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Lay Summary

This thesis lies in the field of Algebraic geometry — a modern branch of pure mathematics
involving spaces with an algebraic structure called varieties. There are three fundamental
types of varieties: Fano, Calabi—Yau, and General Type varieties, based on how they are
curved. This thesis contains the results for Fano varieties, whose importance has been
highlighted by the work of Birkar, who won a Fields Medal in 2018, and Donaldson, who won
a Breakthrough Prize in 2015.

One of the central questions of complex geometry is when the above classes of varieties admit
canonical metrics. An important example is a special metric called a Kéhler-Einstein metric.
It was proven by Aubin and Yau that there exists a Kéhler—Einstein metric on Calabi—Yau and
General Type varieties. However, Fano varieties are more complicated. The main algebraic
criterion for the detection of Fano varieties admitting a Kahler—Einstein metric is called
K-stability, and the surrounding field is one of the most active in pure mathematics. In this
thesis, | applied an existing algebraic criterion to detect varieties admitting Kahler—Einstein
metrics which were unknown up until now, and unachievable without the results of this thesis.



Abstract

Due to the celebrated solution of the Yau—Tian—Donaldson conjecture, it is now known that a
smooth Fano variety admits a Kahler—Einstein metric if and only if it is K-polystable. In Part |
of this thesis, we study Du Val del Pezzo surfaces (Fano varieties of dimension 2 with explicit
"nice" singularities). We present the computation of all the &-invariants of Du Val del Pezzo
of any degree in complete generality. This leads to our description of new examples of K-
stable Fano threefolds, undertaken in Part Il of this thesis. More explicitly, we first present
(possibly singular) K-stable examples of Fano threefolds in Families Ne1.11, Ne1.12, Ne1.13,
Ne2.1, Ne2.2, Ne2.3, Ne2.5, which follow from computations in Part I. After that, we find all K-
polystable smooth Fano threefolds that can be obtained as blowup of P along the disjoint
union of a twisted cubic curve and a line. These are the smooth Fano threefolds in Family
Ne3.12. We conclude by proving the K-stability of smooth Fano threefolds of Picard rank 3 and
degree 20 that satisfy very explicit generality conditions. These threefolds are the smooth Fano
threefolds in Family Ne3.5.
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Chapter 1

Introduction

This thesis lies in the field of Algebraic Geometry — a branch of pure mathematics that blends
algebra and geometry by using algebraic techniques to study geometric objects. At its core,
Algebraic Geometry investigates spaces with an algebraic structure, known as varieties,
which are defined as the solutions of systems of polynomial equations.

The recent advances in subclasses of algebraic geometry, such as birational geometry via
the Minimal Model Program (MMP) have led to a deeper understanding of the structure of
algebraic varieties. One of the major achievements of the MMP is a framework for classifying
varieties into a few fundamental types, which can be thought of as the building blocks from
which all other varieties are constructed. These three foundational classes are: varieties
of general type, Calabi—Yau varieties, and Fano varieties. Each of these classes is
characterized by the sign of the canonical divisor Kx: positive, trivial, or negative, respectively,
which corresponds geometrically to the curvature properties of the variety.

In this thesis, we focus on Fano varieties, which are normal projective varieties with kit
(Kawamata log terminal) singularities and an ample anticanonical divisor —Kx. The kit
condition ensures that the singularities of the variety are mild and manageable within the
framework of the MMP (the considered singularities are described more formally later in the
thesis). The ampleness of the anticanonical divisor means that the variety X can be embedded
into a projective space, and from a differential-geometric perspective, Fano varieties are the
higher-dimensional analogues of positively curved spaces, like the sphere. These varieties
are of particular interest because they sit at the heart of several key questions in algebraic
geometry and complex differential geometry.

One of the key goals in complex geometry — a very important subfield of algebraic geometry, is
to study when the above classes of varieties admit canonical metrics. A fundamental example
of such metrics are Kahler—Einstein metrics. Aubin (1978) and Yau (1977), and later Yau
(1978) in his seminal work, which won him the Fields medal in 1982, proved that general type
and Calabi-Yau varieties always admit a unique Kahler—Einstein metric. However, it was clear
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that this is not true for Fano varieties since there were known examples of Fano varieties which
did not admit a Kahler—Einstein metric. One of the earliest examples follows from the paper of
Matsushima (1957) — a blow up of P? at one point cannot have a Kahler—Einstein metric due
to the nature of its automorphism group.

The explicit detection of Kahler—Einstein metrics on Fano varieties was a very difficult task,
and it became an integral problem for algebraic geometers in the last quarter of the 20th
century. Around the same time, a remarkable philosophical approach to tackle the existence
of a Kahler—Einstein metric on Fano varieties was proposed. In 1993 Yau conjectured that an
algebrogeometric notion of stability would be necessary to determine the existence of Kahler—
Einstein metrics on Fano varieties. This was inspired by earlier work by Uhlenbeck and Yau
(1986) and Donaldson (1985) predicting the existence of metrics on vector bundles using slope
stability.

The notion of K-stability was introduced first in Tian (1997) and then reformulated in an
algebraic way in Donaldson (2002); it was conjectured that the existence of these metrics
would be equivalent to algebraic conditions on Fano varieties called K-stability conditions. This
is known as the Yau-Tian-Donaldson conjecture. More formally, the Yau—Tian—Donaldson
conjecture states that a Fano manifold admits a K&hler—-Einstein metric if and only if it is
K-polystable. This conjecture was first proven by Chen-Donaldson-Sun for smooth Fano
varieties in “Kdhler—Einstein metrics on Fano manifolds I, II, IlI" (see Chen, Donaldson, and
Sun (2015)). Then, a similar result was proven for smoothable Fano varieties by Li, Wang,
and Xu (2019) and Spotti, Sun, and Yao (2016) and the further expanded to a larger class
of singular Fano varieties in the works of Li, Tian, and Wang (2021, 2022) and Liu, Xu, and
Zhuang (2022).

There are several equivalent definitions of K-stability. In Tian (1997) it was originally defined in
analytic terms using the a-invariant — an approach that was later shown to coincide with the
global log canonical threshold introduced independently by Shokurov in birational geometry.
This analytic perspective followed Yau’s philosophical intuition (see Yau (1993)). Shortly
thereafter, Donaldson (2002) provided an equivalent, purely algebro-geometric definition via
the Donaldson—Futaki invariant, which is defined for any test configuration and therefore
applies beyond the Fano case. To make the Donaldson—Futaki invariant more accessible
for explicit computations, mathematicians sought to express it as an intersection number.
Achieving this required working with compactification of the Donaldson’s construction, and
in this context, Odaka (2013) and Wang (2012) reformulated the Futaki invariant in terms of
intersection theory.
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DEFINITION. Let X be a Fano variety with dim(X) = n for n > 2 with Kawamata log terminal
singularities. Set L = —Kx. A test configuration of a pair (X;L) consists of the following data:

 anormal variety 2~ with a G, action,
« a flat G,,-equivariant morphism p: 2~ — P!; G,, acts on P! by (¢, [x: y]) — [tx : Y],
* a Gy,-invariant p-ample Q-line bundle . — 2" and a G,,-equivariant isomorphism

(2\p ' (0), 2

o) 2 (0 B0, pri (L)
where pr is the projection to the first factor, and 0 = [0 : 1], .o = [1 : 0].
The Donaldson—Futaki invariant of a test configuration (2",.%¢) is defined as:

DF(2;.%) = Li (2" Koy + ——2).

n+1

Denote the central fibre p~!(0) by 20, and the fibre at infinity p~!(c0) by Z... The test
configuration (27,.%) is called

« trivial if there is a G,,-equivariant isomorphism
(2\Zes 2 ) 2 (X X (PM\e0), pri (L),

« product-type if we have an isomorphism 2"\ 2. = X x (P'\).
The Fano variety X is called
+ K-semistable if for every its test configuration (Z",.%) one has DF(.2";.¢) >0,

+ K-stable if for every its non-trivial test configuration (2", .%) one has DF(2";.¥) > 0,
+ K-polystable if it is K-semistable and DF(.2";.%) = 0 iff (2", .%) is of the product type.

Note that: X is K-stable = X is K-polystable = X is K-semistable.

Later on, Fujita (2019) and Li (2017) were able to give a valuative definition of K-stability
using ideas from birational geometry. In the work of Fujita and Odaka (2018) a new algebraic
invariant called the d-invariant was introduced. It is also known as the stability threshold
due to the fact that its value reflects whether the variety in question is K-stable. In the works by
Blum and Jonsson (2020); Fuijita (2019); Fujita and Odaka (2018); Li (2017); Liu et al. (2022);
Xu and Zhuang (2020) the following theorem was proven:

THEOREM. If X is a Fano variety, then

* §(X)>1 <= X is K-stable,
* 3(X) > 1 < X is K-semistable.
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One of the fundamental goals for algebraic geometers working on K-stability of Fano varieties
has been to develop a systematic approach for detecting K-stabilty of Fano varieties and
using that to obtain a comprehensive classification of K-stable Fano varieties. This goal has
been largely achieved via the method of Abban and Zhuang (2022), which allows to “reduce
the dimension" of the problem. More precisely, the key idea is that subvarieties of codimension
one provide the information about the initial variety.

Research on the detection of K-stability of Fano varieties has heavily focused on smooth
Fano varieties of dimensions less than four. Unfortunately, K-stability of higher dimensional
Fano varieties and singular Fano threefolds is generically unknown due to the complexity of
calculating the invariants explicitly, and to the lack of a full classification of Fano varieties
in dimensions higher than 3. Using the Abban—Zhuang method in many cases detecting K-
stability can be reduced to computing an algebraic invariant on two dimensional Fano varieties
— possibly singular del Pezzo surfaces.

In Part | of this thesis, we compute the J-invariants of all del Pezzo surfaces with Du
Val singularities. A smooth del Pezzo surface is a projective algebraic surface whose
anticanonical divisor is ample. These surfaces are the two-dimensional Fano varieties and
play a fundamental role in the classification of algebraic surfaces. The degree of a del Pezzo
surface is defined as the self-intersection number of its canonical class, which ranges from 1
to 9. All smooth del Pezzo surfaces, except for P! x P!, can be obtained as a blowup of the the
projective plane P? at zero to eight points in general position. The degree decreases by one
for each blow-up. In particular, P? itself is the del Pezzo surface of degree 9.

The notion can be extended to allow mild singularities: a singular del Pezzo surface
is a normal projective surface with only log terminal (for example, Du Val) singularities
and an ample anticanonical divisor. These surfaces arise naturally in the MMP and in the
compactification of moduli spaces. Du Val singularities are a subclass of canonical surface
singularities; their description can be found in Reid (1987) or Dolgachev (2012).

In Part | of the thesis, we determine the stability thresholds of del Pezzo surfaces with Du
Val singularities. For degrees 9 to 2, we consider all points on each of the Du Val del Pezzo
surfaces to obtain the result. For degree 1, a slightly different approach was taken: we show
that the stability threshold is achieved at the "worst" singularity and compute the §-invariant at
that point. Along the way, we provide a description of the Mori cones of Du Val del Pezzo
surfaces of degree 2, which, to our knowledge, had not been previously presented. More
precisely, in Part | we prove the following theorem:

MAIN THEOREM 1. Let X be a Du Val del Pezzo surface of degree d where d > 2. Then the
O-invariant of X is uniquely determined by the degree of X, the number of lines on X, and the

type of singularities on X which is given in the following table:



1. Introduction

K% | #1s | Sing(X) | 8(X) K% | #1s | Sing(X) | 8(X) K% | #1s | Sing(X) | 8(X)
8 0 Ay 43_1 5 4 Ay % 4 6 Ay + Ay g
15
1 3 A 2 51 3 [ MA+A | 3 4| 4 | Ap+24,| §
5
6| 3| A 3 > 2] A 5 4 s As 2
6 | 4 | A ) S L] A 7 4| 4 | A 3
5 4112 | A 1 3
6| 2 2A, a 7T o A, 1 4 | 3 | Az+4A 2
3 3
2 4| 2 | As+24,| 3
6121 A 3 4 | 8 | 24 1 3T 4
6 | 1 [fothi] 4| 6 | 3A 1 413 Aq i1
15 1
S A T W B 4] 4| an |1 412 ] Dy 2
515 | 24 B 4 | 3 A, 6 411 Ds 2
Kg | #ls | Sing(X) | 8(X) | [k2 [#1s]| sing(x) | 6(x) | LKi|#Is|Sing(X) | 3(X)
6 9
6 4 | As+A | &
SO e e O 3| 5 [2m+a | 1 ) R N
3| 12| 34 8 33 As 2
2 303 34, 1 :
319 47, 8 " 5 3] 2 [As+A | 2
3 (15 Ay 1 > | 10 & 11 316 Dy 2
3110 | Atay | 1 sl bl N R
3] 8 [Ax+24a,] 1 3 Az +2A1 | 11 31 Es I
K% | #1s | Sing(X) | 86(X) | K3 | #1s |  Sing(X 5(X) || K3 | #1s | Sing(X X
X X X
2 | 44 Ay 3 2 | 22 As 1 2| 6 | As+A g
2 | 34 2A; 3 2 |16 As+ A 1 2 | 5 | As+A 3
2 | 26 34, 3 2 |15 Az + A 1 2 | 3 | As+A, 3
2 | 25 34, 3 2 | 12 | Az+2A; 1 2 | 4 Ag :
2 |20 | 4A 2o 2| 11| As+24 1 2 | 2 Aq 2
2 | 19 | 4A 2o 2] 8 | Az+3A 1 2 | 14 Dy 2
2 | 14| 5A 3210 As+A, 1 2| 9 | Dy+A | 3
2 |10 | 64 3o 2] 7 [ As+Ar+A | 1 2| 6 |Ds+24| 3
2 | 31 A, & 216 243 1 2 | 4 | Ds+3A| 3
21 20 | Ap+ A, g 2 | 4 203+ A 1 2| 8 Ds 2
2 | 18 | Ag+24y | & || 2| 14 Ay 2l 2] 5 | Ds+a | 2
2 | 13 | Ax+3A | & | 2|10 | As+A 2 l2]3 Dg :
2 |16 | 24, 8 1216 Ag+ Ay 2l 2] 2| De+Ar | 3
2 | 12 |28+A; | & || 2| 8 As 8 214 Es 2
2| 8 | 34, | & | 27 As P2t B o

Table 1.1: o-invariants of Du Val del Pezzo surfaces of degrees 8, 7, 6, 5, 4, 3, 2
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MAIN THEOREM 2. Let X be a Du Val del Pezzo surface of degree 1. Then, X can be realized as
the double cover X = P(1,1,2), which is ramified along a sextic curve R € P(1,1,2). Then,
the -invariant of X is uniquely determined by the by the type of singularities on X and unique

elements of | — Kx| containing each of singular points which is given in the following table:

Type of singularity o(X)

Ay, 2A 1, 3A, 4A, 5A 1, 6A, TA{, 8A
all elements of | — Kx| containing singular points are nodal 2

Ay, 2A1,3A1,4A 1, 5A 1, 6A, 7TA, 8A
some elements of | — Kx| containing
singular points are cuspidal

Ag, A+ A1, Ay +2A, Ay +3A1, Ay +4Ay,
285, 280 +Aq, 20, +2Aq, 3A,, 3A, + A4, 4A,
all elements of | — Kx| containing A, singular points are nodal

Ao, Ag+ Ay, Ag +24A4, Ay +3A1, Ay +4Ay,
205,200 + Ay, 200 +2A 1, 3A5, 3A0 + Ay, 4A,
some elements of | — Kx| containing A, singular points are cuspidal

Az, A+ A, Ag+2A1, As+3A, Ay +4A,,
Az +Ag, As+Ar+ Ay, As+Ar+2A,,
205, 205+ Ay, 2A5 + 24,

Ay, Ag+ A, Ay +2A1, Ay +Ap, Ay+Ar+ Ay, Ay+ Az, 2A4
As, As+ A1, As+2A1, As+ Ay, As+Ar + Ay, As+ Ag
Ag, Ag+ Ay
A5, A7+ A, and R irreducible
A-, A7+ A; and R reducible
Ag, Dy, Dy+ A1, Dy +2A1, Dy +3A1, Dy +4A, D4+ Ay, Dy + Az, 21Dy
Ds, Ds+ A, Ds +2A1, Ds + As, Ds + Aj
Dg, Dg + Aj, De + 24
Dy
Dg, E¢, E¢ + A1, E¢ + A
E7, E7+ A
[Eg

wi\o

~IS

\S][ON)

\S1{o%}

OO[\O [NON (W~

[,
e}

oo |1 [l [wio [slw [<ioy | = | = [

Ju—
|

Table 1.2: d-invariants of Du Val del Pezzo surfaces of degree 1

This thesis presents the first complete computation of the d-invariants for all del Pezzo surfaces
with Du Val singularities. While estimates of these invariants were previously known, for
instance, through the work of Odaka, Spotti, and Sun (2016) and Mabuchi and Mukai (1993) on
the moduli of del Pezzo surfaces — these results typically provided only qualitative information,
such as whether 6 > 1 or 8 < 1, based on the type of singularities. In contrast, the results
presented here yield explicit values of 6 in every case. This comprehensive computation not
only completes the picture for del Pezzo surfaces but also plays a crucial role in determining
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K-stability in higher-dimensional Fano varieties as we see in further corollaries and the proof
of Main Theorem 4. In several instances, these higher-dimensional examples had previously
unknown stability behaviour, which could not have been resolved without the precise 6-
invariants computed in this work.

In Part Il the existence of a Kéhler—Einstein metric on Fano threefolds is discussed. As was
discussed earlier, a Fano variety admits a Kahler—Einstein metric if and only if it is K-polystable.
For two-dimensional Fano varieties (del Pezzo surfaces) Tian and Yau proved that a smooth
del Pezzo surface is K-polystable if and only if it is not a blow up of P? in one or two points
(see Tian (1990); Tian and Yau (1987)). For three-dimensional Fano varieties the situation is
more challenging. Smooth Fano threefolds over the field C have been classified be Iskovskikh
(1997, 1998); Mori and Mukai (1981, 2003) into 105 families and the detailed description of
these families can as well be found in Araujo et al. (2023). The results in Part | lead to finding
the examples of Fano threefolds which admit a Kahler—Einstein metric:

Let V3 be a Fano threefold with canonical Gorenstein singularities such that —Ky ~ 2H for
some H € Pic(V3) with H> = 3, i.e V3 is a Fano threefold in Family Ne1.13.

COROLLARY 1. If for any point Q on V3 there exists an element X € |H| such that Q € X and
X is smooth then V3 is K-stable.

Let S; and S, be two distinct surfaces in the linear system |H|, and let ¥ = S; N S,. Suppose

that the curve % is smooth. Then % is an elliptic curve by the adjunction formula. Let 7 :
X3 — V3 be the blow up of the curve %, and let E be the m-exceptional surface. X3 is a Fano
threefold in Family Ne2.5. We have the following commutative diagram:

Where V3 --» P! is the rational map given by the pencil that is generated by S; and S», and [
is a fibration into del Pezzo surfaces of degree 3.

COROLLARY 2. If every fiber X of ¢ at most A, singularities, then X3 is K-stable.

Let v : V, — IP? be the double cover branched along the reduced possibly reducible quartic
surface R. Set H = y*(Op3(1)). Then V; is a del Pezzo threefold of degree 2 and a Fano
threefold in Family Ne1.12. One can show that a general surface in |H| is a smooth del Pezzo
surface of degree 2.

COROLLARY 3. If R has A,-singulalrities, then V; is K-stable.
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,and let € = S1NS,. Suppose
that the curve % is smooth. Then % is an elliptic curve by the adjunction formula. Let 7 :

Let S; and S, be two distinct surfaces in the linear system |H

X, — V; be the blow up of the curve %, and let E be the m-exceptional surface. X; is a Fano
threefold in Family Ne2.3. We have the following commutative diagram:

Where V, --» P! is the rational map given by the pencil that is generated by S; and S», and [
is a fibration into del Pezzo surfaces of degree 2.

COROLLARY 4. If every fiber X of ¢ at most A3 singularities, then X is K-stable.

Let V; be a Fano threefold with canonical Gorenstein singularities such that —Ky, ~ 2H for
some H € Pic(V;) with H> = 1, i.e V| is a Fano threefold in Family N¢1.11. A general element
in |H| is a Du Val del Pezzo surface of degree 1 and if V| has isolated singularities then a
general surface in |H| is a smooth.

COROLLARY 5. If for any point Q on V| there exists an element X € |H| such that Q € X and
X has at most A singularities then V is K-stable.

Let S; and S, be two distinct surfaces in the linear system |H|, and let ¥ = S; N S,. Suppose
that the curve % is smooth. Then % is an elliptic curve by the adjunction formula. Let 7 :
X — V; be the blow up of the curve %, and let E be the m-exceptional surface. X; is a Fano

threefold in Family Ne2.1. We have the following commutative diagram:

N

Vi-—-—--- ~P!

Where V; --» P! is the rational map given by the pencil that is generated by S; and S», and o
is a fibration into del Pezzo surfaces of degree 1.

COROLLARY 6. If every fiber X of ¢ at most D4 singularities, then X is K-stable.

Let R(» 4) be a surface with isolated singularities of degree (2,4) in P! x P2, let 7 : X — P! x P2
be a double cover ramified over the surface R, 4), i.e X is a Fano threefold in Family Ne2.2. Let
pri : P! x P2 — P! be the projection on the first factor. Set p; = pri o . Then p; is a fibration
into del Pezzo surfaces of degree 2.

COROLLARY 7. If every fiber X of p; has at most A3 singularities, then X is K-stable.
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REMARK Every smooth element in Family N¢1.13. is known to be K-stable by Araujo et al.
(2023). Every smooth threefold in Family 2.5 such that there is no fiber of p; which contains
Ds or Eg singularity in this family is known to be K-stable by Cheltsov, Denisova, and Fujita
(2024). Every smooth element in Family N¢2.2. is known to be K-stable by Cheltsov et al.
(2024). Every smooth element in Family Ne1.12. is known to be K-stable by Araujo et al.
(2023) and Dervan (2016). Singular Del Pezzo Threefolds of degree 2 were studied in Ascher,
DeVleming, and Liu (2023). It follows from Ascher et al. (2023); Shah (1981) that the threefold
in Family Ne1.12 is K-polystable if and only if the quartic surface R is GIT-polystable with
respect to natural action PGL(4) except for those of the form (xpx; +x7 +x3)? +a-x3 fora € C.
The corollary given by the Main Theorem is slightly weaker. Every smooth threefold in Family
Ne2.3. is known to be K-stable by Cheltsov et al. (2024). Every smooth element in Family
Nel.11. is K-stable by Araujo et al. (2023). Every smooth Fano threefold in Family Ne2.1. is
K-stable by Cheltsov et al. (2024).

These findings provide a wealth of new results on the K-stability of Fano varieties, many of
which were previously unknown. Notably, they apply not only to smooth Fano threefolds but
also to singular Fano varieties, which are significantly more difficult to study. Establishing K-
stability in the singular setting typically requires much deeper analysis and is less understood
than in the smooth case. The results presented here therefore mark a substantial advancement
in the field, extending the landscape of known K-stable Fano varieties and opening the door to
further developments in higher-dimensional birational geometry and moduli theory.

In the rest of the thesis, we consider different deformation families, and for one of them we
solve the Calabi problem posed in Araujo et al. (2023) in its entirety:
Calabi Problem. Find all K -polystable smooth Fano threefolds in each family.

More precisely, we solve the Calabi problem completely for Family N¢3.12. A member of Family
Ne3.12 X can be described as the blowup 7 : X — P3 of P3 at a twisted cubic C and line L that
is disjoint from C. We prove that:

MAIN THEOREM 3. All the smooth threefolds except one in Family N¢3.12 are K-polystable.
Hence, all smooth Fano threefolds in Family N¢3.12 except one described in (Araujo et al.,

2023, §7.7) admit a Kéhler—Einstein metric.

Now we approach the Calabi Problem for Family Ne3.5. Let C be a smooth curve in S = P! x P!
of degree (5, 1). We consider embedding S < P! x P2 given by

([ V], [x:y]) — ([u:v],[xzzxy:yz]),
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and identify S and C with their images in P! x P2. Let m: X — P! x P? be the blow up of
the curve C. Then, X is a smooth Fano threefold in the deformation Family Ne 3.5 in the Mori—
Mukai list. Let pr; : P! x P> — P! be the projection to the first factor and ¢; = pr; o . Then
¢y is a fibration into del Pezzo surfaces of degree four, and every singular fiber of this fibration
has Du Val singular points of types A, A,, A3 or A4. We prove the result which is a crucial
step in solving the Calabi Problem for Family Ne3.5:

MAIN THEOREM 4. If every singular fiber of ¢ has only singular points of type A1, then X is
K-stable.

Although we do not solve the Calabi problem completely for Family Ne 3.5, Main Theorem 4 is
the closest and most complete result (in combination with (Araujo et al., 2023, section 5.14))
in solving the Calabi problem for this family using the Abban-Zhuang method.

