dv

)
=

=
3
10

(∫
∞

0
vol
(
−KT − vF

)
dv

)
=

6
5

(
1
4

∫
∞

0
vol
(
−KT − vF

)
dv

)
=

6
5

ST (F)≤ 6
5
· AT (F)

δO(T )
.

Thus, if δO(T )> 6/5, then δO(T ,W T
•,•)> 1. To estimate δO(T ,W T

•,•) in the case when δO(T )≤
6/5, we define the following positive continuous function on [1,2]:

f (u) :=


15−3u2

16+3u−9u2 +2u3 if u ∈ [1,a],

15−3u2

11−u3 if u ∈ [a,2].

where a is a root of 3u3 − 9u2 + 3u+ 5 on [1,2]. More precisely, a ∈ [1.355,1.356]. In the

appendix we prove that for each O such that δO(T ) ≤ 6
5 we have δO(T ,D) ≥ f (u) for every

u ∈ [1,2].
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So we obtain

S
(
W T

•,•;F
)
=

3
(−KX)3

2∫
1

∞∫
0

vol
(
P(u)

∣∣
T − vF

)
dvdu+

3
(−KX)3

1∫
0

∞∫
0

vol
(
P(u)

∣∣
T − vF

)
dvdu ≤

≤ 3
20

( 2∫
1

(5−u2)

δO(T ,D)
du

)
AT (F)+

3
20

· 4AT (F)

δO(T )
≤ 3

20

( 2∫
1

(5−u2)

f (u)
du

)
AT (F)+

3
5

AT (F)≤

≤ 3
20

( 1.356∫
1

(5−u2)
16+3u−9u2 +2u3

15−3u2 du+
2∫

1.355

(5−u2)
11−u3

15−3u2 du

)
AT (F)+

3
5

AT (F)≤

≤ 99
100

AT (F).

Thus AT (F)

S
(

W T
•,•;F
) ≥ 100

99 for every prime divisor F over T whose support on F contains O, so that

δO(W T ,F)≥ 100
99 , which implies β (F)> 0 and X is K-stable.

Remark 12.2.3. If O were a singular point of type A2 in T , this approach would not work,

because as is shown in Section 12.3.3 we have δO(T ,D)= 15−3u2

u3−6u2+19 and there is prime divisor

F over T such that AT (F) = 1 and S(W T
•,•;F) = 83

80 , which implies that δO(T ,W T
•,•)≤ 80

83 .

12.3 Polarized δ -invariants via Kento Fujita’s formulas

Let us use the notations from the previous section. Recall that T is a Du Val del Pezzo surface,

and the blow-up π induces a birational morphism υ : T → P2. We assume that T is singular.

We have the following commutative diagram:

T
σ

��

η

��
T υ // P2

Suppose that u ∈ [1,2]. Recall that D =−KT − (1−u)C2. Observe that C2 is contained in the

smooth locus of the surface T . Let C2 be the strict transform of the curve C2 on the surface

T , and set D = −KT − (1− u)C2. Note that D = σ∗(D), so the divisor D is big and nef for

u ∈ [1,2]. Recall

δO(T ,D) = inf
F/T

O∈CT (F)

AT (F)

SD(F)
,

where the infimum is taken over all prime divisors F over T such that O ∈ CT (F). For every

point P ∈ T , we also define

δP(T,D) = inf
E/T

P∈CT (E)

AT (E)
SD(E)

,



12.3. Polarized δ -invariants via Kento Fujita’s formulas 289

where the infimum is taken over all prime divisors E over T such that P ∈ CT (E). Since D =

σ∗(D) and KT = σ∗(KT ), we have

δO(T ,D) = inf
P∈T

σ(P)=O

δP(T,D).

Thus, to estimate δO(T ,D), it is enough to estimate δP(T,D) for all points P such that σ(P) =

O. Let C be a smooth curve on T containing P. Set

τ(C ) = sup{v ∈ R⩾0 | the divisor D− vC is pseudo-effective} .

For v ∈ [0,τ(C )], let P(v) and N(v) denote the positive and negative parts, respectively, of the

Zariski decomposition of D− vC . Then we set

S
(
WC

•,•;P
)
=

2
D2

∫
τ(C )

0
hD(v)dv,

where

hD(v) = (P(v) ·C ) · (N(v) ·C )P +
(P(v) ·C )2

2
.

It follows from Abban and Zhuang (2022); Araujo et al. (2023) that

δP(T,D)⩾ min

{
1

SD(C )
,

1
S(WC

•,•;P)

}
.

We will estimate δP(T,D) in the following, using the notations above, for a suitable choice of

the curve C , the threshold τ(C ), and the decompositions P(v) and N(v) in specific cases.

A similar approach was taken in Belousov and Loginov (2024) and Cheltsov (2024).

12.3.1 Du Val Del Pezzo surface of degree 4 with A1 singularity

Suppose that T has one singular point and this point is a singular point of type A1. Then

η is a blow up of P2 at points P1, P2, P3 and P4 in general position and a point P5 which

belongs to the exceptional divisor corresponding to P4 and no other negative curve. Suppose

E := L14 ∪L24 ∪L24 ∪E5. In Part I we proved:

δP(T ) =



1 if P ∈ E4,

6/5 if P ∈ E\E4,

4/3 if P belongs to two curves in {E1,E2,E3,L12,L13,L23,L45,C2},

18/13 if P belongs to exactly one curve in {E1,E2,E3,L12,L13,L23,L45,C2}\E,

3/2 otherwise.
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where E1, E2, E3, E4, E5 are exceptional divisors corresponding to P1, P2, P3, P4, P5 respect-

ively, C2 is a strict transform of a (−1)-curve coming from the conic on P2, Li j are strict trans-

forms of the lines passing through Pi and Pj for (i, j) ∈ {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}
and L45 a strict transform of a (−1)-curve coming from a line on P2. The dual graph of (−1)
and (−2)-curves is given in the following picture:

Figure 12.1: Polarized δ -invariants: A1 singularity

Lemma 12.3.1. Suppose P is a point on T and D =−KT − (u−1)C2 with D2 = 5−u2 then

δP(T,D) =



15−3u2

16+3u−9u2 +2u3 for P ∈ E4\E5 and u ∈ [1,2],

15−3u2

11−u3 for P ∈ E5\E4 and u ∈ [1,2],

15−3u2

3u3 −12u2 +6u+13
for P ∈ L14\(E4 ∪E5 ∪E1) and u ∈ [1,2].

and

δP(T,D)≥


15−3u2

3u3 −12u2 +6u+13
for P = E4 ∩E5 and u ∈ [1,a],

15−3u2

11−u3 for P = E4 ∩E5 and u ∈ [a,2].
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and

δP(T,D)≥



15−3u2

3u3 −12u2 +6u+13
for P = L14 ∩E1 and u ∈ [1,b],

2(15−3u2)

19−2u3 for P = L14 ∩E1 and u ∈ [b,3/2],

15−3u2

3u3 −18u2 +27u−4
for P = L14 ∩E1 and u ∈ [3/2,2].

where a is a root of 3u3 −9u2 +3u+5 on [1,2], b is a root of 8u3 −24u2 +12u+7 on [1,3/2].
Note that a ∈ [1.355,1.356], b ∈ [1.261,1.262].