The main results of this thesis have appeared in a series of papers, such as Denisova (2023-
24, 2024a, 2024b)
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O-invariants of Du Val Del Pezzo surfaces
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Chapter 2

o-invariants of Du Val Del Pezzo surfaces

2.1 History and known results

It is known that a smooth Fano variety admits a Kahler—Einstein metric if and only if it is K-
polystable. In the case of two-dimensional Fano varieties (del Pezzo surfaces), Tian and Yau
showed that a smooth del Pezzo surface is K-polystable if and only if it is not the blow-up
of P2 at one or two points (see Tian (1990); Tian and Yau (1987)). Significant progress has
been made for smooth Fano threefolds. However, for Fano varieties in higher dimensions,
many questions remain open. In several cases, the problem reduces to computing the 6-
invariant of (possibly singular) del Pezzo surfaces (see Araujo et al. (2023); Cheltsov et al.
(2024); Cheltsov, Fujita, Kishimoto, and Okada (2023), etc.). For smooth del Pezzo surfaces
d-invariants were computed in Araujo et al. (2023):

X |P?|P'xP!' | Sg|S;7|Se|Ss|Sa|S|ST|Sh|S3|S|SE
6 21 15 4 3 27 9 15 | 15 12
o(X) | 1 L 75|V s3] w5 |%|7]5

Table 2.1: §-invariants of smooth del Pezzo surfaces

where S, is a blowup of P? at 9 — d points in general position; S} is S5 with an Eckardt point, S3
is S3 without an Eckardt point; S is S, such that the linear system | — K, | contains a tacnodal
curve; S3 is Sy such that the linear system | — K, | does not contain a tacnodal curve; S} is
S1 such that the linear system | — K, | contains a cuspidal curve; S% is S1 such that the linear
system | — K, | does not contain a cuspidal curve. In this article, we compute §-invariants of
singular Du Val del Pezzo surfaces. We prove that:

MAIN THEOREM 1. Let X be a Du Val del Pezzo surface of degree d where d > 2. Then the
O-invariant of X is uniquely determined by the degree of X, the number of lines on X, and the

type of singularities on X which is given in the following table:

12
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13

K% | #1s | Sing(X) | 8(X) K% | #1s | Sing(X) | 8(X) K% | #1s | Sing(X) | 8(X)
8 0 Ay 43_1 5 4 Ay % 4 6 Ay + Ay g
15
1 3 A 2 51 3 [ MA+A | 3 4| 4 | Ap+24,| §
5
6| 3| A 3 > 2] A 5 4 s As 2
6 | 4 | A ) S L] A 7 4| 4 | A 3
5 4112 | A 1 3
6| 2 2A, a 7T o A, 1 4 | 3 | Az+4A 2
3 3
2 4| 2 | As+24,| 3
6121 A 3 4 | 8 | 24 1 3T 4
6 | 1 [fothi] 4| 6 | 3A 1 413 Aq i1
15 1
S A T W B 4] 4| an |1 412 ] Dy 2
515 | 24 B 4 | 3 A, 6 411 Ds 2
Kg | #ls | Sing(X) | 8(X) | [k2 [#1s]| sing(x) | 6(x) | LKi|#Is|Sing(X) | 3(X)
6 9
6 4 | As+A | &
SO e e O 3| 5 [2m+a | 1 ) R N
3| 12| 34 8 33 As 2
2 303 34, 1 :
319 47, 8 " 5 3] 2 [As+A | 2
3 (15 Ay 1 > | 10 & 11 316 Dy 2
3110 | Atay | 1 sl bl N R
3] 8 [Ax+24a,] 1 3 Az +2A1 | 11 31 Es I
K% | #1s | Sing(X) | 86(X) | K3 | #1s |  Sing(X 5(X) || K3 | #1s | Sing(X X
X X X
2 | 44 Ay 3 2 | 22 As 1 2| 6 | As+A g
2 | 34 2A; 3 2 |16 As+ A 1 2 | 5 | As+A 3
2 | 26 34, 3 2 |15 Az + A 1 2 | 3 | As+A, 3
2 | 25 34, 3 2 | 12 | Az+2A; 1 2 | 4 Ag :
2 |20 | 4A 2o 2| 11| As+24 1 2 | 2 Aq 2
2 | 19 | 4A 2o 2] 8 | Az+3A 1 2 | 14 Dy 2
2 | 14| 5A 3210 As+A, 1 2| 9 | Dy+A | 3
2 |10 | 64 3o 2] 7 [ As+Ar+A | 1 2| 6 |Ds+24| 3
2 | 31 A, & 216 243 1 2 | 4 | Ds+3A| 3
21 20 | Ap+ A, g 2 | 4 203+ A 1 2| 8 Ds 2
2 | 18 | Ag+24y | & || 2| 14 Ay 2l 2] 5 | Ds+a | 2
2 | 13 | Ax+3A | & | 2|10 | As+A 2 l2]3 Dg :
2 |16 | 24, 8 1216 Ag+ Ay 2l 2] 2| De+Ar | 3
2 | 12 |28+A; | & || 2| 8 As 8 214 Es 2
2| 8 | 34, | & | 27 As P2t B o

Table 2.2: 6-invariants of Du Val del Pezzo surfaces of degrees 8, 7, 6, 5, 4, 3, 2
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MAIN THEOREM 2. Let X be a Du Val del Pezzo surface of degree 1. Then X can be realized
as the double cover X 21> P(1,1,2), which is ramified along a sextic curve R € P(1,1,2). Then
the -invariant of X is uniquely determined by the by the type of singularities on X and unique

elements of | — Kx| containing each of singular points which is given in the following table:

Type of singularity o(X)

Ay, 2A1,3A1,4A 1, 5A, 6A 1, 7TA1, 8A
all elements of | — Kx| containing singular points are nodal 2

Ay, 2A1, 3A1,4A, 5A, 6A, TA|, 8A
some elements of | — Kx| containing
singular points are cuspidal

A, Ag+ Ay, Ag +2A4, Ay +3A, Ay +4A,
285, 28, + Ay, 2A, +2Aq, 3A,, 3Ar + Ay, 4A, 12
all elements of | — Kx| containing A, singular points are nodal

Ag, A+ Ay, Ag +2A4, Ay +3A, Ay +4A,
285,280 + A1, 2A, +2Aq, 3A,, 3A5 + Ay, 47
some elements of | — Kx| containing A, singular points are cuspidal

Az, Az + Ay, Az +2A1, A3+ 3A 1, Az +4A,
As+Ag, Az + A+ A, Az + Ay +2A,
2A3, 205 + Ay, 2A5 +2A

Ag, A+ A1 Ay +2A1, Ay + Ay, Ay +Ap+ Ay, Ay + Az, 20y
As, As+ A1, As+2A1, As+ Ay, As+ Ay + A, As+Aj
Ag, Ag+ A
A7, A7 + A and R irreducible
A7, A7+ A, and R reducible
Ag, Dy, Dy + Ay, Dy +2A1, Dg+3A1, Dy +4A1,D4 + Ay, Dy + Az, 2Dy
Ds, Ds+ Ay, Ds+2A1, Ds+ Ay, Ds + Az
De, Dg + A1, Dg + 24,4
Dy
Dg, E¢, E¢ + A1, E¢ + Az
E7, E7+ A
g

wio

\S1[o%}

[\S]198]

O[\O [NION | Wl

—
e}

[ [Nt [ulw [wio |[Blw [Ny | = | — [T

—
—

Table 2.3: o-invariants of Du Val del Pezzo surfaces of degree 1

This result can be viewed as a generalization of a-invariant computations, which were done
by I. Cheltsov, D. Kosta, J, Park and J. Won in a series of papers Cheltsov (2009); Cheltsov
and Kosta (2014); Park and Won (2010a, 2010b) since 6 and « invariants are related as

3a(X)>6(X) > 3“T(X) in case of del Pezzo surfaces. The Du Val del Pezzo surfaces of degree
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three were listed in Coray and Tsfasman (1988), the singularity types of Du Val del Pezzo
surfaces of degrees one and two were listed in Tian and Yau (1983). The results of this article
confirm the results in Odaka—Spotti—-Sun Odaka et al. (2016) paper and lead to finding new
K-stable examples of singular Fano threefolds.

2.2 Proof of Main Theorem via Kento Fujita’s formulas

In this paper in order to find d-invariants of Du Val del Pezzo surfaces we apply Abban—Zhuang
theory and use Kento Fuijita’s formulas. Let X be a Du Val del Pezzo surface, and let S be a
minimal resolution of X. For a birational morphism f: X 3XandE bea prime divisor in X
we say that E is a prime divisor over X. If E is f-exceptional, we say that E is an exceptional
prime divisor over X. We will denote the subvariety f(E) by Cx(E). Let

1 T
SX(E) = m/o VOl(f*(—Kx) — vE)dv and Ax(E) =1 —|—0rdE(K§ —f*(Kx)),
—Kx
where 7 = 7(E) is the pseudo-effective threshold of E with respect to —Kx. Let Q be a point
in X. We can define a local d-invariant and a global -invariant of X as

. x(E) .
0p(X) = ér/l)f; Sy (E) and 0(X) = erg( 0p(X)
QeCx(E)

where the infimum runs over all prime divisors E over the surface X such that Q € Cx(E).
Similarly, for the surface S and a point P on S we define local J-invariant and a global -
invariant of S as

L Ag(F) .
op(S) = }:r}g Ss(F) and §(S) = }EESP(S)
PeCs(F)

where Ss(F) and Ag(F) are defined as Sx(E) and Ax (E) above. It is clear that

5(X) = 8() and §p(X) =, inf 5p(S)

We now fix a point P on S and choose a smooth curve A on § containing P. Set
T(A) = sup{v € Ry | the divisor —Kg —vA is pseudo—effective}.

Forv € [0, 7], let P(v) be the positive part of the Zariski decomposition of the divisor —Kg —vA,
and let N(v) be its negative part. Then we set

" 2 [TA)
S(WA,; P) = e /0 h(v)dv, where h(v) = (P(v)-A) x (N(v)-A) , +

(P(v)-A)
s
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It follows from (Araujo et al., 2023, Theorem 1.7.1) that:

1
Sp(S) > mi , . 2.2.1
(5) mm{ S5(A) SOWi..P) } @2
Unfortunately, this approach does not always give us a good estimation. If this is the case, we
apply the generalization of this method. Let o : S— Sbea weighted blowup of the point P on
S. Suppose, in addition, that S'is a Mori Dream space Then

« the o-exceptional curve Ep = P! such that 6(Ep) = P,
« the log pair (§,Ep) has purely log terminal singularities.

Thus, the birational map o a plt blowup of a point P. Write
Kip+Ag, = (Ks+Ep) ’EP’

where Ag, is an effective Q-divisor on Ep known as the different of the log pair (§, Ep). Note
that the log pair (Ep,Ag,) has at most Kawamata log terminal singularities, and the divisor
—(KEp + Ag,) is ©|g,-ample.

Let O be a point on Ep. Set

T(Ep) = sup{v € R | the divisor 6*(—Ks) —vEp is pseudo—effective}.

For v € [0, 7], let P(v) be the positive part of the Zariski decomposition of the divisor 6*(—K) —
vEp, and let N(v) be its negative part. Then we set

S(W.b:fQO) = i/OT(EP)E(V)dv, where E(v) = (ﬁ(v) ~Ep) X (]V(v) 'EP)0+

(I/J\(V) . EP)
K2 '
S

2

LetAg, a., (O) = 1—orda,, (O). Itfollows from (Araujo et al., 2023, Theorem 1.7.9) and (Araujo
et al., 2023, Corollary 1.7.12) that

(2.2.2)

op(S) 2min{AS(EP) inf ALy, (0) }’

Ss(Ep) 0cEr S(WE: 0)

where the infimum is taken over all points O € Ep. Now for all the points P on S we now either
values of local 8-invariants or estimations of them. Taking the minimum we compute 6(S) -
the global d-invariant of S and thus, §(X) = 6(S) - the global §-invariant of X. We apply this
method to minimal resolutions of Du Val del Pezzo surfaces to prove Main Theorem.



Chapter 3

Du Val del Pezzo surfaces of degrees 7
and 8

It was mentioned in (Araujo et al., 2023, Table 2.1) d-invariants of smooth del Pezzo surfaces
of degrees 7 and 8 are given in the following table:

X | P! xP! | blowup of P? in one point | blowup of P? in two points

sx)| 1 5

o)

Table 3.1: o-invariants of Du Val del Pezzo surfaces of degrees 7 and 8

In this chapter, we compute &-invariants of singular Du Val del Pezzo surfaces of degrees 7
and 8. More precisely we prove that if X is a del Pezzo surface with A;-singularity of degree 8

then 6(X) = %‘ and if X is a del Pezzo surface with A-singularity of degree 7 then 6(X) = %—}

3.1 Del Pezzo surface of degree 8 with A, singularity

Let X be a singular del Pezzo surface of degree 8 with one A singularity. Then X contains 0
lines. Let E be the unique (—2)-curve. One has 8p(X) = 3 for P € X. Thus §(X) = 3.

Proof. Let F be a fiber of natural projection on P!. Then ©(F) = 4 and the Zariski
Decomposition of the divisor —Kx — vF is given by:

P(v) = —Kx —vF — %E and N(v) = EE if v e [0,4].

Moreover, 5
4 —
(P2 = 2"> and P(v)-F =2 — % if v e [0,4].
We have Sx(F) = 4. Thus, 8»(S) < 3. Note that h(v) < @2 ity ¢ [0,4]. S0 S(WF,; P) <
3. Thus, 8p(X) =3 for P€ X and §(X) = 2. O

17
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3.2 Del Pezzo surface of degree 7 with A, singularity

Let X be a singular del Pezzo surface with one A; singularity, S be a minimal resolution
of X. Then X contains 2 lines, and S can be obtained by blowing up P? at point P;; and a
point P, on the exceptional divisor corresponding to P;. Let Eq, E, be the exceptional divisors
corresponding to Pj, P»; Li» be a (—1)-curve which is a strict transform of the line passing
through P;. The dual graph of (—1) and (—2) curves is given in the following picture:

® ° °
Eq E, L

Figure 3.1: Dual graph: (—Ks)? = 7, singularity A;

One has
HifPeE,,

21
8p(S) =4 Zif P € E1\Ea, and 6p(S) > 7 otherwise.
SLitPELp\E,.

Thus 8p(X) = %.
Proof. Step 1. Suppose P € Li,. Then t(Li;) = 3 and the Zariski Decomposition of the divisor
—Ks—vLy, is given by:

—Ks—vLpp ifve [0, 1],

P(v) = |
—Ks—vLip — (v—1)(E1 +2E,) if v € [1,3].
NG = 0ifv e [0,1], |
(v—1)(E; +2E>) if v e [1,3].
Moreover,

—2y—2ify iy
oy = I EDN gy, e
(3—v)*ifve[1,3]. 3—vifve[l,3).

We have Ss(Li2) = 33. Thus, 8p(S) < 3L for P € Ly,. Note that for P € L;,\E; we have:

U gy € [0,1],

(B—v)

h(v) < 2
= ifve[l,3].

So S(Wak?;P) <3 < B Thus, 8p(S) = 2L if P € Lp\Ea.
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Step 2. Suppose P € E; . Then t(E}) = 2 and the Zariski Decomposition of the divisor —Kg —
vE7 is given by:

—Kg—vE; ifvel0,1], 0ifvelo,1],
CORE S CEE o
—Ks—VvE| — (v—1)Eifve[l,2]. (v—1)E;ifve[1,2].
Moreover,
7-2%ifvelo,1], 2vifv e [0,1],
(P(v))* = P(v)-E =
2—-v)(4+v)ifvell,2]. v+ 1lifve(l,2].

We have Ss(E) = 2. Thus, 8p(S) < J for P € E;. Note that for P € E;\E;

22 ifv € [0,1],

h(v) <
O+ iy e [1,2).

~—

So S(WJ3;P) < B < 2. Thus, 8p(S) = { if P € Ey\En.
Step 3. Suppose P € E, . Then 7(E,) = 4 and Zariski Decomposition of the divisor —Ks — vE,

is given by:
—Kg—VvE, —3E, ifve|0,1], rE;ifve|0,1],
Pv) = S 2— 7Lk [0, 1] | N(v) = 3L [0, 1] |
—KS—VEZ—%EI—(V—I)LIZ IfV€[1,4]. %El—F(V—l)le IfV€[1,4].
Moreover,
2
7—2v—2%ifve|0,1], 1+%ifve0,1],
PP =1 PO)-Er={
= ifve[l,4]. 2—-3ifve[l,4].

We have Ss(E>) = 31. Thus, 8p(S) < 31 for P € E,. Note that if P € E»\Ly or if P € E»NLi»

then
Lt2)Bvi2) ig ¢ [0, 1, 2P iy e 0,1,
h(v) < or h(v) < 24
% if ve[l,4].

B0H) ity e [1,4].
So S(Waa;P) < 1T < 3Lor s(wi2;P) < 13 < 3L Thus, 8p(S )=HifPecE.
Step 4. Suppose P ¢ E{UE,UL;. ConS|der a bIowup n:S—Sat point P with the exceptional
divisor Ep. Suppose El is a strict transform of E; and L;p is a strict transform of the line
through P; and a projection of P on P2. Then 7(Ep) = 3 and Zariski Decomposition of the
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divisor 6*(—Kgs) — vEp is given by:
c*(—Ks)—vEpifve|0,2],
Py) = (—Ks) —vEp [0,2] )
G*(—KS) —VvEp— (V— 2)(2L1P+E1) ifve [2,3].
0ifve[0,2],
(v—2)(2L1p+E;) ifv e [2,3].
Moreover,
7—vifve[0,2], vifv e |0,2],
(P(v))* = P(v)-Ep=
3—v)(5—v)ifve2,3]. 4—vifve[2,3].
We have Ss(Ep) = % Thus, dp(S) < ﬁ = %. Note that for O € Ep we have:
2 ifve0,2]
> 1Ty Pl )
M= G |
B ity € [2,3].
So S(WE;0) < 3. Thus, 8p(S) < 3 if P € Ey UE, ULp,. O



Chapter 4

Du Val Del Pezzo surfaces of degree 6

It was mentioned in (Araujo et al., 2023, Table 2.1) that §(X) = 1 when X is a smooth del
Pezzo surface of degree 6. In this chapter, we compute d-invariants of singular Du Val del
Pezzo surfaces of degree 6.

MAIN THEOREM Let X be a singular del Pezzo surface of degree 6. Then the J-invariant of X is
uniquely determined by the degree of X, the number of lines on X, and the type of singularities

on X which is given in the following table:

K% | #lines | Sing(X) | §(X)
6 3 A 2
6 4 Ay &
6 2 24 =
6 2 A, 2
6 1| Ay+AL ] 3

Table 4.1: o-invariants of Du Val del Pezzo surfaces of degree 6

4.1 General results for degree 6

Let X be a del Pezzo surface of degree 6 with at most Du Val singularities, S be a minimal
resolution of X and P be a point on S. Then:

Lemma 4.1.1. Let P be a general point on S. Consider the blowup & : S — S of S at P with the
exceptional divisor A there exist (—1)-curves and (—2)-curves which form one of the following

B,
a)._I_. 5 1 °B, Y ®5,9c, "B 4

Figure 4.1: Dual graph: (—Ks)? = 6 for a general point

dual graphs:

21
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Then ©(A) = 3 and the Zariski Decomposition of the divisor 6*(—Ks) — vA is given by:

o*(—Ks) —vA ifv € [0,2],

a). P(v) =
0*(—Ks) —vA— (v—2)(B1 + By +B3) ifv € [2,3].
0 ifv €10,2],
V)=
(V—Z)(31+Bz+B3) ifv e [2,3].
b). Pv) = c*(—Ks) —vA ifv €]0,2],
0" (—Ks) —vA— (v—2)(2B; +C| +By) ifv € [2,3].
N() = 0 ifve|0,2],
(V—2>(231+C1+Bz) ifv e [2,3]
o). Py) = c*(—Ks) —vA ifv €10,2],
6" (—Ks) —vA— (v—2)(3B1 +2C, + Dy) ifv € [2,3].
N() = 0 ifv e |0,2],
(v—2)(3B1+2C,+Dy) ifv e [2,3].
Moreover,
2 .
(P(1))? = 6—v=ifve|0,2], Pv) A= vifv e |0,2],
2(3—v)%ifve[2,3]. 2(3—v) ifve[2,3].

In this case 6p(S) > 1.

5/3
Moreover,
v2 :
vifve[0,2],
h(v) =1 2 9,2
2(3—v)(2v—-3)ifv e [2,3].
So S(WA,:0) < 1. We get that 5p(S) > 1. O

Now we consider a curve A on S. Small circles correspond to a (—1)-curves and large circles
correspond to a (—2)-curves on dual graphs.

Lemma 4.1.2. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph: Then t(A) = 2 and the Zariski Decomposition of
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e o o o @)oo
o B, A B, ¢, c B 4

Figure 4.2: Dual graph: (—Ks)? =6 and 8p(S) = 1

the divisor —Kg — vA is given by:

—Ks—vA ifv e [0,1],

a). P(v) =
—Ks—vA—(V—1)<Bl+Bz) ffVE[l,Z].
0 ifvel0,1],
N(v) =
(v—1)(B; +By) ifve[l,2].
by. P(v) = —Kg—vA ifv e |0,1],
—Ks—vA—(v—1)(2B+C) ifv € [1,2].
N(v) = 0 ifvel0,1],
(v—1)(2B+C) ifve [1,2].
Moreover,
5 6—2v—v2ifvelo,1], v+1ifve0,1],
(P(v)” = P(v)-A=
(2—v)(4—v)ifvell,2]. 3—vifvell,2].

In this case 6p(S) =1 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~p (2 - v)A + %(331 +
C1 + 3B, + (). A similar statement holds in other parts. We have Sg(A) = 1. Thus, 6p(S) < 1
for P € A. Moreover, for P € A\B:

0% gy € (0,1,

Bt iy € 11,2).

h(v) <

So S(W/,:P) < 1. We get that 6p(S) = 1 for P € A\B. O
Lemma 4.1.3. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

i & ¢ %

Figure 4.3: Dual graph: (—K;)? = 6 and 8p(S) = 1
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:
v v
P(V) =—Kg—VvA— EB andN(V) = EB ifve [0,2]

Moreover,

(P(v))2 = w andP(v)-A =1 —i—% ifv €0,2].

In this case 8p(S) = 5 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (2—v)A+3B+4C+2D. We
have Ss(A) = 2. Thus, 5p( ) < 1 for P €A, Note that if P € A\B we have h(v) = (2+V) if v e
0,2]. So S(W,A,, P) < & < 9. Thus, 8p(S) = 13 if P € A\B. O
Lemma 4.1.4. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and

(—2)-curves which form the following dual graph and no other (—1)-curves and (—2)-curves
intersect A:

0—0—.—0—0 o —— @ ~—o
2 5, ) @5 8¢

Figure 4.4: Dual graph: (—Ks)? = 6 and 8p(S) = 7; with 7(4) =2

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA ifv e [0,1],

a). P(v) =
—Ks—vA— (v—1)(B1 +By) ifve[l,2].
0ifvelo,1],
(v—1)(B; +B,) ifve[1,2].
—Kg—vA ifv e [0,1],
b). Pvy={ ° 0.1
—Kg—vA— (v—1)(2B; +C) ifv € [1,2].
0ifve0,1],
V) =
(v—1)(2B +C) ifv e [1,2].
Moreover,
6—2v% ifv e 0,1], 2v ifv €[0,1],
(P(v))* = 01 P(v)-A= 01
8 —4vifve[l,2]. 2 ifve(l,2].

In this case 8p(S) = 7; if P € A\B.
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Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~p (2 — v)A +2B1+Ci+
2B, + C;. A similar statement holds in other parts. We have Ss(A) = 1. Thus, 8p(S) < 7 for
P € A\B. Moreover,

w?ifvelo,1],
hv) = [0,1]
2vifve[l,2].
So S(WA,;P) < 4. We get that 8p(S) = ; for P € A\B. O

Lemma 4.1.5. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

- o @5
By 4 95 °c

Figure 4.5: Dual graph: (—Ks)? = 6 and 8p(S) = ¢ with 7(A) =3

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— B ifve0,1],
P(v)=<{ —Ks—vA—YB—(v—1)By ifve1,2],
—Ks—vA—(v—1)(B+B))— (v=2)Cifve 2,3,
YBifve[0,1],
N(v) =1 B+ (v—1)B ifve[1,2],
(v=1)(B+By)+(v=2)Cifve[2,3].

Moreover,
2O ey e [o,1], 1+%ifveo,1],
(PO =S 2 _ay47ifve(l,2], PO)-A={2-Lifve(l,2],
(3—v)?2ifve]2,3]. 3—vifve[2,3].

In this case 8p(S) = 7; if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (3 —v)A+2B; +2B+C. We
have Ss(A) = 4. Thus, 8p(S) < 19—1 for P € A. Moreover, if P € A\B:

042 ity € 0,1,
h(v) < {382y, e [1,2],
Bt ity € 2,3).

So S(WA,;P) < 1 < 4. We get that 8p(S) = ; for P € A\B. O
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Lemma 4.1.6. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Figure 4.6: Dual graph: (—Ks)? = 6 and 8p(S) = 2

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—%(2B+C) ifv € [0,3],

P(v) =
—Ks—vA—(v—1)(2B+C) — (2v—3)C" ifv e [3,3].
Y(2B+C) ifv e [0,3],
N(v) _ 3( ) [ 2]
(v—=1)(2B+C)+ (2v—-3)C' ifve [3,3].
Moreover,
. Je—2v—%itvelo,3], 1+Yifve[0,3],
(P(v))? = Pv)-A=

(3-v)%ifve [3,3]. 3—vifve [3,3].
In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg — vA ~g (3 —v)A +4B+2C +3C'. We
have Ss(A) = 2. Thus, 8p(S) < % for P € A. Moreover, if P € A\B:

Bty e Jo,3],
h(V) = (3_v)2 3
s ifve[3,3].
So S(WA,;P) < {5 < 3. We get that 8p(S) = 2 for P € A\B. O

Lemma 4.1.7. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B,
a) b) o c)
- ——@——@ o —— 00
B, A Bj B, A B C A B C D

Figure 4.7: Dual graph: (—K;s)? = 6 and 8p(S) = 3 with 7(4) =3
Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA ifv e [0,1],
—Kg—vA — (V— 1)(31 +Bz—{—B3) ifv e [1,3]

a). P(v) =
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0ifve [O,l],
(V— 1)(31 +Bz+B3) ifv e [1,3]

V)=

—Ks—vA ifv € [0,1],

b). P(v) =
—Ks—vA—(v—1)(B1+2B+C) ifv e [1,3].
0ifvelo,1],
N(v) =
(v—1)(B;+2B+C) ifv e [1,3].
—Kg—vA ifve[0,1],
c). Pv)={ ° 0.1
—Ks—vA—(v—1)(3B+2C+D) ifv e [1,3].
0ifvel0,1],
N(y) = [0, 1]
(v—1)(3B+2C+D) ifv € [1,3].
Moreover,
2(3—v?) ifvelo,1], 2vifve[0,1],
ey = 20T IER I 4 -~
(3—v)2ifvell,3]. 3—vifvell,3].

In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~g (3—v)A+2B; +2B, +
2Bj3. A similar statement holds in other parts. We have Ss(A) = %. Thus, 8p(S) < 3 for P € A.
Note that if P € A\B we have:

22 ifv e [0,1],

h(v) <
B iy € [1,3).

So S(WA,;P) < L2 < % Thus, 8p(S) = 3 if P € A\B. O

Lemma 4.1.8. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Ce.
a) .>-B—0 ), 000,
Cl

Figure 4.8: Dual graph: (—K;s)? = 6 and 8p(S) = 2 with 7(4) =2

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

P(v) = —Ks—vA — EB and N(v) = %B ifv € [0,2].
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Moreover,

(P(v))? = 3(2_2(6“) and P(v) -A = % ifv € [0,2].

In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+4B+3C+
3C’. We have Ss(A) = 5. Thus, 8p(S) < 3 for P € A. Note that if P € A\B we have h(v) =
2 it v € [0,2]. So S(W2,;P) < 4. Thus, 8»(S) = 3 if P € A\B. O
Lemma 4.1.9. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

C .B A .13’

Figure 4.9: Dual graph: (—Ks)? = 6 and 8p(S) = &

Then ©(A) = 4 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—3(B+B) ifve 0,2,

P(v) = , |
—Ks—vA—3B'—(v—1)B—(v—=2)C ifv e [2,4].
Y(B+B) ifve0,2],
winy 3B B iveD2)
B +(v—1)B+ (v—2)Cifv e [2,4].
Moreover,
2(3—v)ifve|0,2], 1ifve|0,2],
(o= {20 02y QTR
L iy e [2,4]. 2-Yifve 2,4

In this case 8p(S) = 1 if P € A.

Proof. The Zariski Decomposition follows from —Kg — vA ~g (4 —v)A+3B+2C+2B". We
have Sg(A) = %. Thus, 8p(S) < & for P € A. Moreover if P € ANB' or P € A\B':

v+1 ; v+1 :
vl ity € 10,2], vl ity € 10,2],
W) =4 2, 10.2] orh(v) <4 % 0,21
BB ity e [2,4]. Wiy € [2,4].
So S(Wi,:P) < 4§ < 4 or S(Wi,; P) < 3 < 1. We get that 6p(S) = 3 for P € A. O

4
Lemma 4.1.10. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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@ —— ®o;:—O0 —-—©
a) *g, &A 3, 0 O —@ B c
'B1

Figure 4.10: Dual graph: (—Ks)? = 6 and 8p(S) = 2
Then ©(A) = 4 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA— 3By ifve[0,1],

a). P(v) =
—Ks—vA— 3B — (v—1)(By+Bs) ifv e [1,4].
vp
NeY) = vBy ifv e [0,1],
%Bl — (v— 1)(32 —I—B3) ifv e [1,4].
b) P( ) —Ks—vA—%Bl ifvE[O,l],
; V) =
—Ks—vA—3B; —(v—1)(2B+C) ifv € [1,4].
v
N(v) _ ZBI ifv e [0,1],
YB) — (v—1)(2B+C) ifv € [1,4].
Moreover,
3EE iy € [0,1] 3 ifve[0,1]
(P(v))* = A TP A= ”
G jfy e [1,4). 2- % ifve(l,4].

In this case 8p(S) = 2 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg — vA ~g (4 —v)A+2B; + 3B, +3B3. A
similar statement holds in other parts. We have Ss(A) = 3. Thus, 8p(S) < 2 for P € E,. Note
thatif P € A\B, or if P € ANBj: then:

9?2 . 15v%
ity e [0, 1], if ve[0,1],
h(v) <9 0.1] orh(v) <4~ 0.1]
gy e [1,4]. BB ity e [1,4].
So S(Wi,;P) < 3 < 3 or S(WA;P) < 3 < 3. Thus, 8p(S) =2 if P € A\B. O

Lemma 4.1.11. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

.4.—.
.01 B, A By

Figure 4.11: Dual graph: (—Ks)? = 6 and 8p(S) = 3
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Then t(A) = 6 and the Zariski Decomposition of the divisor —Kg — vA is given by:
v v v Voo
P(v)=—Kg—VvA— 5(231 +C)— EBQ andN(v) = 5(231 +C))+ EBZ ifv € [0,6].

Moreover, )
(P())? = <6_2") P(v)-A=1- g ifv € [0,6].

In this case 8p(S) = 3 if P € A.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (6 —v)A +4B; +2C; + 3B;.
We have Ss(A) = 2. Thus, 8p(S) < 1 for P € A. Note that h(v) < 824710 i¢y, € [0, 6]. So
S(WA,;P) <3 <2.Thus, 8p(S) =5 if P € A. O

4.2 Finding J-invariants for degree 6

Let X be a singular del Pezzo surface of degree 6 with and S be a minimal resolution of X.
Then there are several possible cases:

I. X has an A singularity and contains 3 lines. In this case, we let E be the exceptional

divisor, L; for i € {1,2,3} are the lines on S,

II. X has an A; singularity and contains 4 lines. In this case, we let E be the exceptional
divisor, L; and L for i € {1,2} be the lines on §,

lll. X has two A singularities and contains 2 lines. In this case, we let E; for i € {1,2} be
the exceptional divisors, L; and L, are the lines on §,

IV. X has an A; singularity and contains 2 lines. In this case, we let E; for i € {1,2} be the
exceptional divisors, L; and L/1 be the lines on §,

V. X has A, and A singularities and contains 1 line. In this case, we let E; for i € {1,2,3}
be the exceptional divisors, L3 be the line on S.

such that the dual graph of the (—1)-curves and (—2)-curves on S is given the picture below.

I. Aq II. A III. 2A,
L O L, T L % L o L % I %
L 1y, 4, V. Ay + A,
. O 1 O, Oz T, %
o,

Figure 4.12: Du Val del Pezzo surfaces with (—Ks)? = 6
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Then

. 6(X) = % since depending on the position of point P € S we have

(L] UL, U L3)\E o/w

0
10 > 1

~
INIR Ny

op(S)

Table 4.2: Local §-invariants: (—Ks)? = 6 and A singularity, 3 lines

. 8(X) = % since since depending on the position of point P € S we have

P EUL UL, | (LYULY)\(L1 ULy) | o/w
5p(S) = 1 > 1

Table 4.3: Local §-invariants: (—Ks)? = 6 and A singularity, 4 lines

lll. §(X) = ¢4 since since depending on the position of point P € S we have

P L12 El\le Ez\le Ll\El o/w
) [| 73 [ 3 o | o =1

p—

0
Table 4.4: Local §-invariants: (—Ks)? = 6 and 2A; singularities

V. 6(X) = % since since depending on the position of point P € S we have

P E; Ez\El (L1UL/1)\E1 o/w
() | 2] 2 1 >

Table 4.5: Local §-invariants: (—Ks)? = 6 and A, singularity

V. 0(X) = % since since depending on the position of point P € S we have

P Li3 | E1\Li3 | (E2UE3)\(E1\L13) | o/w
)| 5[ 3 3 > 1

Table 4.6: Local §-invariants: (—Ks)? = 6 and A,A | singularities

Proof. We prove each case separately using lemmas from the previous section.

l. If P € E the assertion follows from Lemma 4.1.7. If P € (L; UL, UL3)\E the assertion
follows from Lemma 4.1.3. If P is a general point the assertion follows from Lemma 4.1.1.
ll. If P € E the assertion follows from Lemma 4.1.4 [a).]. If P € (L UL,)\E the assertion
follows from Lemma 4.1.5. If P € (L} UL})\(L; UL,) the assertion follows from Lemma
4.1.2 [b).]. If P is a general point the assertion follows from Lemma 4.1.1.
lll. If P € L, the assertion follows from Lemma 4.1.9. If P € E|\L; the assertion follows
from Lemma 4.1.7 [b).]. If P € E;\Li, the assertion follows from Lemma 4.1.4 [b).]. If
P € L \E| the assertion follows from Lemma 4.1.3. If P is a general point the assertion
follows from Lemma 4.1.1.
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IV. If P € E| the assertion follows from Lemma 4.1.10 [a).]. If P € E,\ E| the assertion follows
from Lemma 4.1.8. If P € (L UL})\E, the assertion follows from Lemma 4.1.6. If P is a
general point the assertion follows from Lemma 4.1.1.

V. If P € Ly, the assertion follows from Lemma 4.1.11. If P € E|\L3 the assertion follows
from Lemma 4.1.10 [b).]. If P € E;\E| the assertion follows from Lemma 4.1.8. If P €
E>\L3 the assertion follows from Lemma 4.1.7. If P is a general point the assertion
follows from Lemma 4.1.1.



Chapter 5

Du Val Del Pezzo surfaces of degree 5

In (Araujo et al., 2023, Lemma 2.11) it was proven that §(X) = % when X is a smooth del

Pezzo surface of degree 5. In this chapter, we compute d-invariants of singular Du Val del

Pezzo surfaces of degree 5.

MAIN THEOREM Let X be a singular Du Val del Pezzo surface of degree 5. Then the §-invariant

of X is uniquely determined by the degree of X, the number of lines on X, and the type of

singularities on X which is given in the following table:

| K3 | #lines | Sing(X) | &

X) || K3 | #lines | Sing(X) | &

=l |~

b | | —~
()

X) |
5 7 A EEE 3 [ MA+A | 3
5 5 24 MEE 2 Az 3
5] 4 Ay 2 5 1 Ay 2

Table 5.1: §-invariants of Du Val del Pezzo surfaces of degree 5

5.1 General results for degree 5

Let X be a del Pezzo surface of degree 5 with at most Du Val singularities, S be a minimal

resolution of X and P is a point on S. Then:

Lemma 5.1.1. Suppose is a general point on S. Consider the blowup & : S — S of S at P with

the exceptional divisor A. There exist (—1)-curves and (—2)-curves which form one of the

following dual graphs:

33
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B3
th ¢* o8, B2°i o, @%D:
a) ‘Bl A B5 b) Cl Bl A B4 c) .Cl Bl A B3

B,

d)H

— o —o @
5. 9,5, 4 B, 295, 9%

D1 Cl Bl A Bz 02

Q- 0- 0 oo o o 0O-0-0- 0 o o
) B, "D, C1 By A By 9°F, "E, D C, B, A

Figure 5.1: Dual graph: (—Ks)? = 5 for a general point
Then t(A) = % and the Zariski decomposition of the divisor 6*(—Ks) — vEp is given by:

o*(—Ks) —VvA ifv € [0,2],
a). P(v) =
0*(—Ks) —vA— (v—2)(Bi +B,+B3+Bs+Bs) ifve [2,3].
0ifve[0,2],
N(v) = 0.2
(v—2)(Bi+By+B3+Bs+Bs) ifve [2,3].
o*(—Ks) —vA ifv € [0,2],
b). P(v) = (=Ks) 0,2]
G*(—KS>—VA—(V—2)(2Bl +C + B> + B3 —I—B4) ifv € [2,%].

0ifv e [0,2],
V)=
(v=2)(2B1 +Ci+ B2+ B3 +Ba) ifv e [2,3].

o*(—Ks) —vA ifv € [0,2],
0*(—Ks) —vA—(v—2)(2B1 + C1 + 2B, + C, + B3) ifv € [2,3].

0ifv € [0,2],
v =
(v—=2)(2B1 +C1 + 2By +Cy +Bs) ifv € [2,3].

o*(—Ks)—vA ifv €10,2],

d). P(v) = _ S
0*(—Ks) —vA— (v—2)(3B1 +2C) + D+ B, +B3) ifv e [2,3].

0ifve0,2],
N(v) =
(v—2)(3By +2C; + D +By+Bs) ifve [2,3].

c*(—Ks) —vA ifv € ]0,2],
e). P(v) = ' S
0*(—Ks) —vA— (v=2)(3B1 +2C1 + D1 +2B,+ C,) ifv € [2,3].
0ifv e [0,2],
(v—=2)(3B1 +2C + D1 +2B, +C,) ifv € [2,3].

V)=
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o*(—Ks) —vA ifv € [0,2],

f). P(v) =
6" (—Ks) —vA— (v—2)(4B, +3C1 + 2D, +E| +By) ifv € [2,3].
0ifve|0,2],
N(v) = [0,2]
(v—2)(4B) +3Cy +2Dy + E, + By) ifv e [2,3].
o*(—Ks) —vA ifv € ]0,2],
g) P(V> = \ 5
0*(—Ks) —vA— (v—2)(5B1 +4C1 +3D1 +2E, + F1) ifv € [2,3].
0 ifve|0,2],
V)=
(v—2)(5B) +4Cy +3D, +2E,+ F) ifve [2,3].
Moreover,
5—v2ifveo,2], vifvel0,2],
(P(v))* = 02 P(v) A= o2
(2v—5)2 ifve [2,3]. 2(5—-2v) ifve [2,3].
In this case 6p(S) > g-

Proof. The Zariski Decomposition in part a). follows from

5 1
6" (—Ks) — vA ~g (5 —v)A+§(Bl 4B, +B; +B4+B5).

A similar statement holds in other parts. We have Sg(A) = % Thus, 6p(S) < % = ‘3‘. Moreover,

2 ifvel0,2,

h(v) <
2(5—2v)(3v—5)ifv e [2,3].

So S(WA,;0) < 2. We get that 5p(S) > . O

Now we consider a curve A on S. Small circles correspond to a (—1)-curves and large circles
correspond to a (—2)-curves on dual graphs.

Lemma 5.1.2. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

a) °B, lA' By 0%, A B & o% 5 % %
B

2

Figure 5.2: Dual graph: (—Ks)? =5 and 8p(S) = 3
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA ifv € [0,1],

a). P(v) =
—Ks—vA— (v— 1)(31 —I—Bz—{—Bg) ifv e [1,2].

0 ifv e [0,1],
(v—1)(B1+By+Bs) ifve[l,2].

V)=

—Ks—vA ifve[0,1],
b). P(v) =
—Kg—vA—(v—1)(B; +2B+C) ifve[1,2].

0ifv € [0,1],
(v—1)(B1+2B+C) ifv e [1,2].

N(v) =

—Ks—vA ifv € [0,1],

c). P(v) =
—Ks—vA—(v—1)(3B+2C+D) ifv e [1,2].

0ifv e [0,1],

N(v) = '
(v—1)(3B+2C+D) ifv € [1,2)].

Moreover,

(P())? = 5-2v—1v?ifvel0,1], P(y) A = v+ 1ifve0,1],
2(2—v)%ifve(l,2]. 2(2—v) ifve(l,2].

In this case 8p(S) = 13 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+ B + B, + Bs.
A similar statement holds in other parts. We have Ss(A) = % Thus, dp(S) < % for P € A.
Moreover for P € A\B,

04D gy € (0,1,

) = 2(2—v)ifvel,2).

So S(Wl,:P) < % We get that 6p(S) = % for P € A\B. O
Lemma 5.1.3. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

&

B

Ci
Figure 5.3: Dual graph: (—Ks)? = 5 and 8p(S) = 1
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—XBifvelo,1], B ifv € [0,1],
Py = S TATIBIE ] Ny = { 22 el
—Ks—vA—YB—(v—1)By ifve[1,2)]. LB+ (v—1)By ifve[1,2].
Moreover,
2
5—2v—2 ifve o, 1], 1+¥ifvelo,1],
(= 2T D)y JlrEivE D
Z=v6=v) ey, e [1,2]. 2-Yifvell,2).

2

In this case 8p(S) =1 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (2—v)A+2B; +C; + B. We have
Ss(A) = 1. Thus, 6p(S) < 1 for P € A. Note that for P € A\B:

042 ig ) € (0,1,

Wity € [1,2].

h(v) <

So S(WA,;P) < 12 < 1. Thus, 8p(S) = 1if P € A\B. O

Lemma 5.1.4. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:
TTB—'C—’D
C/
Figure 5.4: Dual graph: (—Ks)? = 5 and 6p(S) = 20

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—%(2B+C) ifv € [0,3],

P(v) = '
—Ks—vA—(v—1)(2B+C) — (2v—3)C ifve [3,2].

Y(2B+C) ifv e [0,3],

N(v) = '
(v—=1)(2B+C)+(2v-3)C' ifve [3,2].

Moreover,

5—2v—2%ifve[0,3 L+ ifve [0,3],

v 2= ’ V)-A=
e 2—v)(4—v)ifve [3,2]. ra 3—vifve [3,2].

[E—

[NSTJN]

In this case 8p(S) = 3% if P € A\B.
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Proof. The Zariski Decomposition follows from —Kg—vA ~g (2—v)A+3B+2C+ D+ 2C'.
We have Ss(A) = 31. Thus, 8p(S) < 32 for P € A. Moreover if P € A\B:

037 ity € [0,3],
hv) = (3-v)? 3
Sl ifve [3,2].

[\S][O8}

So S(WA,;:P) < 43 < 35. We get that 8p(S) = 32 for P € A\B. O
Lemma 5.1.5. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

A o IC %
DI

Figure 5.5: Dual graph: (—Ks)? =5 and 8p(S) = i_g
Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

P(v) = —Kg—vA — 2(3B+2C+D) and N(v) = 2(3B+2C+D) ifv €10,2].

Moreover,

(P(v))* = (2—v)é10+v) andP(v)-A = 1+£ ifv e 0,2].

In this case 8p(S) = 12 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (2—v)A+3B+4C+2D+3D'.
We have Ss(A) = %. Thus, 6p(S) < % for P € A. Moreover if P € A\B:

nv) = ;24)2 ifv e [0,2].

So S(WA,;P) < 43 < 12. We get that 8p(S) = 12 for P € A\B. O
Lemma 5.1.6. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

oo @ oo O
a)'ClB?A B Cs v 0,5, % 5 O % 5 % E
B,

Cs

Figure 5.6: Dual graph: (—Ks)? =5 and 8p(S) = % with T(A) =2
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA ifv € [0,1],

a). P(v) =
—Ks—vA—(V—l)(Bl—l—Bz—{—Bg) ifVE[l,z].
0ifvelo,1],
v g
(v—1)(B1+By+Bs) ifve[l,2].
—Ks—VvA ifv € [0,1],
b). P(v) =
—Ks—vA— (v—1)(B; +2B+C) ifv e [1,2].
0ifvelo,1],
N(v) =
(v—1)(B1+2B+C) ifv e [1,2].
—Ks—VvA ifv e [0,1],
c). P(v) =
—Ks—vA—(v—1)(3B+2C+D) ifve [1,2].
0ifvelo,1],
(v—1)(3B+2C+D) ifv e [1,2].
Moreover,
5—22ifve|o,1], 2vifv € 0,1],
(P = o P(v) -4 = o
(2—v)(4—v)ifve(l,2). 3—vifvell,2).

In this case 8p(S) = 13 if P € A\B.
Proof. The Zariski Decomposition in part a). follows from
1
“Ks—vA ~g (2—V)A+ §(4191 4B, +4B3+C, +Cs +c3).

A similar statement holds in other parts. We have Sg(A) = }—g Thus, 0p(S) < % for P € A. Note
that we have:

2% ifv € [0,1],
h(v) < B-)0+1)
el ity e [1,2).
So S(Wi.:P) <1< L. Thus, 8p(S) = 3 if P € A\B. O

Lemma 5.1.7. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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OOz 5,

Figure 5.7: Dual graph: (—Ks)? =5 and 8p(S) = % with 7(A) =3

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

P(v) —Ks—vA—%(2B+C) ifve[0,1],
V)=
~Ks—vA—3(2B+C)—(v—1)By ifv e [1,3].
Y(2B+C) ifve 0,1
Ny) =  SEBTC v E 0]
Y(2B+C)+ (v—1)By ifv € [1,3].
Moreover,
2
5-2v—r3ifve[0,1], 1+ 2 ifve(o,1],
(P(v>)2 = 2(3—1/)2 . 3 P(V)A: 3
== ifvel[l,3]. 2(1-2)ifve[l,3].

In this case 8p(S) = 12 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~r (3 —v)A+2B+C +2B;. We
have Ss(A) = % Thus, 6p(S) < % for P € A. Moreover, for P € A\B:

035ty € [0, 1],

B ity e [1,3).

h(v) <

So S(WA,:P) < 13 < 17 \We get that 8p(S) = 13 for P € A\B. O
: 5 S 15 7

Lemma 5.1.8. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

2t % 4 % L b>'ﬁ’—.cﬂ3—.0
7]

Figure 5.8: Dual graph: (—Ks)? = 5 and 6p(S) = 13 with 7(4) =3

Then ©(A) = 3 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Kg—vA — %(Bl —|—Bz) ifve [0,2],
a). P(v) =

—Kg—vA — (V— 1)(31 —I—Bz) — (v—2)(C1 +C2) ifv e [2,3].
%(Bl + By) ifv€0,2],

N(v) = .
(v )(Bl—I—Bz)—I—(V—Z)(Cl—l—Cz) va€[2,3].
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—Ks—vA—3(2B+C+C') ifv€10,2],

b). P(v)= ]
—Ks—vA—(v—1)(2B+C) — (2v—3)C' — (2v—4)D' ifv € [2,3].
Nv) = Y2B+C+C)ifvel0,2],
| =D @B+C)+ (2v—3)C + (2v—4)D ifve [2,3].
Moreover,
N2 5-2vifvel0,2], VoA 1 ifve|0,2],
P) (3—v)?ifve[2,3]. P4 3—vifve[2,3].

In this case 8p(S) = 13 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA NR (3—v)A+2B;+C; +
2B, +C,. A similar statement holds in other parts. We have Sg(A) = 12. Thus, 8p(S) < % for
P € A. Moreover,

ity e [0,2],

h(v) <
Bl ity € 2,3).

So S(WA,;:P) < 12 < 12. We get that 8p(S) = {3 for P € A. O
Lemma 5.1.9. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

IB IA B, C;

Figure 5.9: Dual graph: (—Ks)? = 5 and 8p(S) = % with 7(A) =2

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

“Ks—vA— Y Bifvelo1], YBifv e [0,1],
Py = { o e CEE L
—Ks—vA—YB—(v—1)By ifve [1,2)]. LB+ (v—1)By ifve[1,2].
Moreover,
5-3ifyelo, 1], iy e o, 1],
(P(v))z - (2—\/)?6—5—\/) [ ] P<v) A= g [ ]
EEW) ey e [1,2]. 142 ifve[1,2).

In this case 8p(S) = 13 if P € A\B.
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Proof. The Zariski Decomposition follows from —Kg—vA ~g (2 —v)A +3B; +2C; + B. We
have Sg(A) = %. Thus, 0p(S) < 3 15 for P € A. Moreover, if P € A\B then:

92 .
= ifvel0,1
h(v) < 5 0,1],
m ifvel[l,2.
So S(WA,;P) < {Z < 2. We get that 8p(S) = 15 for P € A\B. O

Lemma 5.1.10. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

D C B A
Cl
Figure 5.10: Dual graph: (—Ks)? = 5 and 8p(S) = }—g

Then t(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—3(2B+C) ifve [0,3],

P(v) = .
—Ks—vA—(v—1)(2B+C)— (2v-3)C ifv € [3,2].
N) = Y(2B+C) ifve [0,3],
| ev=1)@eB+0)+@v-3)C ifve [3,2].
Moreover,
(P = 55— ifve [0,3], POy A 2ty e [0,3],
42—v)ifve [3,2]. 2ifve [3,2].