Proof. Step 1. Suppose P ∈ E4. In this case we set C = E4. Then τ(C ) = 3−u. The Zariski

Decomposition of the divisor D− vE4 is given by:

P(v)=


−KT − (u−1)C2 − vE4 for v ∈ [0,2−u],

−KT − (u−1)C2 − vE4 − (u+ v−2)E5 for v ∈ [2−u,1],

−KT − (u−1)C2 − vE4 − (u+ v−2)E5 − (v−1)(L14 +L24 +L34) for v ∈ [1,3−u].

and

N(v) =


0 for v ∈ [0,2−u],

(u+ v−2)E5 for v ∈ [2−u,1],

(u+ v−2)E5 +(v−1)(L14 +L24 +L34) for v ∈ [1,3−u].

Moreover,

P(v)2 =


5−u2 −2v2 for v ∈ [0,2−u],

9+2uv−4u−4v− v2 for v ∈ [2−u,1],

2(2− v)(3−u− v) for v ∈ [1,3−u].

and

P(v) ·C =


2v for v ∈ [0,2−u],

2−u+ v for v ∈ [2−u,1],

5−u−2v for v ∈ [1,3−u].

Thus,

SD(C ) =
1

5−u2

(∫ 2−u

0
5−u2 −2v2dv+

∫ 1

2−u
9+2uv−4u−4v− v2dv+

+
∫ 3−u

1
2(2− v)(3−u− v)dv

)
=

16+3u−9u2 +2u3

15−3u2 .

Thus, δP(T,D)≤ 15−3u2

16+3u−9u2+2u3 for P ∈ E4. Note that we have:
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• if P ∈ E4\(E5 ∪L14 ∪L24 ∪L34)

hD(v) =


2v2 for v ∈ [0,2−u],
(2−u+v)2

2 for v ∈ [2−u,1],
(5−u−2v)2

2 for v ∈ [1,3−u].

• if P = E4 ∩E5

hD(v) =


2v2 for v ∈ [0,2−u],
(2−u+v)(u+3v−2)

2 for v ∈ [2−u,1],
(u+1)(5−u−2v)

2 for v ∈ [1,3−u]

• if P ∈ E4 ∩ (L14 ∪L24 ∪L34)

hD(v) =


2v2 for v ∈ [0,2−u],
(2−u+v)2

2 for v ∈ [2−u,1],
(3−u)(5−u−2v)

2 for v ∈ [1,3−u].

So we have

• if P ∈ E4\(E5 ∪L14 ∪L24 ∪L34) then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0
2v2dv+

∫ 1

2−u

(2−u+ v)2

2
dv+

∫ 3−u

1

(5−u−2v)2

2
dv
)
=

=
9+6u−9u2 +2u3

15−3u2 ≤ 16+3u−9u2 +2u3

15−3u2 .

• if P = E4 ∩E5 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0
2v2dv+

∫ 1

2−u

(2−u+ v)(u+3v−2)
2

dv+

+
∫ 3−u

1

(u+1)(5−u−2v)
2

dv
)
=

11−u3

15−3u2 .

• if P ∈ E4 ∩ (L14 ∪L24 ∪L34) then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0
2v2dv+

∫ 1

2−u

(2−u+ v)2

2
dv+

+
∫ 3−u

1

(3−u)(5−u−2v)
2

dv
)
=

=
13+3u3 −12u2 +6u

15−3u2 ≤ 16+3u−9u2 +2u3

15−3u2 .



12.3. Polarized δ -invariants via Kento Fujita’s formulas 293

We obtain that

δP(T,D) =
15−3u2

16+3u−9u2 +2u3 for P ∈ E4\E5 and u ∈ [1,2].

and

δP(T,D)≥


15−3u2

16+3u−9u2 +2u3 for P = E4 ∩E5 and u ∈ [1,a],

15−3u2

11−u3 for P = E4 ∩E5 and u ∈ [a,2].

where a is a root of 3u3 −9u2 +3u+5 on [1,2]. Note that a ∈ [1.355,1.356].
Step 2. Suppose P ∈ E5. In this case we set C = E5. Then τ(C ) = 2. The Zariski

Decomposition of the divisor D− vE5 is given by:

P(v) =


−KT − (u−1)C2 − vE5 − v

2E4 for v ∈ [0,1],

−KT − (u−1)C2 − vE5 − v
2E4 − (v−1)L45 for v ∈ [1,u],

−KT − (u−1)C2 − vE5 − v
2E4 − (v−1)L45 − (v−u)C2 for v ∈ [u,2].

and

N(v) =


v
2E4 for v ∈ [0,1],
v
2E4 +(v−1)L45 for v ∈ [1,u],
v
2E4 +(v−1)L45 +(v−u)C2 for v ∈ [u,2].

Moreover,

P(v)2 =


5−4v+2uv−u2 − v2

2 for v ∈ [0,1],

6−6v+ v2

2 +2uv−u2 for v ∈ [1,u],
3(2−v)2

2 for v ∈ [u,2].

and

P(v) ·C =


2−u+ v/2 for v ∈ [0,1],

3−u− v/2 for v ∈ [1,u],

3−3v/2 for v ∈ [u,2].

Thus,

SD(C ) =
1

5−u2

(∫ 1

0
5−4v+2uv−u2 − v2

2
dv+

∫ u

1
6−6v+

v2

2
+2uv−u2dv+

+
∫ 2

u

3(2− v)2

3
dv
)
=

11−u3

15−3u2 .

Thus, δP(T,D)≤ 15−3u2

11−u3 for P ∈ E5. Note that we have:
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• if P ∈ E5\(E4 ∪C2 ∪L45) then

hD(v) =


(2−u+v/2)2

2 for v ∈ [0,1],
(3−u−v/2)2

2 for v ∈ [1,u],
(3−3v/2)2

2 for v ∈ [u,2].

• if P = E5 ∩C2 then

hD(v) =


(2−u+v/2)2

2 for v ∈ [0,1],
(3−u−v/2)2

2 for v ∈ [1,u],
3(2−v)(6−4u+v)

8 for v ∈ [u,2].

• if P = E5 ∩L45 then

hD(v) =


(2−u+v/2)2

2 for v ∈ [0,1],
(6−2u−v)(2−2u+3v)

8 for v ∈ [1,u],
3(2−v)(v+2)

8 for v ∈ [u,2].

So we have

• if P ∈ E5\(E4 ∪C2 ∪L45) then

SD(WC
•,•;P) =

2
5−u2

(∫ 1

0

(2−u+ v/2)2

2
dv+

∫ u

1

(3−u− v/2)2

2
dv+

+
∫ 2

u

(3−3v/2)2

2
dv
)
=

21+6u−18u2 +5u3

2(15−3u2)
≤ 11−u3

15−3u2 .

• if P = E5 ∩C2 then

SD(WC
•,•;P) =

2
5−u2

(∫ 1

0

(2−u+ v/2)2

2
dv+

∫ u

1

(3−u− v/2)2

2
dv+

+
∫ 2

u

3(2− v)(6−4u+ v)
8

dv
)
=

45−30u+2u3

2(15−3u2)
≤ 11−u3

15−3u2 .

• if P = E5 ∩L45 then

SD(WC
•,•;P) =

2
5−u2

(∫ 1

0

(2−u+ v/2)2

2
dv+

∫ u

1

(6−2u− v)(2−2u+3v)
8

dv+

+
3(2− v)(v+2)

8
dv
)
=

26−12u2 +3u3

2(15−3u2)
≤ 11−u3

15−3u2 .

We obtain that

δP(T,D) =
15−3u2

11−u3 for P ∈ E5\E4 and u ∈ [1,2].
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Step 3.1. Suppose P ∈ L14 ∪ L24 ∪ L34 and u ∈ [1,3/2]. Without loss of generality, we

can assume that P ∈ L14. In this case we set C = L14. Then τ(C ) = 3 − u. The Zariski

Decomposition of the divisor D− vL14 is given by:

P(v)=



D− vL14 − v
2E4 for v ∈ [0,2−u],

D− vL14 − v
2E4 − (u+ v−2)E1 for v ∈ [2−u,1],

D− vL14 − v
2E4 − (u+ v−2)E1 − (v−1)L23 for v ∈ [1,4−2u],

D− vL14 − (u+ v−2)(E1 +E4)− (v−1)L23 − (2u+ v−4)E5 for v ∈ [4−2u,3−u].

and

N(v) =



v
2E4 for v ∈ [0,2−u],
v
2E4 +(u+ v−2)E1 for v ∈ [2−u,1],
v
2E4 +(u+ v−2)E1 +(v−1)L23 for v ∈ [1,4−2u],

(u+ v−2)(E1 +E4)+(v−1)L23 +(2u+ v−4)E5 for v ∈ [4−2u,3−u].

Moreover

P(v)2 =



5−2v− v2

2 −u2 for v ∈ [0,2−u],

9−4u−6v+ v2

2 +2uv for v ∈ [2−u,1],
(v−2)(3v+4u−10)

2 for v ∈ [1,4−2u],

2(u+ v−3)2 for v ∈ [4−2u,3−u].

and

P(v) ·C =



v/2+1 for v ∈ [0,2−u],

3−u− v/2 for v ∈ [2−u,1],

4−u−3v/2 for v ∈ [1,4−2u],

2(3−u− v) for v ∈ [4−2u,3−u].

Thus,

SD(C ) =
1

5−u2

(∫ 2−u

0
5−2v− v2

2
−u2dv+

∫ 1

2−u
9−4u−6v+

v2

2
+2uvdv+

+
∫ 4−2u

1

(v−2)(3v+4u−10)
2

dv+
∫ 3−u

4−2u
2(u+ v−3)2dv

)
=

3u3 −12u2 +6u+13
15−3u2 .

Thus, δP(T,D)≤ 15−3u2

3u3−12u2+6u+13 for P ∈ L14. Note that we have:
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• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then

hD(v) =



(v/2+1)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,1],
(4−u−3v/2)2

2 for v ∈ [1,4−2u],

2(3−u− v)2 for v ∈ [4−2u,3−u].

• if P = L14 ∩E1 then

hD(v) =



(v/2+1)2

2 for v ∈ [0,2−u],
(6−2u−v)(2u+3v−2)

8 for v ∈ [2−u,1],
(8−2u−3v)(2u+v)

8 for v ∈ [1,4−2u],

(3−u− v) for v ∈ [4−2u,3−u].

• if P = L14 ∩L23 then

hD(v) =



(v/2+1)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,1],
(8−2u−3v)(4−2u+v)

8 for v ∈ [1,4−2u],

2(2−u)(3−u− v) for v ∈ [4−2u,3−u].

So we have

• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 1

2−u

(3−u− v/2)2

2
dv+

+
∫ 4−2u

1

(4−u−3v/2)2

2
dv+

∫ 3−u

4−2u
2(3−u− v)2dv

)
=

=
21−u3 −6u
2(15−3u2)

≤ 3u3 −12u2 +6u+13
15−3u2 .

• if P = L14 ∩E1 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 1

2−u

(6−2u− v)(2u+3v−2)
8

dv+

+
∫ 4−2u

1

(8−2u−3v)(2u+ v)
8

dv+
∫ 3−u

4−2u
(3−u− v)dv

)
=

19−2u3

2(15−3u2)
.

• if P = L14 ∩L23 then
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SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 1

2−u

(3−u− v/2)2

2
dv+

+
∫ 4−2u

1

(8−2u−3v)(4−2u+ v)
8

dv+
∫ 3−u

4−2u
2(2−u)(3−u− v)dv

)
=

=
26−12u2 +3u3

2(15−3u2)
≤ 3u3 −12u2 +6u+13

15−3u2 .