In this case 8p(S) = 13 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (2 —v)A+4B+3C+2D+3C'.
We have Ss(A) = 13. Thus, 8p(S) < {3 for P € A. Moreover if P € A\B:

8 ifve [0,3],

"= 2ifve [3,2].

So S(WA,;P) < 2 < 13. We get that 8p(S) = 13 for P € A\B. O
Lemma 5.1.11. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:



5.1. General results for degree 5 43

o5 TC %

/

Figure 5.11: Dual graph: (—Ks)? = 5 and 8p(S) = 3

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:
P(v) = —Ks—vA — 2(334— 2C+ D) and N(v) = 2(3B+2C+D) ifv e [0,2).

Moreover,

(P2 = 22 _V;(”V) and P(v) - A = % ifve 0,2,

In this case 8p(S) = 2 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg— vA ~g (2—v)A+4B+6C+3D+5D'.
We have Ss(A) = §. Thus, 8p(S) < 2 for P € A. Moreover if P € A\B then h(v) = % ifve
[0,2]. So S(WA,;P) < 2 < §. We get that 8p(S) = 2 for P € A\B. 0
Lemma 5.1.12. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

B,
SP N S S
a) >4 50, POz & O %,

Figure 5.12: Dual graph: (—Ks)? =5 and 8p(S) = 3

~J

Then ©(A) = 3 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Kg—vA— 3By ifve[0,1],
a). P(v)=1q —Ks—vA—3B; — (v—1)(B,+B3) ifv € [1,2],
—Ks—vA—(v—1)(B1 +B2+B3) — (v—2)C ifv € [2,3].
YBy ifv e [0,1],
N(v) =4 3Bi+(v—1)(B2+B3) ifv € [1,2],
(v—1)(B1 +B2+B3)+ (v—2)Cy ifv € [2,3].
—Ks—vA— 3By ifv e [0,1],
b). P(v)=1q —Ks—vA—3B;— (v—1)(2B,+ () ifv € [1,2],
—Ks—vA—(v—1)(B1 +2B,+Cy) — (v—2)C ifv € [2,3].
YBy ifv e [0,1],
N(v) =< 3B+ (v—1)(2B,+C,) ifv € [1,2],
(v—=1)(B1+2B,+C)+ (v—=2)Cy ifv € [2,3].
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Moreover,
5- 3 ifve(o,1], 3 ifv e [0, 1],
(PO =L 7—av+ 2 ifve(l,2], PO)-A={2-Yifve]l,2]
2 2
(3—v)?2ifve]2,3]. 3—vifve]2,3].

In this case 8p(S) = 2 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (3—v)A+2B;+C; +
2B, +2Bj. A similar statement holds in other parts. We have Ss(A) = 1. Thus, 8p(S) < 2 for
P € A. Moreover, if P € ANB) orif P € A\B) then:

152 iy € [0, 1], 22 ifv € [0, 1],
h(v) = wuwe[m], or h(v) < q ity € [1,2),
Bl iy € 2,3). Bt iy € 2,3].
So S(Wi.:P) < 12 < Lor S(Wi,; P) < 35 < 1. We get that 8p(S) = 3 for P € A. O
Lemma 5.1.13. Suppose P belongs to a ( 2)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:
B; &, TB o
Cl

Figure 5.13: Dual graph: (—Ks)* = 5 and 8p(S) = 39

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—X(2B+C) ifve[0,1],
P(v)={ —Ks—vA—%(2B+C)—(v—1)By ifve [1,3],
—Ks—vA—(v—1)(2B+C+By)— (2v=3)C" ifve [3,3].

\4
3
)4
3
L(2B+C) ifv e [0,1],
3(

2B+C)+(v—1)By ifve [1,3],
(v—1)(2B+C+By)+(2v—-3)C ifve [3,3].

Moreover,

5—4 jfve0,1], 2 jfy € [0,1],
(PO =q6—2v—"ifve[1,3], PO)-A=S14+Lifve(1,3],

el
(3—v)? vaE[% 3]. 3—vifv€[% 3].

NIL»
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In this case 8p(S) = 33 if P € A\B.

Proof. The Zariski Decomposition follows from —Ks —vA ~g (3 —v)A+4B+2C +3C’ +2B;.
We have Ss(A) = 33. Thus, 8p(S) < 39 for P € A. Note that if P € A\B

82 ifv € [0, 1],

h(v) = ¢ W) 4, € (1,3,

So S(WA;P) < 12 < 3. Thus, 8p(S) = 23 it P € A\B. O
Lemma 5.1.14. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

‘D'CIB.A

Cl

Figure 5.14: Dual graph: (—Ks)? =5 and 8p(S) = &

Then ©(A) = 3 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—4(3B+2C+D)ifve [0,5],

P(v) =

—Ks—vA—(v—1)(3B+2C+D)— (3v—4)C ifve [%,3].

Y(3B+2C+D)ifve |0
N(v) = 5 ( +D) ifve |0, ] N \
(v—1)(3B+2C+D)+(3v—4)C ifve [3,3].
Moreover,
SR e e (o 4 Sifve (04
(P(V))2: 5 irv [73]; P(V)A: 4IV [73}3
B3-—v)2ifve [43]. 3-vifve [3.3].

In this case 8p(S) = {5 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (3 —v)A + 6B +4C +5C’ + 2D.
We have Ss(A) = . Thus, 8p(S) < {5 for P € A. Moreover if P € A\B:

Bviifve [0,3],

h(v) =
(3 V) ifve[3,3].

So S(Wi,:P) < 3 < 4. We get that 8p(S) = 5 for P € A\B. O

@IUI
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Lemma 5.1.15. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

1 Cl B] A- 2

Figure 5.15: Dual graph: (—Ks)* = 5 and 8p(S) = 53

Then t(A) = 4 and the Zariski Decomposition of the divisor —Kg — vA is given by:

P( ) —Ks—vA—g(ZBl-i-Cl)—%Bz ifVE[O,S],
V)=
—Kg—vA — (V— I)Bl — (V—2)C1 — (V—3)D1 — %BQ ifve [3,4].

%(ZBI +C1)+%Bz ifve [0,3],

N(v) =
(V— 1)B1 —+ (V—Z)C1 —+ (V—3)D1 —l—%Bz ifv e [3,4].
Moreover,
2
5-2v+ % ifve|0,3], 1—2ifve]0,3],
GCONEE SN PB)-A={
2 ifv e [3,4]. 2— 3 ifve[3,4].

In this case 8p(S) = 33 if P € A.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (4—v)A+3B1+2C, + D) +2B3.

We have Ss(A) = 2. Thus, 8p(S) < 13 for P € A. Moreover, if P € A\B; or if P € AN By:
w”ve[()g] WME[M]
hv) <4, , orh(v) <4, T
B0t ity € [3,4). gy e [3,4].
So S(WA;P) < 12 < B or S(Wi,; P) < I < 2 We get that 5p(S) = 33 for P € A. 0

I
Lemma 5.1.16. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

A

Figure 5.16: Dual graph: (—Ks)> = 5 and 8p(S) = 2

Then ©(A) = 5 and the Zariski Decomposition of the divisor —Ks — vA is given by:
P(v) = —Ks —vA — §(20+ AC+6B+3C') and N(v) = §(20+ 4C+6B+3C") ifv € [0,5].

Moreover,

P2 = O ) and P(v)-A=1—" ifve[0,5]
2 5 2l
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In this case 8p(S) = 2 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (5 —v)A +3C' + 6B +4C + 2D.
We have Ss(A) = 3. Thus, 85(S) < 2 for P € A. Moreover if P € A\B then h(v) = S22 if y €
[0,5]. So S(W,:P) < § < 3. We get that §p(S) = 2 for P € A\B. O
Lemma 5.1.17. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

(O B; TA E2

Bs

Figure 5.17: Dual graph: (—Ks)* =5 and 8p(S) = 3

Then t(A) = 4 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA — %(Bl —f—Bz) ifve [O, 1],
P(v)=q —Ks—VvA—%(Bi+By) — (v—1)Bs ifv € [1,2],

—Ks—vA—(v—1)(B) +B3) — 3B, — (v—2)Cy ifv € [2,4].
L (B +By) ifve0,1],

Y(Bi+By)+ (v—1)Bs ifve([l,2],

(v—1)(B1 + B3) + 5By + (v—2)C) ifv € [2,4].

N(v) =

Moreover,

5—v?ifvelo,1], v ifv € 0,1],
(PM)*=123—v)ifve[l,2], P)-A=<1ifvell,2]

B ey e [2,4). 2- 2 ifve2,4].

In this case 8p(S) = 3 if P € A.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (4 —v)A+3B; +2C; + 2B, +3Bs.
We have Ss(A) = %. Thus, 8p(S) < 2 for P € A. Moreover, if P € A\(B, UB3) or if P € ANB,
orif P € ANB;:

V2 ifveo,1], Vifye[0,1], 2 itvelo1],
h(v) << Uty e12], orh(v) =< Bty e 1,2), orh(v) =S v—1Lifve[l,2,
3(4;")\’ ifye [274] w ifve [2,4] M ifve [2’4]

So S(WA,:P) < B<ior S(WA,:P) < 7 < 2or S(W,;P) < 12 < 3. We get that 5p(S)

19 — 35
15 )
for P € A. O
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Lemma 5.1.18. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

%, % TB e

Cl

Figure 5.18: Dual graph: (—Ks)? =5 and 8p(S) = &

Then t(A) = 4 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—3B; —3(2B+C) ifve [0,3],

P(v) = _
—Ks—VvA—%B; — (v—1)(2B+C) — (2v—3)C’ ifv € [3,4].

YBi+5(2B+C) ifve [0,3],
B+ (v—1)(2B+C)+(2v—3)C ifv € [3,4].

Moreover,

In this case 8p(S) = & if P € A\B.

Proof. The Zariski Decomposition follows from —Ks—vA ~g (4 —v)A+2B; +6B+3C+5C'.
We have Ss(A) = %1. Thus, dp(S) < % for P € A. Moreover, if P € A\B then:

552 3
f 0,5
< 7 veloal
Btd) iy, € [3,4].

So S(WA,;P) < 3 < . We get that 5p(S) = § for P € A\B. O

Lemma 5.1.19. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

O O 0, O
B3

Figure 5.19: Dual graph: (—Ks)* =5 and 8p(S) = 2

Then ©(A) = 6 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Kg—vA — %(231 +C))— %Bz ifv e [0,1],
P(v) = .
3

—Ks—vA—X(2B+C)) — 3By — (v—1)Bs if v € [1,6].
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(231 —|—C1)+§Bz ifve [0,1],

v
N) = 3 ’ .
¥(2B1 +C1)+ 5By + (v—1)Bs ifv € [L,6].

Moreover,

552 ify e [0,1], 2 jfy e [0,1],
(PO)? =1 T )2” 011 pyyoa= {8 el

ifv € [1,6]. 1-Lifvel,6].
In this case 8p(S) = 2 if P € A.

Proof. The Zariski Decomposition follows from —Ks—vA ~g (6 —v)A+4B+2C; +3B,+ 5Bs.
We have Ss(A) = %. Thus, 8p(S) < 3 for P € A. Moreover, if P € AN B3 or if P € A\Bs then:

") B2 ity e [0,1], W) % ity € [0,1],
V)= ornlv)=
00 ity € [1,6). E)v6) ity € 11,6).
So S(WA;:P) <3 <TorS(Wi,:P) < < I Wegetthat 5(S) = 3 for P € A. O

5.2 Finding J-invariants for degree 5

Let X be a singular del Pezzo surface of degree 5 with and S be a minimal resolution of X.
Then there are several possible cases:

I. X has an A singularity and contains 7 lines. In this case, we let E be the exceptional
divisor, Ly23, L;, L for i € {1,2,3} be the lines on S,
Il. X has two A singularities and contains 5 lines. In this case, we let E; for i € {1,2} be
the exceptional divisors, Ly, L;, L} for i € {1,2} be the lines on S,
lll. X has an A; singularity and contains 4 lines. In this case, we let E; for i € {1,2} be the
exceptional divisors, L;, L. for i € {1,2} be the lines on S,
IV. X has A; and A singularities and contains 3 lines. In this case, we let E; fori € {1,2,3}
be the exceptional divisors, L3 Ly, L’2 be the lines on §,
V. X has an Aj singularity and contains 2 lines. In this case, we let E; for i € {1,2,3} be
the exceptional divisors, L; and L, be the lines on S,
VI. X has an Ay singularity and contains 1 line. In this case, we let E; for i € {1,2,3,4} be
the exceptional divisors, L3 be the line on S.

such that the dual graph of the (—1)-curves and (—2)-curves on S is given on the picture
below:
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I A II. 2A, IIL. A,

! — @———o——o

Lg L E, Ly E,

V. Ay + Ay V. Ay L VI Ay LLS
70— @—@——@
.L2 L, E, E; Ly E; Ly E; E, E3 ‘El ’Ez E3 ’E4

Figure 5.20: Du Val del Pezzo surfaces with (—Kg)? =5

One has:

l. 8(X)= % since depending on the position of point P € S we have

P E | (LIULUL)\E | (LYULS ULy ULp3)\(L1 UL, UL3) | o/w
SOIEL B >3

Table 5.2: Local §-invariants: (—Ks)? = 5 and A singularity

. 6(X)= % since depending on the position of point P € S we have

P Li» (El UE2)\L12 (Ll ULz)\(El UEz) (Lll Ule)\(Ll UL2> o/w
Sp(S) I5 I5 1 15 >~ 6
P 1 1 3 =5

f—

Table 5.3: Local §-invariants: (—Ks)? = 5 and 2A singularities

lIl. §(X) = 2 since depending on the position of point P € S we have

P E| Ez\El Lz\Ez (L] UL/I)\E] le\Lz o/w
5 15 15 30 15 6
o) | 7] 1 ¥ 3l o |23

Table 5.4: Local §-invariants: (—Ks)? = 5 and A, singularity

V. 6(X) = % since depending on the position of point P € S we have

P L3 El\L13 Ez\El (E3 ULQ)\(LB UEZ) LIZ\LZ o/w
15 5 15 15 15
) || 53] 7 1 ki B |2

—
S3lle)

Table 5.5: Local §-invariants: (—Ks)? = 5 and AyA singularities

V. 0(X) = g since depending on the position of point P € S we have

P E, | E; \Ez Es \Ez Lz\Ez Ly \El o/w
5 30 10 15 15 6
)5l m | 13 | 1w | 16 |25

Table 5.6: Local §-invariants: (—Ks)? = 5 and A3 singularity
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VI.

8(X) = 2 since depending on the position of point P € S we have

P E; Ez\E3 Ls \E3 E4\E3 Eq \Ez o/w
3 6 3 9 3 6
(S || 7 | 11 3 K i =3

Table 5.7: Local §-invariants: (—Ks)?> = 5 and A4 singularity

Proof. We prove each case separately using lemmas from the previous section.

VI.

If P € E the assertion follows from Lemma 5.1.6. If P € (L; UL, UL3)\E the assertion
follows from Lemma 5.1.3. If P € Lj»3\ (L} UL, ULY) the assertion follows from Lemma
5.1.2[a).]. If P € (L} UL, ULS)\(L; UL, U L3) the assertion follows from Lemma 5.1.2
[b).]. If P is a general point the assertion follows from Lemma 5.1.1.

. If P € Ly, the assertion follows from Lemma 5.1.8. If P € (E; UE;)\L, the assertion

follows from Lemma 5.1.6 [b).]. If P € (L UL,)\(E; UE>) the assertion follows from
Lemma 5.1.3. If P € (L] UL))\ (L) UL,) the assertion follows from Lemma 5.1.2 [b).]. If
P is a general point the assertion follows from Lemma 5.1.1.

If P € E; the assertion follows from Lemma 5.1.12 [a).]. If P € E;\E; the assertion
follows from Lemma 5.1.9. If P € L,\ E; the assertion follows from Lemma 5.1.7. If P €
(Ly UL})\E the assertion follows from Lemma 5.1.4. If P € L)\ L, the assertion follows
from Lemma 5.1.2 [c).]. If P is a general point the assertion follows from Lemma 5.1.1.
If P € L3 the assertion follows from Lemma 5.1.15. If P € E|\L3 the assertion follows
from Lemma 5.1.12 [b).]. If P € E;\E| the assertion follows from Lemma 5.1.9. If P €
L,\E, the assertion follows from Lemma 5.1.7. If P € E3\L;3 the assertion follows from
Lemmab.1.6.If P L’Z\Lz the assertion follows from Lemma 5.1.2 [c).]. If P is a general
point the assertion follows from Lemma 5.1.1.

If P € E, the assertion follows from Lemma 5.1.17. If P € E|\E, the assertion follows
from Lemma 5.1.13. If P € E3\ E, the assertion follows from Lemma 5.1.10. If P € [, \E>
the assertion follows from Lemma 5.1.8 [b)]. If P € L;\E; the assertion follows from
Lemma 5.1.5. If P is a general point the assertion follows from Lemma 5.1.1.

If P € E5 the assertion follows from Lemma 5.1.19. If P € E;\E3 the assertion follows
from Lemma 5.1.18. If P € L3\ E3 the assertion follows from Lemma 5.1.16. If P € E4\E3
the assertion follows from Lemma 5.1.14. If P € E|\ E; the assertion follows from Lemma
5.1.11. If P is a general point the assertion follows from Lemma 5.1.1.



Chapter 6

Du Val del Pezzo Surfaces of Degree 4

In (Araujo et al., 2023, Lemma 2.12) it was proven that 6(X) = 3_1 when X is a smooth del
Pezzo surface of degree 4. In this chapter, we compute &-invariants of singular Du Val del
Pezzo surfaces of degree 4.

MAIN THEOREM Let X be a singular Du Val del Pezzo surface of degree 4. Then the §-invariant
of X is uniquely determined by the degree of X, the number of lines on X, and the type of

singularities on X which is given in the following table:

K% | #lines | Sing(X) | 8(X)

K2 | #lines | Sing(X) | 8(X) 4 8 Ay g K2 | #lines | Sing(X) | §(X)
4 12 Ay 1 4 6 Ar+Ay | § 4 3 As+A | 32
4 9 24, 1 4 4 | Ap+24 | § 4 2 | Ag+24 | 3
4 8 2A1 1 4 5 A3 % 4 3 A4 %
4 6 34, 1 4 4 As 3 4 2 D, 1
4 4 4A 1 4 1 D 3

! Table 6.2: J-invariants of Du Val > 8
del Pezzo surfaces of degree 4
6.1 General results for degree 4

Let X be a del Pezzo surface of degree 4 with at most Du Val singularities, S be a minimal
resolution of X and P is a point on S. Then:

Lemma 6.1.1. If P is a general point on S. Consider the blowup o : S — S of S at P with
the exceptional divisor Ep. Such that T(Ep) = 2 and the Zariski decomposition of the divisor
c*(—Ks) — vEp is given by: P(v) = 6*(—Ks) — vEp and N(v) = 0 ifv € [0,2]. and P(v)?> =
(2—v)(2+v)P(v)-Ep=v ifv € [0,2]. In this case 8p(S) = 3.

Proof. The Zariski Decomposition follows from ¢*(—Ks) —vEp ~r (2—v)Ep+ Q-+ L where Q
and L are (—1)-curves which are strict transforms of a conic and a line on P? respectively. We
have Ss(Ep) = %. Thus, 8p(S) < % = % Moreover if O € Ep we have h(v) = % if ve|0,2]. So
S(WEr;0) < 3 Thus, 8p(S) = 3. O

52
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Lemma 6.1.2. Suppose P € Q where Q is a (—1)-curve on S such that it does not intersect
(—2)-curves. Let Lp be a (1)-curve which intersects with Q at this point with multiplicity 2 (one
can see that such curve exists by considering explicit models). Consider the blowup of S at P
with the exceptional divisor Ep. After that we blow up the intersection of strict transforms Q, Lp,
and Ep with the exceptional divisor E, and contract a (—2)-curve. We call the resulting surface
S. LetLp, Q, E, and P be the images of strict transforms of Lp, Q, E and Ep respectively. Note
that P is a point. We denote this weighted blowup by ¢ : S — S.

Figure 6.1: (—Ks)? = 4, a general point on a (—1)-curve

The intersections are given by

[ O[E L
o[ =3] 10
E| 1| =2 1
Lp[[ 0] 1 [ =1

Table 6.4: (—Ks)? = 4, a general point on a (—1)-curve

Then ©(E) = 4 and the Zariski decomposition of the divisor 6*(—Ks) — vE is given by:

o*(—Ks) —vE ifv € 0,1],
o*(—Ks) —vE — 50 ifv e [1,3],
6*(—Ks) —vE — N0 — (v=3)Lp ifv € [3,4].

P(v) =

0ifve0,1],
Nv) =S D5 ifve1,3],

C UG+ (v—3)Lpifv e [3,4].
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Ep |l =1 1 | 1] 1
| 1 [ =2
A 1| 0 [=2] 0
Al 1| 0| 0 [=1

Table 6.5: (—Ks)? = 4, the intersection of two (—1)-curves

Moreover
4— ifveo,1], vifve0,1],
Py = B2 jfve[1,3], PO)-E={2ive(l3]
SE e, e 13, 4] SE0) ity e 13, 4).
6 6

In this case 8p(S) = 15.

Proof. The Zariski Decomposition follows from ¢*(—Kg) —vE ~ Lp+Q + (4 —v)E. We have
Ss(E) = 1. Thus, since Ag(E) = 3 then 8p(S) < i/ = 18, Moreover, if 0 € E\(QULp) or
OEEﬂQorlfOGEﬂLp.

2ifveo,1], 2ifveo,1],
h(v) < QU200 e 1,3], orh(v) < Q WD) g, o g ),
25(7—2)|fv€[3,4]. 26 i, € [3,4].
2ifvelo,1],
or h(v) < { W2 g e 1,3,
—5<4 Jv16) gy e [3,4].

Thusif O € E\(QUL )thenS(WF,;O)—36,|fOEEﬂchenS(WE 0) =1, ifO€EpNLp

e.0°

then S W,E,,O — 3. Now, to get a lower bound for dp(S), we use Corollary 2.2.2 that gives
) 8

18 Ag . (0)
6 S >mln i f—E
P(5) {13 OGES(W.E.,O)
where Az = 16(E). So 8p(S )>m1n{i—§,%,%,f—‘7‘,§}:%thus 8p(S) = 13. O

Lemma 6.1.3. Suppose A| and A, are (—1)-curves on S which intersect at point P. Consider
the blowup o : S — S of S at P with the exceptional divisor Ep. Suppose <71 and .<#, are strict
transforms of A and A, on S and <7 is another (—1)-curve on S such that the intersections
are given by Then t(Ep) = 3 and the Zariski decomposition of the divisor *(—Ks) — vEp is
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given by:
o*(—Ks) —vEp ifv € [0,1],
P(v) = 0*(—Ks) —vEp — S (A +a5) ifv € [1,2),
o*(—Ks) —vEp — S (A + ) — (v—2).a ifv € [2,3].
0ifvel0,1],
N) = (i +.a) ifvel,2),
VU (ot + o) + (v—2)s i v € [2,3].
with
(2—v)(2+v)ifve]0,1], vifvel0,1],
PO =<5-2vifve[l,2], P(v)-Ep=1 1ifvell,2],
(3—v)2ifve[2,3]. 3—vifvel[2,3].

In this case 8p(S) = 3.

Proof. The Zariski Decomposition foIIows from 6*(—Ks) —vEp ~g (3 —V)Ep+ .9 + o + oA.
We have Ss(Ep) = 3. Thus 8p(S) < 5% = 3. Moreover, if O € Ep\a# or if O € Ep N < then:

3/2
Zifvelo1], Zifve(o,1],
h(v) << Sifve[1,2], orh(v) < 4 Jifve(l,2],
3—vifve[2,3]. B0l ity € 2,3).
So S(WE;0) < 12 <3 or S(WE;0) < § < 3 Thus, 8p(S) = $ for A1 NA,. 0

Now we consider a curve A on S. Small circles correspond to a (—1)-curves and large circles
correspond to a (—2)-curves on dual graphs.

Lemma 6.1.4. If P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

B,
Q) @p; b @5 5, €,
Bj

Figure 6.2: Dual graph: (—Ks)? =4 and 8p(S) = ¢
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— 3By ifve [0,1],

a). P(v) =
—Ks—vA—3B— (v—1)(By+Bs3) ifve [1,2).
YB ifv € [0, 1],
Ny = 2B v elol
%Bl+(v—l)(32+33) ifve(l,2].
—Ks—VvA— LB, ifve|0,1],
b). pvy=4{ ° 271 0,1]
—Ks—vA—YB, — (v—1)(2B2+Cy) ifv € [1,2].
YBy ifv € [0, 1],
Ny = 25 v elodl
%Bl+(v—1)(2BQ+C2> ifv€[1,2].
Moreover:

2
4—-2v—% ifvel0,1], 1+ % ifvel0,1],
(PO =1 3002 O pya= 2 tvelod
22 fv e [1,2]. 3—3ifvel,2].