We obtain that

δP(T,D) =
15−3u2

3u3 −12u2 +6u+13
for P ∈ L14\(E4 ∪E5 ∪E1) and u ∈ [1,3/2].

and

δP(T,D)≥


15−3u2

3u3 −12u2 +6u+13
for P = L14 ∩E1 and u ∈ [1,b],

2(15−3u2)

19−2u3 for P = L14 ∩E1 and u ∈ [b,3/2].

where b is a root of 8u3 −24u2 +12u+7 on [1,3/2]. Note that b ∈ [1.261,1.262].
Step 3.2. Suppose P ∈ L14 ∪ L24 ∪ L34 and u ∈ [3/2,2]. Without loss of generality, we

can assume that P ∈ L14. In this case we set C = L14. Then τ(C ) = 3 − u. The Zariski

Decomposition of the divisor D− vL14 is given by:

P(v) =



D− vL14 − v
2E4 for v ∈ [0,2−u],

D− vL14 − v
2E4 − (u+ v−2)E1 for v ∈ [2−u,4−2u],

D− vL14 − (u+ v−2)(E1 +E4)− (2u+ v−4)E5 for v ∈ [4−2u,1],

D− vL14 − (u+ v−2)(E1 +E4)− (v−1)L23 − (2u+ v−4)E5 for v ∈ [1,3−u].

and

N(v) =



v
2E4 for v ∈ [0,2−u],
v
2E4 +(u+ v−2)E1 for v ∈ [2−u,4−2u],

(u+ v−2)(E1 +E4)+(2u+ v−4)E5 for v ∈ [4−2u,1],

(u+ v−2)(E1 +E4)+(v−1)L23 +(2u+ v−4)E5 for v ∈ [1,3−u].

Moreover

P(v)2 =



5−2v− v2

2 −u2 for v ∈ [0,2−u],

9−4u−6v+ v2

2 +2uv for v ∈ [2−u,4−2u],

2u2 +4uv+ v2 −12u−10v+17 for v ∈ [4−2u,1],

2(u+ v−3)2 for v ∈ [1,3−u].
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and

P(v) ·C =



1+ v/2 for v ∈ [0,2−u],

3−u− v/2 for v ∈ [2−u,4−2u],

5−2u− v for v ∈ [4−2u,1],

2(3−u− v) for v ∈ [1,3−u].

Thus,

SD(C ) =
1

5−u2

(∫ 2−u

0
5−2v− v2

2
−u2dv+

∫ 4−2u

2−u
9−4u−6v+

v2

2
+2uvdv+

+
∫ 1

4−2u
2u2 +4uv+ v2 −12u−10v+17dv+

∫ 3−u

1
2(u+ v−3)2dv

)
=

=
3u3 −12u2 +6u+13

15−3u2 .

Thus, δP(T,D)≤ 15−3u2

3u3−12u2+6u+13 for P ∈ L14. Note that we have:

• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then

hD(v) =



(1+v/2)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,4−2u],
(5−2u−v)2

2 for v ∈ [4−2u,1],

2(3−u− v)2 for v ∈ [1,3−u].

• if P = L14 ∩E1 then

hD(v) =



(1+v/2)2

2 for v ∈ [0,2−u],
(6−2u−v)(2u+3v−2)

8 for v ∈ [2−u,4−2u],
(v+1)(5−2u−v)

2 for v ∈ [4−2u,1],

2(3−u− v) for v ∈ [1,3−u].

• if P = L14 ∩L23 then

hD(v) =



(1+v/2)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,4−2u],
(5−2u−v)2

2 for v ∈ [4−2u,1],

2(2−u)(3−u− v) for v ∈ [1,3−u].

• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then
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SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 4−2u

2−u

(3−u− v/2)2

2
dv+

+
∫ 1

4−2u

(5−2u− v)2

2
dv+

∫ 3−u

1
2(3−u− v)2dv

)
=

=
7u3 −36u2 +48u−6

2(15−3u2)
≤ 3u3 −12u2 +6u+13

15−3u2 .

• if P = L14 ∩E1 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 4−2u

2−u

(6−2u− v)(2u+3v−2)
8

dv+

+
∫ 1

4−2u

(v+1)(5−2u− v)
2

dv+
∫ 3−u

1
2(3−u− v)dv

)
=

=
3u3 −18u2 +27u−4

15−3u2 .

• if P = L14 ∩L23 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 4−2u

2−u

(3−u− v/2)2

2
dv+

+
∫ 1

4−2u

(5−2u− v)2

2
dv+

∫ 3−u

1
2(2−u)(3−u− v)dv

)
=

=
3u3 −12u2 +26

2(15−3u2)
≤ 3u3 −12u2 +6u+13

15−3u2 .

We obtain that

δP(T,D) =
15−3u2

3u3 −12u2 +6u+13
for P ∈ L14\(E1 ∪E4 ∪E5) and u ∈ [3/2,2].

and

δP(T,D)≥ 15−3u2

3u3 −18u2 +27u−4
for P = L14 ∩E1 and u ∈ [3/2,2].

Corollary 12.3.2. Let P be a point in T that is contained in L12 ∪L24 ∪L34 ∪E4 ∪E5 then

δP(T,D)≥


15−3u2

16+3u−9u2 +2u3 for u ∈ [1,a],

15−3u2

11−u3 for u ∈ [a,2].

Corollary 12.3.3. Suppose O is a point on a del Pezzo surface T with A1 singularity and

δO(T )≤ 6
5 then

δO(T ,D)≥


15−3u2

16+3u−9u2 +2u3 for u ∈ [1,a],

15−3u2

11−u3 for u ∈ [a,2].



12.3. Polarized δ -invariants via Kento Fujita’s formulas 300

12.3.2 Du Val Del Pezzo surface of degree 4 with 2A1 singularities

Suppose that T has two singular points and these points are singular point of type A1. Then η

is a blow up of P2 at points P1, P2, and P4 in general position and after that blowing up a point

P3 which belongs to the exceptional divisor corresponding to P2 and a point P5 which belongs

to the exceptional divisor corresponding to P4 and no other negative curve. In Part I we proved

that:

δP(T )=



1 if P ∈ (E2 ∪E4 ∪L24),

6/5 if P ∈ (E3 ∪E5 ∪L12 ∪L14)\(E2 ∪E4),

4/3 if P ∈ (C2 ∩E1)∪ (L23 ∩L45),

18/13 if P ∈ (C2 ∪E1 ∪L23 ∪L45)\
(
(C2 ∩E1)∪ (L23 ∩L45)∪ (E3 ∪E5 ∪L12 ∪L14)

)
,

3/2 otherwise.

where E1, E2, E3, E4, E5 are exceptional divisors corresponding to P1, P2, P3, P4, P5

respectively, C2 is a strict transform of a (−1)-curve coming from the conic on P2, Li j are strict

transforms of the lines passing through Pi and Pj for (i, j)∈ {(1,2),(1,4)} and L45 and L23 are

strict transforms of a (−1)-curve coming from lines passing through P2 and P4 respectively on

P2. The dual graph of (−1) and (−2)-curves is given in the following picture:

Figure 12.2: Polarized δ -invariants: 2A1 singularities

Lemma 12.3.4. Suppose P is a point on T and D =−KT − (u−1)C2 with D2 = 5−u2 then

δP(T,D) =



15−3u2

16+3u−9u2 +2u3 for P ∈ (E2 ∪E4)\(E3 ∪E5) and u ∈ [1,2],

15−3u2

11−u3 for P ∈ (E3 ∪E5)\(E2 ∪E4) and u ∈ [1,2],

15−3u2

u3 −6u2 +6u+5
for P ∈ L24\(E2 ∪E4) and u ∈ [1,2],

15−3u2

3u3 −12u2 +6u+13
for P ∈ L14\(E4 ∪E5 ∪E1) and u ∈ [1,2].
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and

δP(T,D)≥


15−3u2

16+3u−9u2 +2u3 for P ∈ {E2 ∩E3,E4 ∩E5} and u ∈ [1,a],

15−3u2

11−u3 for P ∈ {E2 ∩E3,E4 ∩E5} and u ∈ [a,2].

and

δP(T,D)≥



15−3u2

3u3 −12u2 +6u+13
for P = L14 ∩E1 and u ∈ [1,b],

2(15−3u2)

19−2u3 for P = L14 ∩E1 and u ∈ [b,3/2],

15−3u2

3u3 −18u2 +27u−4
for P = L14 ∩E1 and u ∈ [3/2,2].

where a is a root of 3u3 −9u2 +3u+5 on [1,2], b is a root of 8u3 −24u2 +12u+7 on [1,3/2].
Note that a ∈ [1.355,1.356], b ∈ [1.261,1.262].

Proof. Step 1. Suppose P ∈ E2∪E4. Without loss of generality we can assume that P ∈ E4. In

this case we set C = E4. Then τ(C ) = 3−u. The Zariski Decomposition of the divisor D−vE4

is given by:

P(v)=


−KT − (u−1)C2 − vE4 for v ∈ [0,2−u],

−KT − (u−1)C2 − vE4 − (u+ v−2)E5 for v ∈ [2−u,1],

−KT − (u−1)C2 − vE4 − (u+ v−2)E5 − (v−1)(L14 +2L24 +E2) for v ∈ [1,3−u].

and

N(v) =


0 for v ∈ [0,2−u],

(u+ v−2)E5 for v ∈ [2−u,1],

(u+ v−2)E5 +(v−1)(L14 +2L24 +E2) for v ∈ [1,3−u].

Moreover,

P(v)2 =


5−u2 −2v2 for v ∈ [0,2−u],

9+2uv−4u−4v− v2 for v ∈ [2−u,1],

2(2− v)(3−u− v) for v ∈ [1,3−u].

and

P(v) ·C =


2v for v ∈ [0,2−u],

2−u+ v for v ∈ [2−u,1],

5−u−2v for v ∈ [1,3−u].

Thus,
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SD(C ) =
1

5−u2

(∫ 2−u

0
5−u2 −2v2dv+

∫ 1

2−u
9+2uv−4u−4v− v2dv+

+
∫ 3−u

1
2(2− v)(3−u− v)dv

)
=

16+3u−9u2 +2u3

15−3u2 .

Thus, δP(T,D)≤ 15−3u2

16+3u−9u2+2u3 for P ∈ E4. Note that we have:

• if P ∈ E4\(E5 ∪L14 ∪L24 ∪L34)

hD(v) =


2v2 for v ∈ [0,2−u],
(2−u+v)2

2 for v ∈ [2−u,1],
(5−u−2v)2

2 for v ∈ [1,3−u].

• if P = E4 ∩E5

hD(v) =


2v2 for v ∈ [0,2−u],
(2−u+v)(u+3v−2)

2 for v ∈ [2−u,1],
(u+1)(5−u−2v)

2 for v ∈ [1,3−u].

• if P ∈ E4 ∩ (L14 ∪L24)

hD(v)≤


2v2 for v ∈ [0,2−u],
(2−u+v)2

2 for v ∈ [2−u,1],
(5−u−2v)(1−u+2v)

2 for v ∈ [1,3−u].

So we have

• if P ∈ E4\(E5 ∪L14 ∪L24 ∪L34) then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0
2v2dv+

∫ 1

2−u

(2−u+ v)2

2
dv+

∫ 3−u

1

(5−u−2v)2

2
dv
)
=

=
9+6u−9u2 +2u3

15−3u2 ≤ 16+3u−9u2 +2u3

15−3u2 .

• if P = E4 ∩E5 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0
2v2dv+

∫ 1

2−u

(2−u+ v)(u+3v−2)
2

dv+

+
∫ 3−u

1

(u+1)(5−u−2v)
2

dv
)
=

11−u3

15−3u2 .

• if P ∈ E4 ∩ (L14 ∪L24) then
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SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0
2v2dv+

+
∫ 1

2−u

(2−u+ v)2

2
dv+

∫ 3−u

1

(5−u−2v)(1−u+2v)
2

dv
)
=

=
2u3 −6u2 +8

15−3u2 ≤ 16+3u−9u2 +2u3

15−3u2 .

We obtain that

δP(T,D) =
15−3u2

16+3u−9u2 +2u3 for P ∈ E4\E5 and u ∈ [1,2].

and

δP(T,D)≥


15−3u2

16+3u−9u2 +2u3 for P = E4 ∩E5 and u ∈ [1,a],

15−3u2

11−u3 for P = E4 ∩E5 and u ∈ [a,2].

where a is a root of 3u3 −9u2 +3u+5 on [1,2]. Note that a ∈ [1.355,1.356].
Step 2. Suppose P ∈ E3 ∪E5. Without loss of generality we can assume that P ∈ E5. In this

case we set C = E5. Then τ(C ) = 2. The Zariski Decomposition of the divisor D−vE5 is given

by:

P(v) =


−KT − (u−1)C2 − vE5 − v

2E4 for v ∈ [0,1],

−KT − (u−1)C2 − vE5 − v
2E4 − (v−1)L45 for v ∈ [1,u],

−KT − (u−1)C2 − vE5 − v
2E4 − (v−1)L45 − (v−u)C2 for v ∈ [u,2].

and

N(v) =


v
2E4 for v ∈ [0,1],
v
2E4 +(v−1)L45 for v ∈ [1,u],
v
2E4 +(v−1)L45 +(v−u)C2 for v ∈ [u,2].

Moreover,

P(v)2 =


5−4v+2uv−u2 − v2

2 for v ∈ [0,1],

6−6v+ v2

2 +2uv−u2 for v ∈ [1,u],
3(2−v)2

2 for v ∈ [u,2].

and

P(v) ·C =


2−u+ v/2 for v ∈ [0,1],

3−u− v/2 for v ∈ [1,u],

3−3v/2 for v ∈ [u,2].