In this case 8p(S) = ¢ if P € A\By.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+ B + B, + Bs.
A similar statement holds in other parts. We have Ss(A) = 2. Thus, 8p(S) < g for P € A.
Moreover,

0425ty € 0,1,

322 ity € 11,2).

h(v) =

So S(Wf,;P) < %. We get that 8p(S) = & for P € A\B,. O
Lemma 6.1.5. If P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

Ci 1 A By

Ci

Figure 6.3: Dual graph: (—Ks)? =4 and 6p(S) = 5

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—3%(2B+C) ifv € [0,1],
P(v) =< —Ks—vA—¥(2B;+C))— (v—1)By ifv e [1,3],
—Ks—VvA—(v—1)(2B; +Cy +By) — (2v—3)C} ifv e [3,2].
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Y(2B,+C)) ifve [0,1],
N(v)=1q%@2B+Ci)+(v—1)Byifve [1,3],
(v—=1)(2B1 +C1 +By) + (2v=3)Cy ifv € [3,2].
Moreover,
4—20—% ifveo,1], 1+%ifve[0,1],
2, .
(PW)?=q5—-av+ B ifve[1,3], PO)-A=q20-3)ifve[1,3],
2(v—2)2ifve [3,2]. 4—2vifve [3,2].

In this case 8p(S) = 5 if P € A\By.

Proof. The Zariski Decomposition follows from —Ks —vA ~p (2 —v)A +2B; + C; + C| + Bos.
We have Ss(A) = §. Thus, 8p(S) < § for P € A. Note that for P € A\B; we have:

037 ity e 10,1],
h(v) = 28 ity € [1,3],
22-v)ifve [3,2].

So S(Wi,:P) < 35 < . Thus, 8p(S) = 2 if P € A\B;. O
Lemma 6.1.6. I/f P belongs to a (—1)-cu
which form the following dual graph:

rve A and there exist (—1)-curves and (—2)-curves

A B, (O 1

Ci

Figure 6.4: Dual graph: (—Ks)? =4 and 8p(S) = 3

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—%(3B1+2C, +Dy) ifve [0,3],

P(v) =
—Ks—vA— (v—1)(3B1+2C, +Dy) — 3v—4)C} ifve [4,2].

5(3B1+2C1+Dy) ifv e [0,4],

N(v) = ,
(v—1)(3B1 +2C, +D1) + (3v—4)C} ifv € [3,2].
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Moreover,
2, .
(P(v))? = 4—-2v—Yifve [O,;—q, Plv) A= 1+ﬁlfv€[ %
2(v—2)%ifve [3,2]. ) ifv € [3,2].

In this case 8p(S) = g if P € A\By.

Proof. The Zariski Decomposition follows from —Ks —vA ~g (2—v)A+3B; +2C; +D; +2Cj.
Thus, Ss(A) = 5. Thus, 8p(S) < 3 for P € A. Note that we have that if P € A\B; then

( ) ifve [0,%
l’l(V) — [ 34
2(2 v)2itve [3,2].
So for S(WA,;P) < 3 < §. Thus, 8p(S) = 3 if P € A\By. O

Lemma 6.1.7. If P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

&0 05 <, —
D C B A B

l

DI

Figure 6.5: Dual graph: (—Ks)? =4 and 8p(S) = %

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

PY) —Ks—vA—;(3B+2C+D) ifv e [0,1],
V) =
—Ks—vA—2(3B+2C+D)—(v—1)By ifve [1,2].
v
N = Y(3B+2C+D) ifv e [0, 1],
Y(3B+2C+D)+ (v—1)By ifve[l,2].
Moreover,
2
4—2v—Y ifye0,1], 2v if €[0,1]
(P(v))* = N P(v)-A=
Z003) ey € [1,2). 2-ifve(l,2).

In this case 8p(S) = 12 if P € A\B.
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Proof. The Zariski Decomposition follows from —Kg—vA ~g (2—v)A+2B+2C+D+ D'+ B;.
We have Ss(A) = 11. Thus, 8p(S) < 12 for P € A. Note that for P € A\B we have:

0 ity e (0,1,

MBIty e 1,2].

h(v) <

So S(WA,:P) < 37 < {5. Thus, 8p(S) = {3 if P € A\B. O
Lemma 6.1.8. If P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

.E 'D 'C .B A By

Figure 6.6: Dual graph: (—Ks)? =4 and 6p(S) = 33

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

W) —Kg—VvA—(4B+3C+2D+E) ifv e [0,1],
V)=
—Ks—vA—L(4B+3C+2D+E)—(v—1)By ifv e [1,3].
$(4B+3C+2D+E)ifvel0,1],
N(v) =
L(4B+3C+2D+E)+(v—1)By ifve [1,3].
Moreover,
,  Ja-v-%irvelon) Jrrzivelo),
CONER S D pyea= TS TR
=2l ifve [1,3]. 2—-%ifve [1,3].
In this case 8p(S) = 33 if P € A\B.
Proof. The Zariski Decomposition follows from
5 1
—Ks—vA ~R (5—V>A+§<4B+3C+2D—|—E+3Bl).
We have Ss(A) = 23. Thus, 8p(S) < 2 for P € A\B. Note that we have:
0137 ity e (0,1,
h(v) = 6v(5 2v) 5
ifve [1,3].
So S(WA,;P) < 155 < 3. Thus, 8p(S) = 35 if P € A\B. O

Lemma 6.1.9. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:
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B B
B B
B, P9 g 8580,
b)B >.A B .C ®) 'AHB C DFE
2
Figure 6.7: Dual graph: (—Ks)? = 4 and 8p(S) = 1 with —Ks — vA nef on [0, 1]

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA ifv € [0,1],

a). P(v) =
—Ks—vA—(v—1)(By+By+Bs+By) ifvel,2].
0ifvel0,1],
v =
(v—l)(Bl+Bz+B3—|—B4) ifv e [1,2].
—Ks—vA ifv e [0,1],
b). Pvy=¢{ 0.1
—Ks—vA—(v—1)(2B+C+B; +B,) ifve[1,2].
0ifvelo,1],
(v) = _
(v—1)(2B+C+B; +By) ifve[l,2].
—Kg—vA ifve [0,1],
c). P(v) =
—Kg—vA—(v—1)(2B+C+2B +C') ifv e [1,2].
0 ifv e [0,1],
V) =
(v—1)(2B+C+2B'+C) ifv € [1,2].
—Ks—vA ifv € [0, 1],
d). Pvy=4{ ° 0.1
—Ks—vA—(v—1)(3B+2C+D+By) ifve [1,2]
0ifvel0,1]
(v—1)(3B+2C+D+B)) ifv e [1,2].
—Kg—vA ifv € [0,1],
e). Pv)={ ° 0.1
—Ks—vA—(v—1)(4B+3C+2D+E) ifv e [1,2].
0ifvelo,1],
N(v) = [0, 1]
(v—1)(4B+3C+2D+E) ifve [1,2].
Moreover:
4—202%ifvel0,1], 2vifv e|0,1],
(P(1))? = 01k pyas o

2(2—v)%ifve(l1,2]. 2(2—v) ifve[l,2].
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In this case 6p(S) =1 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg — vA ~g (2—v)A+ B+ B+
B3 + By4. A similar statement holds in other parts. Consider a point P described above. We
have Sg(A) = 1. Thus, 6p(S) < 1 for P € A. Note that we have:

B < 22 if v € [0,1],
2v(2—v)ifve|l,2].

So S(W/,:P) < 1. Thus, 8p(S) = 1. O
Lemma 6.1.10. /f P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

c C
3) 1..>‘§ A B.<: o e D, 9% D'
C!l 1 2 cl 1 1 1

Jo

b) @5 — O — @
A
A

Figure 6.8: Dual graph: (—Ks)? = 4 and 8p(S) = 1 with —Ks — vA nef on [0,2]

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

a). P(v) = —Ks—vA — E(B1 +By) ifve0,2].
N() = E(Bl £ By) ifve0,2].

b). P(v):—KS—vA—§(231+Cl+cj) ifve [0,2].
N(v) = g(ZBl +C +C) ifve[0,2].

c). P(v) = —KS—vA—§(2Bl +2C1 +Dy + D)) ifve[0,2].
N() = %(231 +2C,+Dy +D)) ifv e [0,2].

Moreover,
(P(v))>=4—2vandP(v)-A=1ifve[0,2].

In this case 6p(S) =1 if P € A\ (B UBy).

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2 —v)A + % <3B1 +
Ci+C{+3B,+C +C§>. A similar statement holds in other parts. We have Sg(A) = 1.

Thus, 6p(S) < 1 for P € A. Moreover, if P € A\(B; UB;) we have h(v) = 1/2ifv € [0,2]. So
S(WA,;P) < § < 1. We get that 8p(S) = 1 for P € A\(B; UB). O
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Lemma 6.1.11. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves

which form the following dual graph:

Cl Bz Bz

a) >341 S .—0—.Blﬂ<

C{ Bg B3
8858 10— 0; & —; O,

Figure 6.9: Dual graph: ( =4 and 6p(S) = g with T(A) =2

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA— 3By ifve[0,1],

a). P(v) =
—Ks—vA—3YB; — (v—1)(Ba+B3) ifv e [1,2].
VR
N(v) _ 231 ifve [0,1],
%B1+(v—1)(82—|—B3) ifve(l,2].
—Kg—vA— LB, ifvelo,1],
b). Pvy=4{ ° 271 0.1
—Kg—vA—2B—(v—1)(2B,+ ) ifv e [1,2].
2
VR
N(v) _ zBl ifve [0, 1],
YBi+(v—1)(2B,+ o) ifv e [1,2].
Moreover,
3 i3
(P = 43 jfve[0,1], P)-d = 2vif 3 € [0,1]
L2076 fy € 11,2). 2-Yifvell,2).

In this case 8p(S) = S if P € A.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+2B;+C; +
C} + B> + B3. A similar statement holds in other parts. We have Ss(A) = Z. Thus, 8p(S) < §
for P € A. Note that we have if P € A\B; or if P € ANBy:

) < 2 ifv € [0, 1], 12 ity € [0,1],
v) < or
B4 iy € 11,2). wlwe[l,z]_

So S(Wi,:P) < L. Thus, 8p(S) =S if P € A. O
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Lemma 6.1.12. If P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

I01 I31 A .32 Cs

Figure 6.10: Dual graph: (—Ks)? =4 and 8p(S) = g with 7(A) =3

Then t(A) = 3 and the Zariski Decomposition of the divisor —Ks — vA is given by:

P( ) —Kg—vA — %(231 —|—C1) VBZ ifv e [0 2]
V) =
—Ks—vA—L(2B;+C)) — (v—1)By — (v—2)C3 if v € [2,3].
N(v): %(2BI+C1)—|—§ 2ifv€[0,2],
L(2B1+C1) + (v—1)Ba+ (v—2)Cs ifv € [2,3].
Moreover,
4- 2w+ 2 ifve 0,2, 2vifl—Y e10,2],
(P(v))* = ° P(v)-A= °
_ . _
203 iy e 2, 3]. 21— ifve [2,3).
3

In this case 8p(S) = & if P € A\By.

Proof. The Zariski Decomposition follows from —Kg — vA ~g (3 —v)A+2B) +C| + 2B, + C».
We have Ss(A) = Z. Thus, 8p(S) < § for P € A. Note that for P € A\B; we have:

o) < Ev)Bvt0) ity ¢ (0,2,
v) <

2B ity e [2,3].
So S(WA,;P) <1< L. Thus, 8p(S) = if P € A\B,. O
Lemma 6.1.13. /f P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

D C B .A B,
Cl

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA—%(2B+C) ifv e [0,1],
P(v)={ —Ks—vA—¥(2B+C)— (v—1)By ifve [1,3],
—Ks—vA—(v—1)(2B+C+B;)—(2v—3)C ifve [3,2].
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Y(2B+C) ifv e [0,1],
N(v)=1q%2B+C)+(v—1)Byifve [1,3],
(v=1)(2B+C+By)+(2v—-3)C ifve [3,2].

Moreover,
4-2 ity e [0,1], & ifv € [0,1],
(P(v)* = 5—2v—ﬁ ifv e [1 31, P)-A={1+2ifve (1],
(2—v)(4 [% 2]. 3—vifve [%,2]

In this case 8p(S) = 35 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (2—v)A+3B+2C+D+2C' +
B;. We have Ss(A) = 32. Thus, 8p(S) < 35 for P € A. Note that for P € A\B we have:

82 ifv e [0, 1],
h(v) = W3 g, € (1, 3],

Bl iy € [32].

So S(Wi.:P) < 15 < 57. Thus, 8p(S) = 55 if P € A\B. O
Lemma 6.1.14. lf P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:
O TB .C .D E
A

Figure 6.11: Dual graph: (—Ks)? =4 and 8p(S) = 35

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—£(3C"+6B+4C+2D) ifv € [0,3],

B 5
i ~Ks—vA—(v=1)2B+C") = (2v=3)C— (v —4)D— (v =5)E ifv € [3,3].
N(y) = | $BC +OBHACHD) ifv € [0,3],
- 1)(2B+C') +(2v=3)C+ (2v—=4)D+ (2v=5)E ifv € [3,3].
Moreover,

4-2v+2% ifve 0,3 1-Lifve [0,3],
(P(V))2: v+51v€[,2], P(V)'A: SIVG[’Z]
(3-v)?ifve [3,3]. 3—vifve[3,3].



6.1. General results for degree 4 65

In this case 8p(S) = 35 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (3 —v)A+2C'+4B+3C+2D+
E. We have Ss(A) = 22. Thus, 8p(S) < Z for P € A. Note that if P € A\B then

(5 V) ifve [0,3],

Al e V> ifve [3,3].

N1y}

So S(WA,;P) < 3 < 5. Thus, 8p(S) = 35 if P € A\B. O
Lemma 6.1.15. lf P be/ongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

Figure 6.12: Dual graph: (—Ks)? =4 and 8p(S) = &

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—3%(3B+2C+D) ifve [0,3],

P(v) =
—Ks—vA—(v—1)(3B+2C+D)— (3v—4)C ifve [3,2].
¥(3B+2C+D) ifve [0,3],
Nv) = ’ 4
(v—=1)(3B+2C+D)+ (3v—4)C ifv e [5,2].
Moreover,
502 . 4 Sv 4
— 3= ifve 0,—, 7 ifve 07_7
b= 4 e o] poya— 41l
2—v)(d—v)ifve [4,2]. 3-vifve [4,2].

In this case 8p(S) = 7; if P € A\B.

Proof. The Zariski Decomposition follows from —Ks—vA ~p (2—v)A+2C'+3B+3C+2D+

E. We have Ss(A) = 4. Thus, 8p(S) < f; for P € A. Note that we have that if P € A\B then
25v
ifve|0,3],
W) < 03]
;s 2> ifve [£,2].
So S(WA;P) < 13 < 4. Thus, 8p(S) = £y if P € A\B. O

Lemma 6.1.16. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:
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®p IC O &, 3

D/

Figure 6.13: Dual graph: (—Ks)? =4 and 8p(S) = 2

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

PO —Ks—vA—*(3B+2C+D) ifv € [0,1],
V) =
—Ks—vA—;(3B+2C+D)—(v—1)By ifve[l,2].
NG ¥(3B+2C+D) ifv e [0,1],
V) =
1(BB+2C+D)+(v—1)Byifve [1,2].
Moreover,
432 ity e (0,1] ity e [0,1]
2 4 Pl B A 4 s 1y
PO =1 (100 | P(v)-A= v
T”‘VE[I,Z] l—f—zlfVE[l,Z]

In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (2—v)A+3B+4C+2D+3D' +
B;. We have Ss(A) = 2. Thus, 8p(S) < 2 for P € A. Note that for P € A\B we have:

22 ity € [0,1],

h(v) <
O ity € [1,2).

So S(Wi,:P) < 3 < 3. Thus, 8p(S) = 2 if P € A\B. O
Lemma 6.1.17. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

Cl 02
2) . .
cl T e, 0 ®

D C D'

B
by o—@
) C B c’ A
A

Figure 6.14: Dual graph: (—Ks)? = 4 and 8p(S) = 2 with 7(A) =2
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

a). P(v) = —Ks—vA— %(Bl +B,) and N(v) = ;(Bl +B,) ifve[0,2].
b). P(v) = —Kg—vA— %(2B+C+C’) and N(v) = 5(23+C+c’) ifv € [0,2].
). P(v)=—Ks—vA— §(23+2C+D+D’) and N(v) = ;(ZB+2C+D+D’) ifv e [0,2).
Moreover,
(P(v))*=(2—v)(v+2) and P(v)-A = v ifv € [0,2].

In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+2B; +C; +
C}+2B,+C,+C),. A similar statement holds in other parts. We have Sg(A) = %‘. Thus, 6p(S) <

2 for P € A. Moreover h(v) <12 ifv € [0,2]. So S(WZ,;P) < 5. We get that 8p(S) = 3 P €
A\B. O

Lemma 6.1.18. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

B,
P o P b N
2 A 1 C1 ) ‘Cz "B, & .Bl ‘Cl
B;

Figure 6.15: Dual graph: (—Ks)? = 4 and 8p(S) = 2 with 7(A) =3

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

) P( ) —Ks—vA—§(2BI+C1) ifve [0,1],
a). V)=
—Ks—vA—§(231+C1)—(V—1)(32+B3) ifv€[1,3].
NG %(231+C1) ifv e |0,1],
V) =
(2B, +C1)+ (v—1)(By+B3) ifv € [1,3].
o PO —Ks—vA—¥(2B+C)) ifv e [0,1],
. V) =
—Kg—VvA—2(2B1+C1)—(v—1)(2B,+ () ifv € 1,3].
3
N( ) %(2B1+C1) ifv e [0,1],
V)=
%(ZB1+C1)+(V—1)(232+C2) ifvel,3].
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Moreover,

4?2 4v

— 42 ifye0,1], v ify € [0, 1],

(PM))? = { 550y ey a3 o
29 iy e [1,3]. 2(1-%) ifve[1,3].

In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~g (3 —v)A+2B; +C; +
2B, +2Bs. A similar statement holds in other parts. Ss(A) = . Thus, 8p(S) < 2 for P € A. Note
that for P € A\B; we have:

82 ifv € [0, 1],
MV <9 2606y
ity e [1,3].
So S(Wi,:P) < 5. Thus, 8p(S) = 7 if P € A\B,. O

Lemma 6.1.19. I/f P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

o oo o
) @g—g 5 O O, b ey —@p IU Oz
D/

Figure 6.16: Dual graph: (—Ks)? =4 and 8p(S) = 2 with 7(A) =4

Then t(A) = 4 and the Zariski Decomposition of the divisor —Kg — vA is given by:

a). P(v):-KS—vA—£(23’+3B+2C+D) ifve[0,4].
N(v) = £(23’+3B+2C+D) ifv e [0,4].
b). P(v) = —Ks —vA— E(SB+6C+4D+2E+3D’) ifve[0,4].

N() = 2(5B+6C+4D+2E+3D’) ifv e [0,4].

Moreover,
2 = (V _ 4)2 . = — K [
(P(v)) 1 P(v)-A=1 1 ifv € [0,4].

In this case 8p(S) =3 ifP € A.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~g (4 —v)A+2B'+ 3B+
2C + D. A similar statement holds in other parts. We have Ss(A) = 3. Thus, 8p(S) < 3 for
P € A. Moreover for P € A\B; we have h(v) < w if v e [0,4]. So S(Wi,:P) <1< =3
We get that 8p(S) = 3 for P € A\B. O
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Lemma 6.1.20. /f P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves

which form the following dual graph:

W[

Figure 6.17: Dual graph: (—Ks)> = 4 and &p(S) =

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—3(B+B) ifve[0,1],
a). P(v)={ —Ks—vA—%(B+B')—(v—1)By ifve [1,2],
—Ks—vA—(v—1)(B+B +B))— (v=2)(C+C') ifve [2,3].
Y(B+B) ifveo,1],
N(v) =< 3(B+B)+(v—1)By ifvE[1,2],
(v=1)(B+B +B))+ (v—2)(C+C') ifve [2,3].

Y(2B+C+C)ifve0,1],
b). P(v)=q{-Ks—vA—3(2B+C+C)—(v—1)B;ifve|l,2],
—Ks—vA—(v—1)(2B+C'+B;)— (2v—3)C— (2v—4)D ifv € [2,3].
Y(2B+C+C)ifvel0,1],
N(v)=4{32B+C+C)+(v—1)By ifve[1,2],
(v—1)(2B+C'+B;)+ (2v—3)C+ (2v—4)D ifv € [2,3].

Moreover,
(2—v)(2+v) ifve]o,1], vifvel0,1],
(PW)*=<{5-2vifve[l,2], Pv)-A=<1ifve(l,2),
(3—v)?2ifve2,3]. 3—vifve|2,3].

In this case 8p(S) = % if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~g (3 —v)A+C' +2B' +
2B +C'+2B;. We have Ss(A) = 3. Thus, 8p(S) < 2 for P € A. Note that fo P € A\B we have:

Zitvelo,1],
h(v) < {v+3ifve(l,2],
Bt iy € 2,3).
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So S(WA,;P) <1< 3.Thus, 8p(S) = 5 if P € A\B. O

Lemma 6.1.21. I/f P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

C1

!

o TB & O
Figure 6.18: Dual graph: (—Ks)? =4 and 8p(S) = %5

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— 3B, —3(2B+C) ifve [0,3],
P(v)=q —Ks—vA—%B; —(v—1)(2B+C) — (2v—3)C" ifv € [3,2],
—Ks—vA—(v—1)(2B+C+B;)— (2v—3)C'— (v=2)C, ifv € [2,3].
YB1+3(2B+C) ifve [0,3],
N(v) =< 3B+ (v—1)2B+C)+(2v—3)C ifve [3,2],
(v—1)(2B+C+B1)+ (2v—3)C'+ (v—=2)Cy ifv € [2,3].

Moreover,
4-3jtve fo,3], >ty e [0,3],
(PW)* =S T—dv+ % ifve[3,2], P(v)-AS2-Yifve [3,2],
(3—v)2ifve2,3]. 3—vifve[2,3].

In this case 8p(S) = 33 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (3—v)A+2B;+C; +4B+2C+
3C'. We have Ss(A) = 37. Thus, 8p(S) < 31 for P € A. Note that for P € A\B we have:

55V if v e |0, ]

h(v) < w ifve[3,2],

Bt iy € 2,3].

So S(WA,;P) < 1 < 37 Thus, 8p(S) = 32 if P € A\B. O
, - 37

Lemma 6.1.22. lf P be/ongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:
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el ‘C IB ‘C' D’

Figure 6.19: Dual graph: (—Ks)? =4 and 8p(S) = &
Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA—%(6B+4C+3C'+2D) ifve [0,3],

P(v) =
—Ks—vA—(v—1)(3B+2C+D) — (3v—4)C' — (3v—5)D' ifve [3,3].
) L(6B-+4C+3C' +2D) ifv e [0,3],
v =
(v—1)(3B+2C+D) +(3v—4)C' + (3v—5)D' ifv € [3,3].
Moreover,
4-4ry e fo,3], Lifve (0,3
P)? = O30 pyaz 03
(3—v )2 ifve [3,3]. 3—vifve [3,3].

In this case 8p(S) = 1 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~ (3 —v)A+4D'+5C" +6B+4C +
2D. We have Ss(A) = &. Thus, 8p(S) < ; for P € A. Note that if P € A\B then

8 ifve[ 3],
€33

So S(Wi,;P) < 4. Thus, 8p(S) = ¢ if P € A\B. O

Lemma 6.1.23. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves

h(v) =

which form the following dual graph:

.32 TA .Bl C; D,
B;

Figure 6.20: Dual graph: (—Ks)? =4 and 8p(S) = &

Then ©(A) = 4 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Kg—vA — %(231 +C1) —%Bz ifv e [O, 1],

P(v) =1 —Ks—vA—%(2B; +C1) — 3B, — (v—1)B3 ifv € [1,3],

—Ks—vA—(v—1)(B; +B3) — (v—2)Ci — (v—3)Dy — By if v € [3,4].
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Y(2B1+Cy)+ 3By ifv e [0,1],
N(v) = %(2B1+C1) + 3B+ (v—1)Bs ifv € [1,3],
(v—1)(B1 +B3) + (v—=2)C1 + (v—3)D; + 1B, ifv € [3,4].
Moreover,
4-32 jfye0,1], 3 jfy € [0,1],
(PW)* =S 5-22w+2ifvel,3], PM)-A=<1-Lifvell3)],
B jfy e [3,4]. 2 Lifve[3,4].

In this case 8p(S) = & if P € A.

Proof. The Zariski Decomposition follows from —Kg—vA ~r (4 —v)A 4 3B; +2C; + D +
2B, +3B3. We have Ss(A) = L. Thus, 8p(S) < £ for P € A. Note that if P € A\ (B UB3) or
PcANBiorPceANB;3we have.