Thus,
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SD(C ) =
1

5−u2

(∫ 1

0
5−4v+2uv−u2 − v2

2
dv+

∫ u

1
6−6v+

v2

2
+2uv−u2dv+

+
∫ 2

u

3(2− v)2

3
dv
)
=

11−u3

15−3u2 .

Thus, δP(T,D)≤ 15−3u2

11−u3 for P ∈ E5. Note that we have:

• if P ∈ E5\(E4 ∪C2 ∪L45) then

hD(v) =


(2−u+v/2)2

2 for v ∈ [0,1],
(3−u−v/2)2

2 for v ∈ [1,u],
(3−3v/2)2

2 for v ∈ [u,2].

• if P = E5 ∩C2 then

hD(v) =


(2−u+v/2)2

2 for v ∈ [0,1],
(3−u−v/2)2

2 for v ∈ [1,u],
3(2−v)(6−4u+v)

8 for v ∈ [u,2].

• if P = E5 ∩L45 then

hD(v) =


(2−u+v/2)2

2 for v ∈ [0,1],
(6−2u−v)(2−2u+3v)

8 for v ∈ [1,u],
3(2−v)(v+2)

8 for v ∈ [u,2].

So we have

• if P ∈ E5\(E4 ∪C2 ∪L45) then

SD(WC
•,•;P) =

2
5−u2

(∫ 1

0

(2−u+ v/2)2

2
dv+

∫ u

1

(3−u− v/2)2

2
dv+

+
∫ 2

u

(3−3v/2)2

2
dv
)
=

21+6u−18u2 +5u3

2(15−3u2)
≤ 11−u3

15−3u2 .

• if P = E5 ∩C2 then

SD(WC
•,•;P) =

2
5−u2

(∫ 1

0

(2−u+ v/2)2

2
dv+

∫ u

1

(3−u− v/2)2

2
dv+

+
∫ 2

u

3(2− v)(6−4u+ v)
8

dv
)
=

45−30u+2u3

2(15−3u2)
≤ 11−u3

15−3u2 .

• if P = E5 ∩L45 then
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SD(WC
•,•;P) =

2
5−u2

(∫ 1

0

(2−u+ v/2)2

2
dv+

∫ u

1

(6−2u− v)(2−2u+3v)
8

dv+

+
3(2− v)(v+2)

8
dv
)
=

26−12u2 +3u3

2(15−3u2)
≤ 11−u3

15−3u2 .

We obtain that

δP(T,D) =
15−3u2

11−u3 for P ∈ (E3 ∪E5)\(E2 ∪E4) and u ∈ [1,2].

Step 3. Suppose P ∈ L24. In this case we set C = L24. Then τ(C ) = 3 − u. The Zariski

Decomposition of the divisor D− vL24 is given by:

P(v) =

D− vL24 − v
2(E2 +E4) for v ∈ [0,4−2u],

D− vL24 − (u+ v−2)(E2 +E4)− (2u+ v−4)(E3 +E5) for v ∈ [4−2u,3−u].

and

N(v) =

 v
2(E2 +E4) for v ∈ [0,4−2u],

(u+ v−2)(E2 +E4)+(2u+ v−4)(E3 +E5) for v ∈ [4−2u,3−u].

Moreover,

P(v)2 =

−u2 −2v+5 for v ∈ [0,4−2u],

(u+ v−3)(3u+ v−7) for v ∈ [4−2u,3− v].

and

P(v) ·C =

1 for v ∈ [0,4−2u],

5−2u− v for v ∈ [4−2u,3−u].

Thus,

SD(C ) =
1

5−u2

(∫ 4−2u

0
−u2 −2v+5dv+

∫ 3−uu

4−2u
(u+ v−3)(3u+ v−7)dv

)
=

=
4u3 −15u2 +6u+17

15−3u2 .

Thus, δP(T,D)≤ 15−3u2

4u3−15u2+6u+17 for P ∈ L24. If P ∈ L24\(E2 ∪E4) then

hD(v) =

1
2 for v ∈ [0,4−2u],
(5−2u−v)2

2 for v ∈ [4−2u,3−u].

So for P ∈ L24\(E2 ∪E4) we have
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SD(WC
•,•;P) =

2
5−u2

(∫ 4−2u

0

1
2

dv+
∫ 3−u

4−2u

(5−2u− v)2

2
dv =

=
u3 −6u2 +6u+5

15−3u2 ≤ 4u3 −15u2 +6u+17
15−3u2 .

We obtain that

δP(T,D) =
15−3u2

u3 −6u2 +6u+5
for P ∈ L24\(E2 ∪E4) and u ∈ [1,2].

Step 4.1. Suppose P ∈ L12 ∪L14 and u ∈ [1,3/2]. Without loss of generality, we can assume

that P ∈ L14. In this case we set C = L14. Then τ(C ) = 3− u. The Zariski Decomposition of

the divisor D− vL14 is given by:

P(v)=



D− vL14 − v
2E4 for v ∈ [0,2−u],

D− vL14 − v
2E4 − (u+ v−2)E1 for v ∈ [2−u,1],

D− vL14 − v
2E4 − (u+ v−2)E1 − (v−1)L23 for v ∈ [1,4−2u],

D− vL14 − (u+ v−2)(E1 +E4)− (v−1)L23 − (2u+ v−4)E5 for v ∈ [4−2u,3−u].

and

N(v) =



v
2E4 for v ∈ [0,2−u],
v
2E4 +(u+ v−2)E1 for v ∈ [2−u,1],
v
2E4 +(u+ v−2)E1 +(v−1)L23 for v ∈ [1,4−2u],

(u+ v−2)(E1 +E4)+(v−1)L23 +(2u+ v−4)E5 for v ∈ [4−2u,3−u].

Moreover

P(v)2 =



5−2v− v2

2 −u2 for v ∈ [0,2−u],

9−4u−6v+ v2

2 +2uv for v ∈ [2−u,1],
(v−2)(3v+4u−10)

2 for v ∈ [1,4−2u],

2(u+ v−3)2 for v ∈ [4−2u,3−u].

and

P(v) ·C =



v/2+1 for v ∈ [0,2−u],

3−u− v/2 for v ∈ [2−u,1],

4−u−3v/2 for v ∈ [1,4−2u],

2(3−u− v) for v ∈ [4−2u,3−u].

Thus,
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SD(C ) =
1

5−u2

(∫ 2−u

0
5−2v− v2

2
−u2dv+

∫ 1

2−u
9−4u−6v+

v2

2
+2uvdv+

+
∫ 4−2u

1

(v−2)(3v+4u−10)
2

dv+
∫ 3−u

4−2u
2(u+ v−3)2dv

)
=

=
3u3 −12u2 +6u+13

15−3u2 .

Thus, δP(T,D)≤ 15−3u2

3u3−12u2+6u+13 for P ∈ L14. Note that we have:

• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then

hD(v) =



(v/2+1)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,1],
(4−u−3v/2)2

2 for v ∈ [1,4−2u],

2(3−u− v)2 for v ∈ [4−2u,3−u].

• if P = L14 ∩E1 then

hD(v) =



(v/2+1)2

2 for v ∈ [0,2−u],
(6−2u−v)(2u+3v−2)

8 for v ∈ [2−u,1],
(8−2u−3v)(2u+v)

8 for v ∈ [1,4−2u],

(3−u− v) for v ∈ [4−2u,3−u].

• if P = L14 ∩L23 then

hD(v) =



(v/2+1)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,1],
(8−2u−3v)(4−2u+v)

8 for v ∈ [1,4−2u],

2(2−u)(3−u− v) for v ∈ [4−2u,3−u].

So we have

• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 1

2−u

(3−u− v/2)2

2
dv+

+
∫ 4−2u

1

(4−u−3v/2)2

2
dv+

∫ 3−u

4−2u
2(3−u− v)2dv

)
=

=
21−u3 −6u
2(15−3u2)

≤ 3u3 −12u2 +6u+13
15−3u2 .
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• if P = L14 ∩E1 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 1

2−u

(6−2u− v)(2u+3v−2)
8

dv+

+
∫ 4−2u

1

(8−2u−3v)(2u+ v)
8

dv+
∫ 3−u

4−2u
(3−u− v)dv

)
=

=
19−2u3

2(15−3u2)
.

• if P = L14 ∩L23 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 1

2−u

(3−u− v/2)2

2
dv+

+
∫ 4−2u

1

(8−2u−3v)(4−2u+ v)
8

dv+
∫ 3−u

4−2u
2(2−u)(3−u− v)dv

)
=

=
26−12u2 +3u3

2(15−3u2)
≤ 3u3 −12u2 +6u+13

15−3u2 .

We obtain that

δP(T,D) =
15−3u2

3u3 −12u2 +6u+13
for P ∈ L14\(E4 ∪E5 ∪E1) and u ∈ [1,3/2]

and

δP(T,D)≥


15−3u2

3u3 −12u2 +6u+13
for P = L14 ∩E1 and u ∈ [1,b],

2(15−3u2)

19−2u3 for P = L14 ∩E1 and u ∈ [b,3/2]

where b is a root of 8u3 −24u2 +12u+7 on [1,3/2]. Note that b ∈ [1.261,1.262].
Step 4.2. Suppose P ∈ L12 ∪L14 and u ∈ [3/2,2]. Without loss of generality, we can assume

that P ∈ L14. In this case we set C = L14. Then τ(C ) = 3− u. The Zariski Decomposition of

the divisor D− vL14 is given by:

P(v) =



D− vL14 − v
2E4 for v ∈ [0,2−u],

D− vL14 − v
2E4 − (u+ v−2)E1 for v ∈ [2−u,4−2u],

D− vL14 − (u+ v−2)(E1 +E4)− (2u+ v−4)E5 for v ∈ [4−2u,1],

D− vL14 − (u+ v−2)(E1 +E4)− (v−1)L23 − (2u+ v−4)E5 for v ∈ [1,3−u].
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and

N(v) =



v
2E4 for v ∈ [0,2−u],
v
2E4 +(u+ v−2)E1 for v ∈ [2−u,4−2u],

(u+ v−2)(E1 +E4)+(2u+ v−4)E5 for v ∈ [4−2u,1],

(u+ v−2)(E1 +E4)+(v−1)L23 +(2u+ v−4)E5 for v ∈ [1,3−u].

Moreover

P(v)2 =



5−2v− v2

2 −u2 for v ∈ [0,2−u],

9−4u−6v+ v2

2 +2uv for v ∈ [2−u,4−2u],

2u2 +4uv+ v2 −12u−10v+17 for v ∈ [4−2u,1],

2(u+ v−3)2 for v ∈ [1,3−u].

and

P(v) ·C =



1+ v/2 for v ∈ [0,2−u],

3−u− v/2 for v ∈ [2−u,4−2u],

5−2u− v for v ∈ [4−2u,1],

2(3−u− v) for v ∈ [1,3−u].

Thus,

SD(C ) =
1

5−u2

(∫ 2−u

0
5−2v− v2

2
−u2dv+

∫ 4−2u

2−u
9−4u−6v+

v2

2
+2uvdv+

+
∫ 1

4−2u
2u2 +4uv+ v2 −12u−10v+17dv+

+
∫ 3−u

1
2(u+ v−3)2dv

)
=

3u3 −12u2 +6u+13
15−3u2 .

Thus, δP(T,D)≤ 15−3u2

3u3−12u2+6u+13 for P ∈ L14. Note that we have:

• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then

hD(v) =



(1+v/2)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,4−2u],
(5−2u−v)2

2 for v ∈ [4−2u,1],

2(3−u− v)2 for v ∈ [1,3−u].
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• if P = L14 ∩E1 then

hD(v) =



(1+v/2)2

2 for v ∈ [0,2−u],
(6−2u−v)(2u+3v−2)

8 for v ∈ [2−u,4−2u],
(v+1)(5−2u−v)

2 for v ∈ [4−2u,1],

2(3−u− v) for v ∈ [1,3−u].

• if P = L14 ∩L23 then

hD(v) =



(1+v/2)2

2 for v ∈ [0,2−u],
(3−u−v/2)2

2 for v ∈ [2−u,4−2u],
(5−2u−v)2

2 for v ∈ [4−2u,1],

2(2−u)(3−u− v) for v ∈ [1,3−u].

• if P ∈ L14\(E4 ∪E1 ∪L23 ∪E5) then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 4−2u

2−u

(3−u− v/2)2

2
dv+

+
∫ 1

4−2u

(5−2u− v)2

2
dv+

∫ 3−u

1
2(3−u− v)2dv

)
=

=
7u3 −36u2 +48u−6

2(15−3u2)
≤ 3u3 −12u2 +6u+13

15−3u2 .

• if P = L14 ∩E1 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 4−2u

2−u

(6−2u− v)(2u+3v−2)
8

dv+

+
∫ 1

4−2u

(v+1)(5−2u− v)
2

dv+
∫ 3−u

1
2(3−u− v)dv

)
=

=
3u3 −18u2 +27u−4

15−3u2 .