SSV ifvel0,1], 65V if v e [0,1],
h(v) < w ifve (1,3, orh(v)< w fve 13,
B ity e [3,4. Ny € [3,4].
22 ity e [0,1],
or h(v) < wuwe 1,3],
Wity e [3,4].
So S(Wi;P) < W < Wor s(Wa;P) < 3 < L swi;P) < 2 < 1L Thus, 8p(S) = 5 if
PEA. O

Lemma 6.1.24. If P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

0, 0 0, @~
2 %, 9B f s, ” 95 & zB c D
B

Figure 6.21: Dual graph: (—Ks)? = 4 and 8p(S) = 5 with T(4) = 4

3

Then t(A) = 4 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— %(Bl + B> —I—B3) ifve [0,2],

3) V)= —Ks—vA—35B1—(v—1)(B2+B3) — (v=2)(C2 + G3) ifv € [2,4].
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%(Bl—l-Bz—FBg,) ifv €10,2],
%Bl-i‘(v—1)(B2+B3>+(V—2)(C2+C3) ifv e [2,4].

N@v) =

—KS—vA—§(B1 —|—23—|—C+CI) ifve [0,2],

b). P(v)=
—Ks—vA—LE; — (v—1)(2B+C') — (2v—3)C— (2v—4)D ifv € [2,4].
NO) Y(Bi+2B+C+C)ifve|0,2],
V) =
LB+ (v—1)(2B+C) +(2v—3)C+ (2v—4)D ifv € [2,4].
Moreover,
4—% jfve|0,2], Y ifvel0,2
e =1 I a2
Uty e [2,4] 2-Yifve[2,4]

In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Ks—vA ~g (4 —v)A+3B;+2C; +
3B, +2C, +2B5. A similar statement holds in other parts. Thus, Ss(A) =2 Thus, 8p(S) < 3 for
P € A. Note that we have that

32 . 3 .
== ifve0,2], = ifve[0,2],
h(v) < (ifv)(v+4) ; or h(v) = 3?4*V)V ;
S ity € 2,4]. iy € [2,4].
So S(WA,;P) < 3 <2orS(WA,;P) < % <2.Thus, 8(S) = 1. O
; 2 ) 3 2

Lemma 6.1.25. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

.D .C’ B .A oD1
Cl

Figure 6.22: Dual graph: (—Ks)? = 4 and 8p(S) = 5 with 7(A) =5

Then t(A) = 5 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—VvA —

£(6B+4C+3C' +2D) ifv € [0,1],
—Ks—vA—1}

( )
(6B+4C+3C"+2D)— (v—1)By ifv e [1,53].
(6B+4C+3C'+2D) ifv € [0,1],

(6B+4C+3C'+2D)+ (v—1)B; ifv e [1,5].

P(v)=

y
5
N =15
5
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Moreover,

4?2 4v
— = ifve|0,1], = Ifve|0,1],
pp={ e sl

B2y e 1,5). 1-Lifve(l,s).
In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition follows from —Ks—vA ~g (5—v)A+3C'+6B+4C+2D+
4B;. We have Ss(A) = 2. Thus, 8p(S) < 5 for P € A. Note that for P € A\B we have:

8 itve[0,1],

h(v) =
BO3) ity e [1,5).

So S(Wi.:P) < 5 <2.Thus, 6p(S) =3 it P € A\B. O
Lemma 6.1.26. If P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-curves
which form the following dual graph:

.Cz .B A B 1
Bs

Figure 6.23: Dual graph: (—K;)?> =4 and 8p(S) = 3

Then t(A) = 6 and the Zariski Decomposition of the divisor —Kg — vA is given by:

P( ) —KS—VA—%(4C2+232+3B3+3Bl) ifVG[O,Z],
V)=
—Ks—vA—%(4C2—|—ZBz—|—3B3) - (V— I)Bl - (V—2)C1 ifve [2,6].
) Y(4C, +2B, +3B5+3B)) ifve 0,2,
V) =
Y(4Cy+2By+3B3) + (v—1)B1 + (v—2)Cy ifv € [2,6].
Moreover,
4-Y ifve|0,2], Y ifv e [0,2],
(PP =3 P)-a={3"""
e ifve[2,6]. 1—¢ifve[2,6]
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Proof. The Zariski Decomposition follows from —Kg — vA ~g (6 —v)A +5B; +4C| + 4B, +
2C, +3B3. We have Ss(A) = §. Thus, 8p(S) < 3 for P € A. Note that

2, V2o
h) < 2 ifv e [0,2], or h(y) < 2 ifve[0,2],
VIZ=Y (6-v)(7v+6) e 6 VI (6-v)(5v+6) fye D6
77— ifve2,06]. s ifv € [2,6].
So S(WA:P) < §or S(Wii,;:P) < & < 3. Thus, 8p(S) =3 if P € A. O

6.2 Finding J-invariants for degree 4

Let X be a singular del Pezzo surface of degree 4 with and S be a minimal resolution of X.
Then there are several possible cases:

I. X has an A singularity and contains 12 lines. In this case, we let E be the exceptional
divisor, L;, L;  for i € {1,2,3,4}, j € {1,2} be the lines on S,
Il. X has two A singularities and contains 9 lines. In this case, we let E; be for i € {1,2}
be the exceptional divisors, L2, L; j, Li2,; for i, j € {1,2} be the lines on §,
lll. X has two A; singularities and contains 8 lines. In this case, we let E; be for i € {1,2}
be the exceptional divisors, L; j, fori € {1,2}, j € {1,2,3,4} be the lines on §,
IV. X has three A; singularities and contains 6 lines. In this case, we let Ej, E{ and E; be
the exceptional divisors, Li», L),, L ; and L’Li for i € {1,2} be the lines on S,
V. X has four A singularities and contains 4 lines. In this case, we let E; for i € {1,2,3,4}
be the exceptional divisors, L2, L3, L34, L14 be the lines on S,
VI. X has an A, singularity and contains 8 lines. In this case, we let E and E’ be the
exceptional divisors, L;, L;; and L], for i € {1,2} be the lines on S,
VIl. X has A and A singularities and bontains 6 lines. In this case, we let £, E{ and E, be
the exceptional divisors, L1 ;, L2 ; fori € {1,2}, L, and L, be the lines on S,
VIIl. X has A, and two A singularities and contains 4 lines. In this case, we let E; and E,/ for
i € {1,2} be the exceptional divisors, L,, L}, Lj; and L, be the lines on S,
IX. X has an Aj singularity and contains 5 lines. In this case, we let Ej, E| and E; be the
exceptional divisors, Ly, Ly, L}, L; ; and Lll,l be the lines on S,
X. X has an Aj singularity and contains 4 lines. In this case, we let E, E{ and E, be the
exceptional divisors, L; ; and L’U fori € {1,2} be the lines on S,
Xl. X has A3 and A singularities and contains 3 lines. In this case, we let E|, E{ E> and
E3 be the exceptional divisors, L3, L1 and Ly » be the lines on S,
Xll. X has Az and two A singularities and contains 2 lines. In this case, we let Ej, E{ E,,
E5 and Eé be the exceptional divisors, L3 and L’13 be the lines on S,
XlI. X has an A4 singularity and contains 3 lines. In this case, we let E; for i € {1,2,3,4} be
the exceptional divisors, Ly, L4 and L4 be the lines on S,
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XIV. X has an D4 singularity and contains 2 lines. In this case, we let E, E|, E{ and E, be the
exceptional divisors, L and L’1 be the lines on S,

XV. X has an Ds singularity and contains 1 line. In this case, we let E and E; for i € {1,2,3,4}
be the exceptional divisors, L4 be a line on S.

such that the dual graph of the (—1)-curves and (—2)-curves on S is given on the picture

below:

II. 2A
ULy Lom I IIL.24,

L1 2,11

L12,12 L12’21

——@
Lis Ly Lo

Ly E,

Figure 6.24: Du Val del Pezzo surfaces with (—Kjs)? = 4 (pic. 1/3)

IX. A

Lyy Ly, L Eli Ly, L,
E{ ’
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Ly XI. Az + Ay XII. As+ 244

OO <+ O O + O O O <+ @
E; E, E, L3 Ej E} Ly, E E, E, L3 Ej

XL Ay le

XIV. Dy Eq Es Es Ey Ly L4y XV. Ds
E2 E3
0—.41—.—', o o @
2

L1 E1 FE El L1 E1 E E4 L4

Ly

Figure 6.26: Du Val del Pezzo surfaces with (—Ks)? = 4 (pic. 2/2)

One has:

l. 8(X) =1 since depending on the position of point P € S we have

P E (Uie{1,27374}Li)\E 2curvesinL; | 1 curvein Ll\(UiE{172,3,4}Li)
6

5 3

(NSTRO% c\)
=

5(5) || 1 : i

Table 6.6: Local 8-invariants: (—Ks)?> = 4 and A singularity

where Ly := {L;;|i € {1,2,3,4},j € {1,2}}.
Il. §(X) = 1 since depending on the position of point P € S we have

P E,UL|> (U,~7je{172}Li,j)\E2 L, L12\<L2UUi,je{l,2}Ll}j> o/w

&) | 1 5 I3

(M=
N[OV

Table 6.7: Local 8-invariants: (—Ks)?> = 4 and 2A singularities (9 lines)

where E; := E| UE, Ly := (Li2,11 NLi222) U (Li2,12NL1221), L1z == Ui, jeq1.2) L12,ij-
lll. 8(X) = 1 since depending on the position of point P € S we have

P || EIUE | (Uieniorjefipsar Lij) \(E1 UE)
5E) | 1 6

orud S
=

5

Table 6.8: Local §-invariants: (—Ks)?> = 4 and 2A; singularities (8 lines)

IV. 8(X) = 1 since depending on the position of point P € S we have

P || EfUE[UE, UL ULY, | (Uieqio L1 UL ) \(E1UE]) | ow
6
5p(S) 1 8

\OJ[OV |

5

Table 6.9: Local §-invariants: (—Ks)? = 4 and 3A; singularities
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V. 8(X) = 1 since depending on the position of point P € S we have

P (Uie{1,2,3,4} E)UL;ULy3UL3g ULy
op(S) 1

g S
=

Table 6.10: Local §-invariants: (—Ks)? = 4 and 4A; singularities

VI. §(X) = % since depending on the position of point P € S we have

P | Es | (Uieq12y LiVL)\Es | Lo | (Uieqi 2y Lin UL;,l)\(L6 U Ee) o/w

6 8 4 18 3

op(S) || 7 7 3 K 2
where Eg := EUE', Lg := (L1 NL} | ) U (LigNLy ) U (Lo ML) U (Lo NLY ).

Table 6.11: Local §-invariants: (—Ks)? = 4 and A, singularity

VII. 6(X) = g since depending on the position of point P € S we have

P E]UE{Ule Ez\le L7\Ei L2\E2
6 8 6

(Li2,1 UL122)\(L7ULy)

op(S) 1

I3

o]
s

7 7 5
where Ly := Ly UL172.

13

Table 6.12: Local §-invariants: (—Ks)? = 4 and A,A singularities

VII. 6(X) = g since depending on the position of point P € S we have

P Eq UE{ ULy UL/12 (E2 UEé)\(le UL/IZ) (L2 UL&)\(EQ UEé)
6 6
6P<S) 7 3

7 1

o]
=

Table 6.13: Local §-invariants: (—Ks)? = 4 and A,24A singularities

IX. 6(X)= % since depending on the position of point P € S we have

P E Eg\Ez (L1 UL/I)\EQ Lz\Ez Lo (Ll,l UL/1,1>\L9 o/w
Sp(S) || 2 2z 2 1 : 8 3
P 3 29 11 3 13 2
where Eg := E UE{, Ly := L171 lel,l'

Table 6.14: Local §-invariants: (—Ks)? = 4 and A3 singularity (5 lines)

X 6(X)= % since depending on the position of point P € S we have

P || EJUE|UE,

op(S) 1

(Uiei oy L1 U9L/1.i)\(E1 UE])

8

(NSTJO% O\
=

Table 6.15: Local -invariants: (—Ks)?> = 4 and A3 singularity (4 lines)

78
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Xl. 6(X)= % since depending on the position of point P € S we have

P | EfUE|UE,ULy;3 | E3\Liz | (L1,1UL12)\E]
op(S) 2 1 5

Table 6.16: Local §-invariants: (—Ks)?> = 4 and A3A; singularities

(NSTRO8 Q
s

XIl. §(X) = 3 since

P E/UE]UE, UL13 UL}, | (E3UES)\(L13UL}S)
op(S) 2 1

o] <
=

Table 6.17: Local S-invariants: (—Ks)? = 4 and A324 singularities

XIll. §(X) = & since depending on the position of point P € S we have

P E> E3 \E2 Ey \E3 Ly \Ez Eq \Ez Ly \E4 L47 1 \L4 o/w
)| & & 2 24 9 24 18 3
P I 37 5 29 I 23 13 2

Table 6.18: Local §-invariants: (—Ks)? = 4 and A4 singularity

XIV. §(X) = 5 since depending on the position of point P € S we have

P

(E1UE1)\E Ez\E (LIULD\(EIUE{)
5P(S) 2 3

3 Z 1

o] <
=

S Rey|

Table 6.19: Local §-invariants: (—Ks)? = 4 and D4 singularity

XV. 8(X) = 3 since depending on the position of point P € S we have

(E2U?4)\E3 E\9E3 (El UL4)§(E2 UE4>
4

2 14

o] 2
=

~

p(S)

Table 6.20: Local §-invariants: (—Ks)? = 4 and Ds singularity

Proof. We prove each case separately using lemmas from the previous section.

l. If P € E, the assertion follows from Lemma 6.1.9 [a).]. If P € (Uie{1727374} L)\E, the
assertion follows from Lemma 6.1.4 [a).]. If P is the intersection of two (—1)-curves in
{Lij]i € {1,2,3,4},j € {1,2}}, the assertion follows from Lemma 6.1.3. If P belongs
to exactly one curve in {L;;|i € {1,2,3,4},j € {1,2} }\(Uic(1 234} Li), the assertion
follows from Lemma 6.1.2. If P is a general point, the assertion follows from Lemma
6.1.1.
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VI.

VILI.

VIII.

If P € E; UE,, the assertion follows from Lemma 6.1.9 [b).]. If P € L5\ (E| UE3), the
assertion follows from Lemma 6.1.10. If P € (U; jeq12 Lij) \(E1 UE2), the assertion
follows from Lemma 6.1.4 [a).]. If P € (Li2,11 NL1222) U (Li2,12NLi221), the assertion
follows from Lemma 6.1.3. If P € (Ui7je{172} Li2ij)\ ((le,ll NL1222)U(Li2,12NL1221) U

Uhje{]’z} LiJ-), the assertion follows from Lemma 6.1.2. If P is a general point, the
assertion follows from Lemma 6.1.1.

If P € Ey UE,, the assertion follows from Lemma 6.1.9 [a)]. If P €
(Useq121,jef1.2341 Lij)\(E1 U Ea), the assertion follows from Lemma 6.1.4 [b).].
If P is a general point, the assertion follows from Lemma 6.1.1.

If P € E,, the assertion follows from Lemma 6.1.9 [c).]. If P € E; UE], the assertion
follows from Lemma 6.1.9 [b).]. If P € (L1, UL},)\(E| UE] UE,), the assertion follows
from Lemma 6.1.10. If P € (Ujeq123 L1, UL, ;) \(E1 UEY}), the assertion follows from
Lemma 6.1.4 [b).]. If P is a general point, the assertion follows from Lemma 6.1.1.

It P € Uief1,2,3.41 Ei, the assertion follows from Lemma 6.1.9[c).]. If P € (L12ULy3 UL3qU
L14)\(Ui€{1727374} E,-), the assertion follows from Lemma 6.1.10 [a).]. If P is a general
point, the assertion follows from Lemma 6.1.1.

If P € EUE', the assertion follows from Lemma 6.1.11 [a).]. If P € (Uie{l,z}L,’ U
L))\(E UE'), the assertion follows from Lemma 6.1.5. If P .€ (L;; NL} ) U (LN
L) U (L1 NLY ) U (L2 MLy, ), the assertion follows from Lemma 6.1.3. If P ¢
(Uieqry it UL )N (L 0L ) U (L N ) U (L2 N2, ) U (20 N, UEUE),
the assertion follows from Lemma 6.1.2. If P is a general point, the assertion follows from
Lemma 6.1.1.

If P € EY, the assertion follows from Lemma 6.1.11 [a).]. If P € E|, the assertion follows
from Lemma 6.1.11 [b).]. If P € Lj»\E), the assertion follows from Lemma 6.1.12. If
P € E>\Ly,, the assertion follows from Lemma 6.1.9 [d).]. If P € (L; 1 UL;2)\E), the
assertion follows from Lemma 6.1.5. If P € L,\E,, the assertion follows from Lemma
6.1.4 [a).]. If P € (L12,1 UL122)\(L1,1 UL 2ULy), the assertion follows from Lemma
6.1.2. If P is a general point, the assertion follows from Lemma 6.1.1.

If P e (LiUL},)\(E| UE]), the assertion follows from Lemma 6.1.12. If P € E; UE],
the assertion follows from Lemma 6.1.11 [b).]. I P € (E, UE})\(L12ULY,), the assertion
follows from Lemma 6.1.9 [d).]. If P € (L, UL})\(E> UE}), the assertion follows from
Lemma 6.1.4 [b).]. If P is a general point, the assertion follows from Lemma 6.1.1.

. If P € E,, the assertion follows from Lemma 6.1.17. If P € (E; UE{)\E,, the assertion

follows from Lemma 6.1.13. If P € (L; UL))\(E| UE]), the assertion follows from Lemma
6.1.7. If P € L,\E», the assertion follows from Lemma 6.1.10 [b).]. If P=L; ;1 NL},,
the assertion follows from Lemma 6.1.3. If P € (L1 UL} ;)\(L1,1 NL} ;), the assertion
follows from Lemma 6.1.2. If P is a general point, the assertion follows from Lemma
6.1.1.
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X.

Xl

XII.

XI1.

XIV.

XV.

If P € E», the assertion follows from Lemma 6.1.17. If P € (E; UE{)\E-, the assertion
follows from Lemma 6.1.18 [a).]. If P € (Ujeq1 0y L1 UL] ;) \(E1 UEY), the assertion
follows from Lemma 6.1.6. If P is a general point, the assertion follows from Lemma
6.1.1.

If P € E,, the assertion follows from Lemma 6.1.20 [a).]. If P € E{\Ez, the assertion
follows from Lemma 6.1.18 [a).]. If P € E|\E», the assertion follows from Lemma 6.1.18
[b).]. If P € Li3\E}, the assertion follows from Lemma 6.1.19 [a).]. If P € E3\L;3, the
assertion follows from Lemma 6.1.9 [e).]. If P € (L, ; UL;)\E], the assertion follows
from Lemma 6.1.6. If P is a general point, the assertion follows from Lemma 6.1.1.

If P € E;, the assertion follows from Lemma 6.1.17. If P € (E; U E{)\E,, the assertion
follows from Lemma 6.1.18. If P € (L3 UL};)\(E; UE]), the assertion follows from
Lemma 6.1.19 [a).]. If P € (E3 UE})\(L13UL;), the assertion follows from Lemma 6.1.9
[e).]. If P is a general point, the assertion follows from Lemma 6.1.1.

If P € E,, the assertion follows from Lemma 6.1.23. If P € E3\E,, the assertion follows
from Lemma 6.1.21. If P € E|\E,, the assertion follows from Lemma 6.1.15. If P €
E4\E3, the assertion follows from Lemma 6.1.16. If P € L, \ E», the assertion follows from
Lemma 6.1.14. If P € L4\E4, the assertion follows from Lemma 6.1.8. If P € L4 ;\ L4, the
assertion follows from Lemma 6.1.2. If P is a general point, the assertion follows from
Lemma 6.1.1.

If P € E, the assertion follows from Lemma 6.1.24 [a).]. If P € (E; UE/)\E, the assertion
follows from Lemma 6.1.20 [b).]. If P € E,\E, the assertion follows from Lemma 6.1.17
[b).]. f P € (Ly UL})\(E1 UE]), the assertion follows from Lemma 6.1.10 [c).]. If P is a
general point, the assertion follows from Lemma 6.1.1.

If P € E3, the assertion follows from Lemma 6.1.26. If P € E,\E3, the assertion follows
from Lemma 6.1.24 [b).]. If P € E4\E3, the assertion follows from Lemma 6.1.25. If
P € E»\E3, the assertion follows from Lemma 6.1.17 [c).]. If P € L4\E4, the assertion
follows from Lemma 6.1.19 [b).]. If P € E\ E3, the assertion follows from Lemma 6.1.22.
If P is a general point, the assertion follows from Lemma 6.1.1.

O



Chapter 7

Du Val del Pezzo Surfaces of Degree 3

In (Araujo et al., 2023, Lemma 2.13) it was proven that (X ) = % when X is a smooth del Pezzo
surface of degree 3 which contains an Eckardt point and 8(X) = %—; when X is a smooth del
Pezzo surface of degree 3 which does not contain an Eckardt point. In this section, we compute

o-invariants of Du Val del Pezzo surfaces of degree 3.

MAIN THEOREM Let X be a singular Du Val del Pezzo surface of degree 3. Then the d-invariant
of X is uniquely determined by the degree of X, the number of lines on X, and the type of

singularities on X which is given in the following table:

Kz | #lines | Sing(X) | 5(X)

K% | #lines | Sing(X) | 8(X) K% | #lines | Sing(X) | §(X)
- 3 7 2A, 1 5
21 A 2 3 6 A =
3 ! : 3 s [2mrar | 1 U
3 16 2A z 3 4 Ay+A =
: : 3 3 34, 1 s 3
3 12 3A 2 3 3 A z
: : 30 10 Ay > > :
3 9 4A 2 3 2 As+ A £
: 5 3007 | AsvA | 2 s :
3 15 A 1 3 6 D £
2 3 50 | As+24 | & 4 5
3001 | Av+Ar |1 3 3 Ds 15
3 8 | Ay+2A,| 1 [Table 7.2: §-invariants of Du Val| 3 1 E¢ !

del Pezzo surfaces of degree 3

7.1 General results for degree 3

Let X be a del Pezzo surface of degree 3 with at most Du Val singularities. Let S be a weak
resolution of X. We will call an image of a (—1)-curve in S on X a line as was done in Cheltsov
and Prokhorov (2021).

Lemma 7.1.1. Assume that the point Q is not contained in any line that passes through a
singular point of X. Then 8p(X) > 3.

Proof. Follows from the proof of Lemma (Araujo et al., 2023, 2.13). O

82
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Now we consider a curve A on S. Small circles correspond to a (—1)-curves and large circles
correspond to a (—2)-curves on dual graphs.

Lemma 7.1.2. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph: Then T(A) = %‘ and the Zariski Decomposition of

B,
5 o B c' ’
B, B ¢ . :ﬂﬂD
a) B c
B Bz ) B . 1" p// W. "
1 / / ’ /
Bs f) .LIL.L.L.L.E
A A B,
b) B 7 (04 d) WT‘WD, 5 M ) o D o ,
a R S S e =
B, By, °B; 1B

Figure 7.1: Dual graph: (—Ks)? =3 and 8p(S) = %

the divisor —Kg — vA is given by:

—Ks—vA—3Bifvel0,1],

a). P(v) = _ A
—Ks—vA—3B— (v—1)(Bi+By+B3+B4s+Bs) ifve [1,3].
¥Bifve[0,1]
2 P B
N(V): y . 4
YB+(v—1)(Bi+B>+B3+Bs+Bs) ifve [1,5].
—Ks—vA—3Bifve[0,1],
b). Pv) = 2 _ )
—Kg—vA—3B—(v—1)(2B'+C +B,+B,+B3) ifve [1,5].
Vp
) = B ifv e 0,1],
YB+(v—1)(2B'+C' + B+ B, +B3) ifve [1,5].
—Ks—vA—3Bifve[0,1],
)- P(v): , / ! / AW 4
—Ks—vA—%B—(v—1)(B1+2B'+C' +2B"+C") ifv € [1,5].
Vp
) = B ifv e 0,1],
YB+(v—1)(B1+2B'+C +2B"+C") ifve [1,3].
—Ks—vA—3Bifve[0,1],
d). P(v) = o )
—Ks—VvA—3B—(v—1)(B1+By+3B' +2C'+D') ifve [1,5].
Vp
NE) = B ifv e 0,1],
YB+(v—1)(Bi+B,+3B' +2C'+D') ifv € [1,3].
—Ks—vA—3Bifve|0,1],
e. Ph)={ ° 2 0,1]

—Ks—vA—3B— (v—1)(3B'+2C' + D' +2B" +C") ifv € [1,3].
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YBy ifve0,1],
Ny = 25 velodl

YB+(v—1)(3B'+2C' +D' +2B"+C") ifv e [1,3].

—Ks—vA—YBifvel0,1],

YB+(v—1)(B1+4B'+3C'+2D' +E') ifve [1,3].