• if P = L14 ∩L23 then

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

(v/2+1)2

2
dv+

∫ 4−2u

2−u

(3−u− v/2)2

2
dv+

+
∫ 1

4−2u

(5−2u− v)2

2
dv+

∫ 3−u

1
2(2−u)(3−u− v)dv

)
=

=
3u3 −12u2 +26

2(15−3u2)
≤ 3u3 −12u2 +6u+13

15−3u2 .



12.3. Polarized δ -invariants via Kento Fujita’s formulas 311

We obtain that

δP(T,D) =
15−3u2

3u3 −12u2 +6u+13
for P ∈ L14\(E1 ∪E4 ∪E5) and u ∈ [3/2,2].

and

δP(T,D)≥ 15−3u2

3u3 −18u2 +27u−4
for P = L14 ∩E1 and u ∈ [3/2,2].

Corollary 12.3.5. Let P be a point in T that is contained in L12 ∪L14 ∪L24 ∪E2 ∪E3 ∪E4 ∪E4

then

δP(T,D)≥


15−3u2

16+3u−9u2 +2u3 for u ∈ [1,a],

15−3u2

11−u3 for u ∈ [a,2].

Corollary 12.3.6. Suppose O is a point on a del Pezzo surface T with two A1 singularities and

nine lines such that δO(T )≤ 6
5 then

δO(T ,D)≥


15−3u2

16+3u−9u2 +2u3 for u ∈ [1,a],

15−3u2

11−u3 for u ∈ [a,2].

12.3.3 Du Val Del Pezzo surface of degree 4 with A2 singularity

Now, let us use the notations and assumptions of Section 2 with a minor difference: we assume

that T has a singular point of type A2. Let us show that in the case when O is the singular point

of the surface T we have

δO(T ,D) =
15−3u2

u3 −6u2 +19
,

which immediately implies that δO(T ,W T
•,•)≤ 80

83 . In this case, the morphism η is a blow up of

P2 at points P1, P2, and P3 in general position; after that blowing up a point P4 which belongs to

the exceptional divisor corresponding to P3 and no other negative curve and after that a point

P5 which belongs to the exceptional divisor corresponding to P4 and no other negative curve.

In Part I we proved:

δP(T ) =



6/7 if P ∈ E3 ∪E4,

8/7 if P ∈ (L13 ∪L23 ∪L34 ∪E5)\(E3 ∪E4),

4/3 if P ∈ (L12 ∪C2)∩ (E1 ∪E2),

18/13 if P ∈ (L12 ∪C2 ∪E1 ∪E2)\((L12 ∪C2)∩ (E1 ∪E2)),

3/2 otherwise.
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where E1, E2, E3, E4, E5 are exceptional divisors corresponding to P1, P2, P3, P4, P5

respectively, C2 is a strict transform of a (−1)-curve coming from the conic on P2, Li j are

strict transforms of the lines passing through Pi and Pj for (i, j) ∈ {(1,2),(1,3),(2,3)} and L34

is a strict transform of a (−1)-curve coming from a line passing through P3 on P2. The dual

graph of (−1) and (−2)-curves is given in the following picture: Now let’s prove that:

Figure 12.3: Polarized δ -invariants: A2 singularity

Lemma 12.3.7. Suppose P is a point on T and D =−KT − (u−1)C2 with D2 = 5−u2 then

δP(T,D) =
15−3u2

u3 −6u2 +19
for P ∈ E4\(L34 ∪E5).

Proof. Suppose P ∈ E4\(L34 ∪E5). In this case we set C = E4. Then τ(C ) = 2. The Zariski

Decomposition of the divisor D− vE4 is given by:

P(v) =


−KT − (u−1)C2 − vE4 − v

2E3 for v ∈ [0,2−u],

−KT − (u−1)C2 − vE4 − v
2E3 − (u+ v−2)E5 for v ∈ [2−u,1],

−KT − (u−1)C2 − vE4 − v
2E3 − (u+ v−2)E5 − (v−1)L34 for v ∈ [1,2].

and

N(v) =


v
2E3 for v ∈ [0,2−u],
v
2E3 +(u+ v−2)E5 for v ∈ [2−u,1],
v
2E3 +(u+ v−2)E5 +(v−1)L34 for v ∈ [1,2].

Moreover,

P(v)2 =


5−u2 − 3v2

2 for v ∈ [0,2−u],

9−4u−4v+2uv−1/2v2 for v ∈ [2−u,1],
(v−2)(v+4u−10)

2 for v ∈ [1,2].
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and

P(v) ·C =


3v/2 for v ∈ [0,2−u],

2−u+ v/2 for v ∈ [2−u,1],

3−u− v/2 for v ∈ [1,2].

Thus,

SD(C ) =
1

5−u2

(∫ 2−u

0
5−u2 − 3v2

2
dv+

∫ 1

2−u
9−4u−4v+2uv−1/2v2dv+

+
∫ 2

1

(v−2)(v+4u−10)
2

dv
)
=

19+u3 −6u2

15−3u2

Thus, δP(T,D)≤ 15−3u2

19+u3−6u2 for P ∈ E4. Note that for P ∈ E4\(E5 ∪L34) we have:

hD(v) =


9v2

8 for v ∈ [0,2−u],
(2−u+v/2)2

2 for v ∈ [2−u,1],
(3−u−v/2)2

2 for v ∈ [1,2].

So we have

SD(WC
•,•;P) =

2
5−u2

(∫ 2−u

0

9v2

8
dv+

∫ 1

2−u

(2−u+ v/2)2

2
dv+

∫ 2

1

(3−u− v/2)2

2
dv
)
=

=
21+6u−18u2 +5u3

2(15−3u2)
≤ 19+u3 −6u2

15−3u2 .

So we obtain that

δP(T,D) =
15−3u2

u3 −6u2 +19
for P ∈ E4\(L34 ∪E5).

Corollary 12.3.8. We have S(W T
•,•;E4) =

83
80 , which implies that δO(T ,W T

•,•)≤ 80
83 .

Proof.

S
(
W T

•,•;E4
)
=

=
3

(−KX)3

2∫
1

∞∫
0

vol
(
P(u)

∣∣
T − vE4

)
dvdu+

3
(−KX)3

1∫
0

∞∫
0

vol
(
P(u)

∣∣
T − vE4

)
dvdu =

=
3

20

2∫
1

(5−u2)SD(E4)du+
3
5
=

3
20

2∫
1

(5−u2)
19+u3 −6u2

15−3u2 du+
3
5
=

83
80

.
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