YB+(v—1)(5B'+4C'+3D' +2E'+F') ifv € [1,3].

f). P(v) =
—Ks—vA—3B— (v—1)(B; +4B'+3C' +2D' + E') ifv e [1,3].
NG YBifve|0,1],
V) =
0. PO — —Ks—VvA—%Bifv e [0,1],
—Ks—vA—3B— (v—1)(5B'+4C +3D'+2E'+ F') ifv € [1,3].
N 3B ifve[0,1],
V)=
Moreover:
3-20— Y ifve|0,1]
2 2 » 4D A
(P(v))" = (4-3v)? P(v)-A= 3(4-3v)

S5 v e [1,3]. S

In this case 8p(S) = 31 if P € A\(BUB'UB").

Proof. The Zariski Decomposition in part a). follows from

14 % ifveo,1],

ifve [1,3].

4 1
—KS—VA ~R <——V>A—}——(ZB+BI + B> + B3 +B4+Bs>.

3 3

A similar statement holds in other parts. We have Ss(A) = % Thus, 6p(S) < % for P € A. Note

that for P € A\ B we have:

2 g e [0, 1
h(v) < 3(48_3 )(8‘15 )[ ],
2= by e [1, %]

So S(Wi,:P) < 2. Thus, 8p(S) = 2.

Remark 7.1.3. Minor additional computation shows that in cases b), ¢) we have 5p(S) > 3

for all points P € A.

O
35
4

Lemma 7.1.4. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:
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B,
) .CT.JTJZ{& O—OT<—. cr 95 % B, %, ®p,
By

Figure 7.2: Dual graph: (—Ks)? =3 and 8p(S) = 3

Then ©(A) = 3 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Kg—vA %(231—}—(;1) IfVE[O 1]
a). P(v) = . ;
—Kg—vA—3(2B+C))— (v—1)(Bo+B3+By) ifve [1,3].
Y(2B1 +Cy) ifv € 0,1
N(v) = 3( 1+Ci) [0, 1], | 3
Y(2B1+C1)+ (v—1)(Bo+B3+By) ifve [1,3].
—Ks—vA—X(2B, +C)) ifv € [0,1
b). P(v) = S i( 1+€) 0, 1], . 3
—Ks—vA—%(2B1+C1)— (v—1)(2B,+Co+B3) ifv e [1,3].
Y(2By +Cy) ifv €[0,1],
N() = 3 . .
(2B +C1)+ (v—1)(2B,+Co+B3) ifve [1,3].
—Kg—vA—L(2B,+Cy) ifve 0,1
o P(y) = S 5(2B1+Cy) [0, 1], | 3
—Ks—vA—%(2B1+C1) — (v—1)(3B2+2C,+ Dy) ifv € [1,3].
Y(2B,+C)) ifv €[0,1],
N(v) = 3 . .
(2B +C1)+(v—1)(3B2+2C, + Dy) ifv € [1,3].
Moreover,
3-2v— ¥ ifve|0,1], 142 ifveo,1],
Tlfve[l,z] 4( —?)IfVE[l,E]

In this case 8p(S) = 3 if P € A\By.

Proof. The Zariski Decomposition in part a). follows from

3 1
—Kg—vA ~p (E—V>A+—

2(231 +Ci+By+B3 -|-B4>.

A similar statement holds in other parts. We have Sg(A) = % Thus, 6p(S) < % for P € A. Note
that for P € A\B; we have:

Bl ity e [0, 1],

wuwep,g].
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So S(WA,;P) < 3. Thus, 8p(S) = 3 if P € A\By.

O]

Lemma 7.1.5. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

B

B
C>

Figure 7.3: Dual graph: (—Ks)? = 3 and 8p(S) = 33

Then t(A) = % and the Zariski Decomposition of the divisor —Kgs — vA is given by:

3B, +2C, +Dy) ifv € [0,1],
3B1+2C+Dy) — (v—1)(By+Bs) ifv € [1,4],

~—~~

—Ks—vA—(v—1)(3B1 +2C1 + D1 + B, +B3) — B3v—4)G ifv € [5,3].

3B +2C; —|—D1) ifv e [0,1],
3B) +2C; +Dy)+ (v—1)(Ba+B3) ifv e [1,4],

~—~~

(v—1)(3B1 +2C1 + Dy + By +B3) + (Bv—4)Ca ifv € [£.3].

Moreover,
3 2v——ifv€[0 1], 1+§ifve[0,l],
(P))? = { BT ity e [1,4], PO)-A= 3= T irve [L)
(B-)ifve [5,3]. 2(3-2v) ifve [£,3]

In this case 8p(S) = 33 if P € A\B;.
Proof. The Zariski Decomposition follows from
3
~Ks—vA~z (5 —v)A+ S (3B142C1+ D1+ By + B3 +.C).
We have Ss(A) = 2771- Thus, dp(S) < % for P € A. Moreover, for P € A\B; we have:

0 ey e [0, 1),

h(v) < ¢ U2T0H4) 4 ¢ [1,4]

23-w)(2—v)ifve [3,3].

So S(WA,;P) < 5 < 2. Thus, 8p(S) = 37 if P € A\B;.
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Lemma 7.1.6. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

2 A B, C 1 E
Ci

Figure 7.4: Dual graph: (—Ks)? = 3 and 8p(S) = 32

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—VA—%(4Bl—|—3C1+2D1+E1) ifVE[O,l],
P(v) = —Ks—vA—%(4B1 +3C1 +2D; +E|) — (v—1)By ifv € [1,3]
—Ks—vA—(v—1)(4B) +3C, + 2Dy +E1) — (v—1)By — (4v—5)C} ifv € [3,3].

%(431 +3C1 + 2D, +E1) ifv e [0,1],
v
5

N(v) = L(4By +3C; +2D +E1) + (v—1)By ifve [1,2],
(v—1)(4B1 +3C1 +2D +E1)+ (v—1)By + (4v—5)C} ifv € [3,3].
Moreover,
3—2v—%ifveo,1], 142 ifveo,1],
(P =34 —ayraifve [1,5], PO)-A={201-2)ifve[1,3)],
B-w)?ifve [2,3]. 2(3—2v) ifve [3,3].

In this case 8p(S) = 32 if P € A\B;.
Proof. The Zariski Decomposition follows from
3 1 ,
—Kg—vA ~p (5 _ v>A+ 5 (431 £3C) +2D; + E; +2C, —|—Bz>.

We have Ss(A) = 22. Thus, 8p(S) < 32 for P € A. Moreover, for P € A\B; we have:

575ty € [0, 1],
h(v) < 202 iy € [1,3],

2B3-)(2—v)ifve[3,3].

So S(WA;P) < {5 < 32. Thus, 8p(S) = 32 if P € A\By. O
Lemma 7.1.7. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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.Fl ‘El %1 ‘Cl B, A

Cy

Figure 7.5: Dual graph: (—Ks)> =3 and 8p(S) = Q

Then t(A) = % and the Zariski Decomposition of the divisor —Kgs — vA is given by:

P(y) —Ks—vA—%(5B1+4C, + 3D +2E, + F) ifv € [0,¢],
V)=

—Ks—vA— (v—1)(5B1 +4C1 + 3D +2E + F{) — (5v—6)C} ifve [£,3],
Y(5B1+4C) +3Dy +2E, + F) ifv € [0,%],

(v—1)(SB1 +4C1 +3D1 +2E1 + Fi) + (5v = 6)C} if v € [¢,3].

N(v) =

Moreover,

2
3-2v—"jfve|o,?], 1+2ifve o,
(P(v))2: 6 [ 5} P(V)~A 6 [ 5]

(3-2v)%ifve [§,3]. 2(3—2v) ifve [&,3].
In this case 8p(S) = 12 if P € A\B;.

Proof. The Zariski Decomposition follows from

3 1
—Ks—vA ~p (E —v>A +3 (631 5C) +4D; +3E; +2F +4c1).

We have Ss(A) = 5. Thus, 8p(S) < 1 for P € A. Moreover, for P € A\B; we have:

6+v)? .
h) < (;2) |fv€[0,g}

23—2)?ifve [£,3].

So S(W,:P) < & < L. Thus, 8p(S) = 2 if P € A\By. O

Lemma 7.1.8. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B,
3) A 1 1 1 £y b) ICz B, A B, ICl Ibl £

B;

Figure 7.6: Dual graph: (—Ks)? =3 and 8p(S) = %_g
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Thent(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

) P(v) —Ks —vA —5(4B1 +3C, + 2D + Ey) ifv € [0,1],
a V)=
—Ks—VvA—£(4B1+3C1+2D +E)— (v—1)(B+B3) ifv e [1,3].
N %(431 +3C,+2D; +E)) ifve0,1],
) —
L(4B1 +3C1+2D1 +E)+ (v—1)(By+B3) ifve [1,3].
—Ks—vA— L(4B) +3C, +2D; +E;) ifv € [0,1
b, P(v) = S £ (4B, 1 1+ E1) [0, 1],
—Ks—vA—%(4B1 +3C) +2D1 + E|) — (v—1)(2B, + C2) ifv € [1,3].
NG Y(4B1 +3Cy +2Di + Ey) ifv € [0,1],
V)=
Y(4B1+3C1 +2D1 + E) + (v—1)(2B, + G2) ifv € [1,3].
Moreover,
3—2v—Y ifve 1], 1+ 2ifvelo,1
(P(v))? = oy 0.1 P(v)-A= > 0:1)
ifv e [1,3]. 3-2ifve [1,3].

In this case 8p(S) = 33 if P € A\By.
Proof. The Zariski Decomposition in part a). follows from
5 1
—Ks— VA ~p <§ - v)A—i— 2 (431 +3C) +2D, +E; +2B; +2B3).

A similar statement holds in other parts. We have Sg(A) = %. Thus, 6p(S) < %—g for P € A.
Moreover, for P € A\B; we have:

0157 ity e [0, 1],

3(573\2(()11\175) if v € [1,%]

h(v) <

So S(WA,:P) < 32 < 2. Thus, 8p(S) = 3] it P € A\B,. O
Lemma 7.1.9. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

a). P(v) = 2
3
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9 @p— 9 39 90p o & 98g %
B, 1 C1
A B
b) @, 1 .C’{
B, A
A
B
B, 2

Figure 7.7: Dual graph: (—Ks)? = 3 and 6p(S) = 2

(B1 +B)) ifv e [0,1],
(Bi+B))+(v—1)By ifve[1,2].

N(v) =

Nl NI<

—Ks—vA—3(2B; +C, +Cy) ifv € 0,1],

4
b). Py = .
—Kg—vA — %(231 +C —I—C/

(v—1)By ifve[l,2].
2B+ Ci +Cy) ifve[0,1],
2B +C+C)+(v—1)Byifve[l,2].

N(v) = (
(

Nl NI

—Ks—vA—
—Ks—vA—

c). P(v) =

NSRS ST R

(2B +2C1+ D1+ D) — (v—1)By ifv € [1,2].

=

<

S~—

|
Nl <

(2B; +2C,+ D, + D)) ifv e [0,1],

(2B +2C,+ D+ D))+ (v—1)By ifv € [1,2].
—Kg—vA —
—Kg—vA —

2Bl—l—2C1—|—2D]—|—E1—|—E/ IfVE[O 1]
2B, +2C1 +2D +E\ +E}) — (v—1)By ifv € [1,2].
2B]—|—2C1—l—2D1—{—E1—|-El IfVE[O 1]

)
)+
)
)—
)
)
(2B +2C1+ D + D)) ifv € [0,1],
)—
)
)
)
)—
)
2B +2C,+2Dy+E+E})+

Nv) = 2
Y +(Wv—=1)Byifve(l,2].

Moreover,

(P(v))? = 3—2vifvelo,1], P(v) A= Lifvel0,1],
(2—v)?ifvell,2]. 2—vifve([l,2].

In this case 8p(S) = 2 if P € A\(B1 UBY).
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Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+ B —|—B’1 +B>.
A similar statement holds in other parts. We have Sg(A) = %. Thus, 8p(S) < % for P € A. Note
that for P as above we have:

h(v) <

So S(Wed;P) < 3 < 7. Thus, 8p(S) = 9. O
Lemma 7.1.10. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

i B aCh B,
B 1
d o, @, @
5 A BQ _B2 02 B1
Bg B3
) @ e @ e, 0. @, @
B, o) D g T s ¢ 95 9;
B Dy
b) Sy
By A BTG ) g O 05 5 0,
B A B A
5
B,
Bg Bl Cl
i )
? :>.<: 9 H_._._._._.k) &5 O O, 050, 9,
By ]324.02 Dy, Cy, B2 A B: Ci "D,

Figure 7.8: Dual graph: (—Ks)? =3 and 8p(S) = ¢ with 7(4) =

[\S][98)

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA ifv € [0,1],

a). P(v) =
—Ks—vA— (v—1)(Bi +By+Bs+By+Bs+Bs) ifve [1,3].
0ifvel0,1],
N(v) = [0, 1]
(v—1)(Bi + By + B3 + By + Bs + Bg) ifv e [1,3].
—Kg—vA ifve|0,1],
b). P ={ ° 01
—Ks—vA—(v—1)(2B1 +Ci + B+ B3+ By +Bs) ifve [1,3].
0 ifv e [0,1],
(v—1)(2B1 +Ci +By+ B3+ By +Bs) ifve [1,3].
—Kg—vA ifve|0,1],
). P =¢{ 01

—Ks—vA—(v—1)(2B; +C, +2B,+C,+ B3+ By) ifv € [1,3].

0ifve[0,1],
(V— 1)(231 +Ci+2By+C,+ B3 —I—B4) ifv e [1,%}.

N(v) =
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d).

e).

f).

g)-

h).

-

K).

—Kg—vA ifve [0,1],
P(v) =
—Ks—vA— (v—1)(2B; +C; +2B, + C, +2B3 + C3) ifv € [1,3].
0ifvelo,1],
N(v) =
(v—1)(2B; +Cy +2B, +Co +2B3 +C3) ifv e [1,3].

—Ks—VvA ifv € [0,1],
P(v) = ' ;
—Ks—vA—(v—1)(3B +2C1 4+ D1+ By +B3+By) ifv e [1,3].

0ifve[0,1],
(v—1)(3B1 +2C\ + D\ + By + By +By) ifv e [1,3].

V)=

—Ks—vA ifv€0,1],
P(v) = ' 5
—Ks—vA—(v—1)(3B1 +2C, + D +2B, +C>+B3) ifve [1,3].

0 ifve|0,1],
N(v) =
(v—1)(3B1 +2Cy + Dy +2B>+C2 +B3) ifv e [1,3].

—Ks—vA ifv € [0,1],
P(v) = | .
—Kg—vA—(v—1)(3B1 +2Cy + Dy + 3B, +2C, +D») ifv € [1,3].
0ifve|o,1],

(v—1)(3B1 +2C; +D; +3B, +2C, +Dy) ifv e [1,3].

NWwv) =

—Ks—vA ifv € [0,1],
—Ks—vA—(v—1)(4B+3C+2D+E+B, +B,) ifve [1,3].

0ifve0,1],
V)=
(v—1)(4B+3C+2D+E+B  +By) ifve [1,3].

—Ks—vA ifve[0,1],
—Ks—vA—(v—1)(4B+3C+2D+E+2B;+C) ifv € [1,3].
0 ifv € [0,1],

Nv) =
(v—1)(4B+3C+2D+E+2B,+C)) ifve [1,3].

~Ks—VvA ifv e [0,1],
—Ks—vA—(v—1)(5B+4C+3D+2E+F +By) ifv e [1,3].
_Joitveo,n],
e (v—1)(5B+4C+3D+2E+F +By) ifv € [1,3].
—Ks—VvA ifve [0,1],
~Ks—vA— (v—1)(6B+5C+4D+3E +2F +G) ifv e [1,3].



7.1. General results for degree 3 93

0 ifv € 10,1],
V) =
; 3
(v—1)(6B+5C+4D+3E+2F +G) ifv € [1,3].
Moreover:
3—-22ifve|o,1], 2vifv € [0,1],
(P(1))? = Ol ) as o
(3—2v)%ifve [1,3]. 2(3—2v) ifve [1,3].

In this case 8p(S) = ¢ if P € A\B.

Proof. The Zariski Decomposition in part a). follows from

3 |
—Kg—vA ~g (5 —v)A-I—E(Bl 4B+ B3 + By + Bs +B6>.

A similar statement holds in other parts. We have Ss(A) = %, Thus, 8p(S) < g for P € A. Note
that for P € A we have:

22 ifve[0,1],
) < o1
2v(3—2v) ifve [1,3].
So we have S(WZ,;P) < 2. Thus, 8p(S) = 2 if P € A\B. O

Lemma 7.1.11. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

& IBl o O,
Cy

Figure 7.9: Dual graph: (—Ks)? =3 and 8p(S) = g with T(A) =2

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—%(2B1+C1)— 3B, ifv € [0,3],

P(v) =
—Ks—vA—(v—1)(2B; +C)) = $Ba— (2v—=3)C} ifv e [3,2].

NG Y(2B1+C1)+ 4B, ifv € [0,3],
V) =
(v—1)(2B1+C) + 5By + (2v—3)C} ifv € [3,2].

Moreover,

3—2v+ 2 ifve [0 1—Yifve[o,3
(P(v))2: v2+6lv€[, ], PV) A= 6lv€[,2],
C ifve [3,2]. 3-Yifve [3,2].

\S1[O%}
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In this case 8p(S) = ¢ if P € A\(B1 UB,).

Proof. The Zariski Decomposition follows from —Ks —vA ~g (2 —v)A+2B; +C; + By +Cj.
We have Ss(A) = 2. Thus, 8p(S) < & for P € A. Note that for P € A\ (B; UB;) we have:

h) (6 ) ifve [0,3],
V) =
9<2 D iy e [3,2].
So S(WA,;P) < 2. Thus, 8p(S) = ¢ if P € A\(B1 UBy). O

Lemma 7.1.12. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

1’01T3‘ﬁ—‘o
A

Figure 7.10: Dual graph: (—Ks)? = 3 and 8p(S) = 21

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— %(6B1 +3C| +4Cy +2Dy) ifv € [0,3],

P(v) =
—Ks—vA—(v—1)(3B; +2C,+D;)— (3v—4)C; — (3v—5)D] ifv e [%2}.
NO) L(6B) +3C} +4Cy +2Dy) ifv € [0,3],
V)=
(v—1)(3B1 +2C, + D)) + (3v—4)C, + (3v—5)D} ifv e [3,2].
Moreover,
, |5 -2wt3itvelo,3], 1-tifve[0,3],
(P(v))” = 5 5 Pv)-A= 5
22—v)*ifve [3,2]. 22—v)ifve [3,2].

In this case 8p(S) = 3% if P € A\B;.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (2 —v)A+3B; +2C, + D; +
2C} + D). We have Ss(A) = 2. Thus, 8p(S) < ZL for P € A. Moreover, for P € A\B; we have:

Gl ity e fo,3
h(v) = o 31’
2(2— Vifve [3,2].
So S(WA,;P) < 32 < 3. Thus, 8p(S) = 35 if P € A\B,. O

Lemma 7.1.13. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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A Op % O OO, 0oy O5 0, 0; 0,

lD’l LD;

Figure 7.11: Dual graph: (—K;s)*> = 3 and 8p(S) = 3

Then the Zariski Decomposition of the divisor —Kgs — vA is given by:

a). P(v) = —KS—vA—£(3Bl+2C1—|—D1+2Bz ifv € [0,2].

b). P(v) = —Ks—vA — 2(531 +6C) + 3D, +4D, +2Ey) ifv € [0,2].
1%

)

N() = 2(331 +2C; + Dy +2By) ifv € [0,2].
)

1 )

N(v) = —(5B1 +6C| + 3D +4D +2E;) ifv € [0,2].

Moreover,
(P(v))? = W ifve[0,2] and P(v)-A=1— 2 ifv € [0,2].

In this case 8p(S) = g if P € A\By.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+2B1+2C; +
Di +Dj +B,. Asimilar statement holds in other parts. We have Ss(A) = §. Thus, 6p(S) < g for
P € A. Moreover, for P € A\B; we have h(v) = (4_V)3(++4) if ve[0,2]. So S(W,A’,;P) < % < %.
Thus, 8p(S) = 3 if P € A\B;. O
Lemma 7.1.14. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

o, O, % Oz &, O €

2

Figure 7.12: Dual graph: (—Ks)? =3 and 8p(S) = 1

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

P( ) —Ks—VA—%Bz—§(431—|—3cl+2D1—|—E1) ifVE[O,Z],
V) =
—Ks—vA—(v—1)By — (v—2)Cy — £(4By +3C1 + 2D + E;) ifv € [2,3].
%Bz+§(431+3C1+2D1+E1) ifv e [0,2],

N(v) =
(v—1)Ba+ (v—2)Ca + L(4By +3Cy +2Dy +Ey) ifv e [2,3].
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Moreover,
, |3 —wvsitvelo,2), Ji=3irveloa),
(PO =1 & "y P(v)-A= . 5
ifve [2,3]. 2(1—-2) ifve [2,3].
In this case 8p(S) = 15 if P € A\B;.
Proof. The Zariski Decomposition follows from
5 1
—Ks—vA ~p (5 —v>A+§<4Bl +3C1 42D +E1 +3B,+ ).
We have Ss(A) = 1Z. Thus, 8p(S) < 15 for P € A. Moreover, for P € A\B; we have:
( ) (10 3\;)0((')7\/4-10) if v e [0 2]
SE2 ity e [2,3].
So S(WA,;P) <2 < £ Thus, 8p(S) = {3 if P € A\By. O

Lemma 7.1.15. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

B,

B b) Q—./.B 2 % e @ - O @
a) Bl B3 Bl 14\.33 Bl A BZ 02 Dz
4

Figure 7.13: Dual graph: (—Ks)? = 3 and &p(S) = 1 with 7(A) =

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA— 3By ifve[0,1],

2

a). P(v) =
—KS—vA—%Bl—(V—l)(Bz—l—B3—|—B4) ifve[l,2].
N(v) = %Blif\/G[O,l],
%Bl+(v—l)(32+33—|—34) ifve[l,2].
b) P(v) — —KS—VA—%B1 ifv e [0,1],
—KS—VA—%Bl—(v—l)(232+C2+B3) ifvel,2].
N(v) = %B] ifv e [0,1],
%Bl+(v—1)(232—|—C2+B3) ifvel,2].
o) P(V) _ —Kg—vA — %B] ifv e [0,1],

—Kg—vA — %Bl — (V— 1)(332+2C2 +D2) ifv e [1,2]
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YBy ifv e [0,1],

@y = | 2B elo]
YBi+(v—1)(3B2+2C2+Ds) ifv e [1,2].

Moreover,
32 3
(P(v))? = 3= ifvel0,1], Pv) A= 5 ifv € [0,1],
) 32-v)? . - 3v
32y e [1,2). 3-3ifve[l,2).

In this case 6p(S) =1 if P € A.

Proof. The Zariski Decomposition in part a). follows from —Kg — vA ~g (2—v)A+B; + B +
B3 + By. A similar statement holds in other parts. We have Sg(A) = 1. Thus, dp(S) < 1 for
P € A. Moreover if P€ ANBy orif P € A\By:

15V ; 15V ;
if ve[o,1], =2~ ifve0,1],
h(v)<{ B orh(v)<{ B
32O ity e [1,2]. 221Bv2) ity e [1,2).
So S(WA,:P) < 1.Thus, 8p(S) = 1if P € A. O

Lemma 7.1.16. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

—— @5 —@
)OOz —% Oz 0, O & IBl &% &5 O,

A
@;——©
o O O O B 9 O @ ID1 & O

o O

By

Figure 7.14: Dual graph: (—Ks)? = 3 and 8p(S) = 1 with 7(A) =3

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

a). P(v) = —Ks—vA— g(zBl +C+2B,+Cy) ifve[0,3].
N() = §(2B1 +C+2B,+G) ifv € [0,3].

b). P(v) = —Ks—vA— 2(431 +3C1 +2D; + E; +2C}) ifv € [0,3].
N(v) = g(431 +3C) +2D, +E; +2C}) ifv € [0,3].

c). P(v) = —Ks—vA— 2(531 +4Cy +3D, +2E; + F, +3B) ifv € [0,3].
N(v) = =(5B) +4Cy + 3Dy +2E, + F, +3B) ifv € [0,3].

5 )
)

d). P(v) = —Ks—vA — g(ZFl FA4E| 46D +5C, +4B; +3E]) ifv € [0,3].



7.1. General results for degree 3 98

N() = g(zpl +4E, + 6D, +5C) +4B, +3E]) ifv € [0,3].

Moreover,

. (3- V)2 : Vo,
(P(v))" = 5 ifv € 0,3] andP(v)-Azl—glfve[Oﬁ].
In this case 6p(S) =1 if P € A\(B1 UBy).
Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (3 —v)A+2B; +C; +
2B; + C;. A similar statement holds in other parts. We have Sg(A) = 1. Thus, dp(S) < 1 for
P € A. Moreover, for P € A\(B; UB;) we have h(v) = M if v e [0,3]. So S(W,A,;P) <
2 < 1. Thus, 8p(S) = 1 if P € A\(B1 UBy). O

Lemma 7.1.17. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

a"@—ﬁr'cl b) ’C—’B—'A—IB—'C
B3 C1 C!
Figure 7.15: Dual graph: (—Ks)* = 3 and 8p(S) = 13

Then t(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Kg—vA — (231—|—C1) ifve [0, 1],
a).  P(v)={ —Ks—vA—%(2B1+Cp)— (v—1)(Ba+By) ifve [1,3],
—Ks—vA—(v—1)(2B; +Cy+B,+B3) — (2v—3)C} ifv € [3,2].

14
3
v
3

Y(2B1+Cy) ifv € [0,1],
N(v) =1 3(2B1+Ci)+ (v—1)(B,+B3) ifv € [1,3],
(v—1)(2B1+Ci + By +B3) + (2v—3)C} ifv € [3,2].
—Ks—vA —%(2B1 +Cy) ifv € [0,1],
b). P()={-Ks—vA—%(2B1+C))—(v—1)(2B,+C) ifv e [1,3],

—Ks—vA— (v—1)(2B1 +C1 +2B, + C2) — (2v—3)C} ifv € [3,2].
Y(2B1+Cy) ifv € [0,1],
N() =] 32B1+C1)+ (v= 1) (2B, +Cy) ifv € [1,3],
(v—1)(2B1 +C1 +2B,+ ) + (2v—3)C} ifv € [3,2].
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Moreover,
BB gy, ¢ [0, 1), dyifve[o,1],
(PO =4 & —d4v5ifve [1,3], PO)-A=S201-Y)ifve[1,3],
2(2—v)%ifve [3,2]. 2(2—v) ifve [3,2].

In this case 8p(S) = 15 if P € A\B;.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~g (2—v)A+2B;+C; +
C} + B, + B3. A similar statement holds in other parts. We have Ss(A) = 13. Thus, 8p(S) < 1
for P € A. Moreover, for P € A\B; we have:

8 ifv e [0, 1],
h(v) < 28ty € [1,3),
: 3
2v(2—v)ifve [3,2].

So S(Wi.:P) < 3 < 3. Thus, 8p(S) = {5 if P € A\B,. O
Lemma 7.1.18. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

& O 05 O,

Ci

Figure 7.16: Dual graph: (—Ks)? = 3 and 8p(S) = 2/

Nel

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA — %(331 +2C; —I—Dl) ifv e [0,1],
P(v) =1 —Ks—vA—¥(3B1 +2C+D1)— (v—1)By ifv € [1,%].
—Ks—vA— (v—1)(3B1 +2C1 + Dy +B,) — (3v—4)C} ifv € [3,2].

%(331 +2C +D1) ifve [0 l]
v
1

N(v)=q ¥(3B1+2C1+ D))+ (v—1)B, ifv e [1,3],
(v—1)(3B1+2C1 + D1 +By) + (3v—4)C} ifv € [3,2].
Moreover,
3-3 ifve(o,1], 3 ifv e [0,1],

(PO ={4—2v—Yifve [1,4], Pr) A= 1+£/fv€[ 4],
22-v)?ifve [3,2]. )ifve [4,2].
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In this case 8p(S) = 3} if P € A\B;.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (2 —v)A 4 3B; +2C; + D +
2C} + B>. We have Ss(A) = %. Thus, 6p(S) < 27 for P € A. Moreover, for P € A\B; we have:

25V if v eo,1],
h(v) < %ifve[o,g—‘},

2(2—v)ifve [3,2].

So S(WA,;P) < 33 < 3. Thus, 8p(S) = 35 if P € A\By. O
Lemma 7.1.19. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

& TB1 05 O

Figure 7.17: Dual graph: (—Ks)? =3 and 8p(S) = 13

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—%(4B; +3C; +2D; +E;) ifv€ [0,3],

P(v) =
—Ks—vA—(v—1)(4B; +3C,+2D,+E|)— (4v—5)C] ifv € [%,2}7
) L(4B1+3C1 +2D1 +E)) ifv € [0,3],
V =
(v—1)(4B) +3C +2D; +Ey) + (4v—5)C ifv € [3,2].
Moreover,
3-8 ifve [0,3], %ifve[0,3],
pp= {2 EEDE g, E el
202-v)2ifve [3,2], 2(2—v) ifve [3,2].

In this case 8p(S) = 12 if P € A\B;.

Proof. The Zariski Decomposition follows from —Kg — vA ~g (2 —v)A + 4B +3C| +2D; +
E; +3C}. We have Ss(A) = 13. Thus, 8p(S) < {3 for P € A. Moreover, for P € A\B; we have:

18” ifve [0,3],

h(v) <
2(2—v) ifve[3,2].

So S(WA,;P) < 5 < 13. Thus, 8p(S) = {5 if P € A\By. O

[\
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Lemma 7.1.20. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B,

a) >'A o ICl ) OO & 05 ICl o),
B
!

Dy D

Figure 7.18: Dual graph: (—Ks)* = 3 and 8p(S) = 15

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—KS—VA—£(331+2C1+D1) ifv e [0,1],
a). P(v) =
—Ks—vA—£(3Bl+2C1+D1)—<V—1)(324—33) ifv e [1,2]
Y (3B, +2C; +Dy) ifv € [0,1],
N(v) = 5 (3B 1+D1) [0, 1]
£(3Bl+2C1+D1)+(V—1)(32+B3) ifve(l,2].
—Kg—vA—Y(3B,+2C, + D) ifv € [0,1],
b, P ={ 1(3B1+2C1 +D1) 0.1
—Ks—VA—£(3Bl—|—2C1+D1)—(V—1)(232+C2) ifv e [1,2].
Y (3B, +2C; +Dy) ifv € [0,1],
N(v) = 3 (3B 1+D1) [0, 1]
Y(3B1 +2C; + D)+ (v—1)(2B +C5) ifv € [1,2].
Moreover,
33 fye0,1], v ify e 0, 1],
(P(v))2 _ o )4(\.10_3 : [ ] P(V) A= 4 [ ]
S =iy € [1,2). 23 ifve[l,2].

In this case 8p(S) = 1 if P € A\By.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+2B1+2C; +
D; +D) + B>+ Bs. A similar statement holds in other parts. We have Sg(A) = %0. Thus, dp(S) <
% for P € A. Moreover, for P € A\B; we have:

5o 2% it v e [0, 1],
v) <

B8 iy € [1,2).
So we have S(WZ,;P) < 17 < 4. Thus, 8p(S) = 3 it P € A\By. O
Lemma 7.1.21. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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B,
3) .E1 ‘Dl '01 .B1 .A<: b) OF; 1 TCy 1 A 2 C
B;

Figure 7.19: Dual graph: (—K;s)* = 3 and 8p(S) = $

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

a) P( ) —Ks—vA—§(4Bl+3C1+ZD1 +E1) ifve [071]7
v =
—Ks—vA—%(4B1 +3C, +2D +E|) — (v—1)(By+ B3) ifv € [1,3].
Ny — 4 @B +3CI2D1 B ifve o,1],
V =
(4B +3C1 42D +Ey) + (v—1)(B2+B3) ifv € [1,3].
0. Py —Ks—vA—%(4B) +3C + 2D+ E;) ifv € [0, 1],
v =
—Ks—vA—£(4B1 +3C + 2D\ + E1) — (v—1)(2B,+ Cy) ifv € [1,3].
o Y (4B, +3C1 42D, +E) ifv e [0,1],
V =
L(4B1 +3C1 +2D1 +E1) + (v = 1) (2B, +Cy) ifv € [1,3].
Moreover,
) 3—%/1‘\/6[0,1], %vae[o,l],
(P<V)) (5-2v)2 . 5 P(V)'A_ 20y 5
ifve [1,3] 2(1-%) ifve [1,3].

In this case 8p(S) = 8 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from

5 1
—Kg—VvA ~p <§ —V>A-|—§<4Bl +3C,+2D+E; -|-3B2-|-SB3>.

A similar statement holds in other parts. We have Ss(A) = .. Thus, 8p(S) < g for P € A.
Moreover, for P € A\B; we have:

18v%
ifve|0,1],
0=
s ifve [1,3].
So S(WA;P) < {5 < . Thus, 8p(S) = $ if P A\By. O
Lemma 7.1.22. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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2 05— @50 1O 05005, 00,
B, 4 B
C, B A
Cl iBl
Ci
) =

Figure 7.20: Dual graph: (—Ks)? =3 and 8p(S) = &

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA—2%(B>+B3) ifve|0,1
a). Pv)={ ° 2(B2+Bs) 0.1},
—Kg—VvA %(324—33) (V—I)Bl ifve [1 2].
*(By+Bj3) ifve|0,1
N(v) = 5 (B2 +B3) [0, 1],
%(324—33) (v—l)Bl ifve [1 2].
—Ks—vA—22B+C+C") ifvel0,1
b). P(v): S 2( ) [ ]
—~Ks—vA—2(2B+C+C")—(v—1)By ifv € [1,2].
v !
N = L(2B+C+C)ifv e [0,1],
F2B+C+C)+(v—=1)By ifve[1,2].
~Ks—vA—3(2B+2C+D+D') ifve[0,1],
c) P(v) =
—Kg—vA—3%(2B+2C+D+D')— (v—1)By ifv € [1,2].
Y(2B+2C+D+D') ifve 0,1
R £ 1 )ifve (0.1
3(2B+2C+D+D')+ (v—1)By ifve[l1,2].
Moreover,
3—vZifve|o,1], vifve[0,1],
(P(v)? = 0.1 P(v)-A= 0.1
4-2vifvell,2]. Lifvell,2].

In this case 8p(S) = {; if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg — vA ~g (2—v)A+ By + B3 +
2B; 4 C). A similar statement holds in other parts. We have Ss(A) = . Thus, 8p(S) < 7 for
P € A. Moreover, for P € A\B we have:

Zitvelo1], VW itvelo,1],
v—Litve[l,2). bt ity e [1,2),

So S(WA,:P) < I < Lorswa,;P) <L < Thus, 6p(S) = 2 if P€A. O
) 9 9 ) 1 9 11
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Lemma 7.1.23. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

ce®
) c,,>‘ B @1 IBQ O, OO0, IBz e
1

C, Cy

<

Figure 7.21: Dual graph: (—Ks)*> = 3 and 8p(S) = 33

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—3B1 —3(2B,+ ) ifv € [0,3],

P(v) =
—Ks—vA—3Bi — (v—1)(2B,+C,) — (2v=3)C; ifv € [$,2].
N B+ 5(2By+Cy) ifv € [0,3],
$B1+(v—1)(2B,+Co) + (2v—3)Ch ifv € [3,2].
Moreover,
3 3
(P 3 ifv e [0,3], P()-A— 2 jfy e [0,3].
(2—)(6—v) - 3 o 3
T/)"\;6[572}, 2——If [z 2]

In this case 8p(S) = 35 if P € A\B,.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (2—v)A+2B;+C; +C| +2By+
C, +C}. We have Sg(A) = 22. Thus, 8p(S) < 35 for P € A. Moreover, for P € A\B, we have:

55v
ifvel|0,5],
LU v -
stV ity e [3,2].
So S(WA,;P) < @ < 8. Thus, 8p(S) = 53 if P € A\B,. O

Lemma 7.1.24. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

o O O, O <
O/
DI

Figure 7.22: Dual graph: (—Ks)* = 3 and 8p(S) = 31
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA—%(6B+4C+2D+3C') ifve [0,3],

P(v) =
~Ks—vA—(v—1)(3B+2C+D) — (3v—4)C' — (3v—5)D' ifv e [3,2].
o L(6B+4C+2D+3C) ifv € [0,3],
v =
(v=1)(3B+2C+D)+ (3v—4)C'+ (3v—5)D" ifv € [$,2].
Moreover,
3_%,’,6‘,6 ()’ﬁ7 vaE 0§
(P(v))* = : 0.5] P(v)-A= 03]
@-v)@-vive [3.2. 3-vifve [3.2].

In this case 8p(S) = 3L if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (2—v)A+4B+3C+2D+E +
3C'+2D'. We have Ss(A) = 33. Thus, 8p(S) < 3L for P € A. Moreover, for P € A\B we have:

16v
ifve |0,
i < {5 el
B ity e [3,2].
So S(Wi.:P) < 33 < 3. Thus, 8p(S) = 3L it P € A\B. O

Lemma 7.1.25. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

2 Op — @0 Tcl o DO —0 Izl & O —

!
1

!

Figure 7.23: Dual graph: (—Ks)? =3 and 8p(S) = 3

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

a). P(v ):—KS—vA—Z(ZBz+3Bl+2C1+D1)/fve[0,2].
N(v) = 4(2Bz+3Bl +2C1+Dy) ifv e 0,2].

b). P(v)= —KS—vA—Z(SBl—i—6C1+4D1+2E1+3D ) ifv e [0,2].
N(v) = 4(531 +6Cy + 4Dy +2E, +3D)) ifv € [0,2].

Moreover,

(P(v))? = 3(2_2(2”) ifv € [0,2] and P(v)-A = 34—V ifv € [0,2].
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In this case 8p(S) = 3 if P € A\By.

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+ B, +3B; +
4Cy +2D; +3D). A similar statement holds in other parts. We have Ss(A) = 3. Thus, 8p(S) < 3
for P € A. Moreover, for P € A\B; we have h(v) < 2 if v € [0,2]. So S(Wa;P) <1 <3 Thus,
8p(S) =2 if P € A\By. O
Lemma 7.1.26. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

& 05 I;x Oz,
3

Figure 7.24: Dual graph: (—Ks)* = 3 and 8p(S) = 55

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—YBy — (2B +C)) ifv € [0,1],
P(v)=q —Ks—vA— 3B —%(2B| +C;)— (v—1)B3 ifv € [1,2],
—Ks—vA—¥(2B1 +C1) — (v—1)(B2+B3) — (v—2)C, if v € [2,3].
YBy+5(2B1 +Cy) ifv € [0,1],
N(v) =4 5B+ £(2B; +C1) + (v—1)Bs ifv € [1,2],
3(2B1+C1)+ (v—1)(B2+B3) + (v—2)Cy ifv € [2,3].

Moreover,
3-32 ifve [0, 1], >ty e [0,1],
(P()* =S 2 —2vt4ifve(l,2], PW)-A={1-Lifvell,2),
269 iy e [2,3]. 2(1-%) ifve [2,3].

In this case 8p(S) = 75 if P € A.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (3 —v)A+2B; +C; + 2B, +
C> +2B3. We have Ss(A) = 2. Thus, 8p(S) < & for P € A. Moreover, for P € A we have if
Pc A\(Bl UBz) orifPe A\(Bl UB3) orifPe A\(BZ UBg)Z

2502 iy € [0, 1], 3 itve [0,1],
h(v) = E=0=0) iy e 11 2] or h(y) = § EGVH0) iy, ¢ (1 9],
4v(3

2B ity e 2,3]. 2O ity € 2,3).
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62 it v € [0,1],
or h(v wuwe[m},
) <

20905ty e [2,3].

So S(WieiP) < 32 < G or SWAP) <32 < B or SWA;P) < B < 2. Thus, 8p(S) = & i
PEA. 0
)

\1

Lemma 7.1.27. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

o TB2 o, & O

Cs

Figure 7.25: Dual graph: (—Ks)* = 3 and 8p(S) = 3 with —Ks — vA nef on [0, 3]

Then ©(A) = 3 and the Zariski Decomposition of the divisor —Ks — vA is given by:

o) —Ks —vA—¥(2B; +Ci +Cy +2By) ifv € [0,3],
V) =
—Ks—vA—%(2B1+C1) — (v—1)(C2+2By) — (2v=3)Cy ifv € [3,3].
N Y(2B) +C+C+2By) ifv e [0,3],
V) =
Y2B1+Ci) + (v—1)(C2+2B2) + (2v=3)C, ifv € [3,3].
Moreover,
3—2Z jfve[o,2], 2 jfy e [0,
(PM))* =1 550 O3 a3 elod)
Gl ifve [3,3] 2(1-Y) ifve [3,3]

In this case 8p(S) = % if P € A\B,.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (3 —v)A+2B; +C +4B; +
2C, +3C}. We have Ss(A) = 3. Thus, 8p(S) < % for P € A. Moreover, for P € A\B, we have:

2itve [0,3],

h(v) <
03 iy ¢ [3 3],

So S(WA,;:P) < 5 < 3. Thus, 8p(S) = 3 if P € A\B,. O

Lemma 7.1.28. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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.C’{ IBl ltl .Dl By
A
s,

Figure 7.26: Dual graph: (—Ks)? = 3 and 8p(S) = % with —Ks— vA nef on [0, 1]

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— £(6B) +4C, +2D; +3C}) ifv € [0, 1],
P(v) = { —Ks —vA— £(6B; +4C; +2D; +3C}) — (v—1)By ifv € [1,3],
—Ks—vA— (v—1)(C| +B) — (2v—2)B; — (2v—3)C; — (2v—4)D; — (2v—5)E; ifv € [3,3].

L(6B1 +4C) +2D, +3C)) ifv € [0,1],
v

N(v) =< (6B +4Cy +2D; +3C}) + (v—1)By ifv € [1,3],
(v=1)(Ci +B2) + (2v—2)B; + (2v—3)Ci + (2v—4)D; + (2v—5)E; ifv € [3,3].
Moreover,
342 ifve [0, 1], &ty e [0,1],
(P(v))* = ——2v+4/fve[1 51, PO)-A={1-2ifve[1,3],
(3— vae[ 3]. 3—vifv€[%,3}.

In this case 8p(S) = % if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (3 —v)A +2C} +4B; +3C; +
2D; +E; +2B,. We have Ss(A) = 3. Thus, 8p(S) < % for P € A. Moreover, for P € A\B; we
have:

182 iy € [0, 1],
h(v) < —(5 WO ity e [1,3],
Bl iy € [3,3].
So S(WA,:P) < 8 < 3. Thus, 8p(S) = 3 if P € A\By. O

Lemma 7.1.29. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

2 O TA o & ¢, e, 0; Ic O O

!/

B3

Figure 7.27: Dual graph: (—Ks)? = 3 and &p(S) = % with 7(A) =4
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Then ©(A) = 4 and the Zariski Decomposition of the divisor —Ks — vA is given by:

a) P(v)— —Ks—vA—£(232+3B1+2C1—|—D1)ifVG[O,l],
—Ks—vA—%(2B,+3B; +2C; +Dy) — (v—1)Bs ifv € [1,4].
N(v): %(232+3B1+2C1+D1)ifVE[O,l],
;\;(232+3Bl+2C1+D1)+(V—1>B3 ifve[l,4].
b, PW) —Ks—VvA—¥(5B+6C+4D+2E +3D') ifv € [0, 1],
. V)=
—Ks—VA—¥(5B+6C+4D +2E +3D') — (v—1)By ifv € [1,4].
Y(5B+6C+4D+2E +3D') ifv € 0,1],
N(v)=4"*
¥(SB+6C+4D+2E+3D')+ (v—1)By ifv € [1,4].
Moreover,
32E) ity ¢ 0,1 2 ifve 0,1
O B P T Sl
B iy e [1,4]. 1—2ifve[l,4].

In this case 8p(S) = 2 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg — vA ~g (4 —v)A+2B,+3B; +
2C) + D1 + 3Bs;. A similar statement holds in other parts. We have Sg(A) = % Thus, 6p(S) < %
for P € A. Moreover, for P € A we have:

27 92 .
ifve|0,1], = ifve|0,1],
1008 Z o8 Z DY
BB it e [1,4]. B ity e [1,4].
So S(WA:P) <3 <3or S(Wi,;P) <1< 3. Thus, 6p(S) =2 ifPEA. O

Lemma 7.1.30. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

OB,

CQ .A
A
a) B b) 0) i
L/ .D C B C/ .D/ ‘ ! B .C .D .E

C, PB; 4 ¥B; Cs

Figure 7.28: Dual graph: (—Ks)? = 3 and 8p(S) = 2 with t(A) =3

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—KS—VA—%(Bl + B, +B3) ifv e 0,2],
a) P(v) =
—Ks—vA—(v—1)(Bi+By+B3)— (v=2)(C; +C,+ C3) ifv € [2,3].
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%(B] —I—Bz—i—Bg) ifv e [0,2],
N(v) =
V— 1)(31 + B, +B3)+(V—2)(C1 +C2—|—C3) ifv e [2,3].

—Ks—vA—¥(Bi+2B+C+C') ifve [0,2],
—Ks—vA—(v—1)(Bi +C) — (v=2)C; — (2v—2)B— (2v—3)C— (2v—4)D ifv € [2,3].

NE) = Y(Bi+2B+C+C)ifvel0,2],
(v—=1)(B1+C)+(v—=2)Ci +(2v—2)B+ (2v—3)C+ (2v—4)D ifv € [2,3].

) P —Ks—vA—3(D'+2C"+3B+2C+D) ifv € [0,2],
C). V)=
—Ks—vA—(v—1)(D'+2C"+B)— (3v—4)C— (3v—5)D— (3v—6)E ifv € [2,3].
Y(D'+2C'+3B+2C+D) ifve|0,2],
Nv)={?

(v—1)(D'+2C'+B)+(3v—4)C+ (3v—5)D+ (3v—6)E ifv € [2,3].
Moreover,

2, .

(P() = 3—- % ifvel0,2], Pl A — Y ifvel0,2],
(3—v)?ifve[2,3]. 3—vifve[2,3].

In this case 8p(S) = 2 if P € A\B.

Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~g (3 —v)A+2B; +C; +
2B; + C; +2B3 + C3. A similar statement holds in other parts. We have Ss(A) = % Thus,
op(S) < % for P € A. Moreover, for P € A\B we have:

h) < ¥ itvelo,2],
V) >
Bt ity € 2,3).
So S(Wi,:P) < 4 < 3.Thus, 8p(S) =2 if P € A\B. O

Lemma 7.1.31. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B
Cy

Figure 7.29: Dual graph: (—Ks)*> = 3 and 8p(S) = 15
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Then ©(A) = 4 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—%(Bl+Bz)—§(ZB3 —l—C3) ifv e [0,2],
P(v)=1q —Ks—vA—3B; —5(2B3+C3) — (v—1)B, — (v—=2)C ifv € [2,3],
—KS—VA—%Bl—(v—1)(32+B3)—(V—2)(C2+C3)—(V—3)D3 ifv e [3,4].

3(B1+B2) +3(2B3 +G3) ifv € [0,2],
N(v) = 3B1+5(2B3+C3)+(v—1)By+ (v—2)Cy ifv € [2,3],
%Bl +(v— l)(Bz —|—B3) + (V—Z)(C2+C3) + (V—3)D3 ifv e [3,4].
Moreover,
BB Gty € [0,2], Y ifve 0,2,
(PW)* =S 2 —2v45ifve2,3], PW)-A=1-Lifve]2,3)],
B jfy e [3,4). 2— 3 ifve[3,4]

In this case 8p(S) = 15 if P € A.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (4 —v)A +2B; + 3By +2C, +
3B3+2C3+ D3. We have Sg(A) = 1,79. Thus, 6p(S) < 1% for P € A. Moreover, if P € A\ (B} UB>)
orif PEANB;, orif P€ ANB; we have:

2 ity e [0,2], 2 itvelo,2],
h(v) = wiwg[zﬁ], or h(v) < Wifvepﬁ],

72

) ity ¢ [3,4).

2 ifv e [0,2],
or h(v) < { E=1BVH6) i,  1p 3]
So S(WA;P) < 3 < or S(WAP) <3 < &2 or S(Wi,; P) < 35 < 3. Thus, 8p(S) = 1 if
P cA. O
Lemma 7.1.32. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:
O O 05 0 05,
C/

Figure 7.30: Dual graph: (—Ks)*> =3 and 8p(S) = 3
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Then ©(A) = 4 and the Zariski Decomposition of the divisor —Ks — vA is given by:
PO —Ks—vA—%(6B+4C+2D+3C')— 5By ifve [0,3],
V)=
—Ks—vA—(v—1)C' = (2v—=2)B— (2v—3)C— (2v—4)D— (2v—5)E — 3B, ifv € [3,4].

L(6B+4C+2D+3C')+ 4By ifv e [0,3],
N(v)=
(v=1)C'+ (2v—2)B+(2v—3)C+ (2v—4)D+ (2v—5)E + 5By ifv € [3,4].

Moreover,

2 ifv e [0,
B0 iy e [3,4]. 2- 3 ify

J:

€ [3.,4].

l\-)IUI

—

In this case 8p(S) = & if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (4 —v)A+6B+5C+4D+ 3E +
3C' +2B;. We have Sg(A) = 13 . Thus, 9p(S) < % for P € A. Moreover, for P € A\B we have:

St ifve [0.3],

B iy, € [3,4].

h(v) <

So S(Wi.:P) < 5 < 2. Thus, 8p(S) = S if P € A\B. O
Lemma 7.1.33. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

o5 O IB &0,

/

Figure 7.31: Dual graph: (—Ks)? = 3 and &p(S) =

\llw

Then t(A) = 5 and the Zariski Decomposition of the divisor —Kg — vA is given by:

PY) —Ks—vA—£(6B+4C+2D+3C") — 5By ifv € [0,2],
V)=
—Ks—vA—%(6B+4C+2D+3C") — (v—1)B; — (v—2)C) ifv € [2,5].
NOY) £(6B+4C+2D+3C")+ 3B ifv € [0,2],
v:
Y(6B+4C+2D+3C")+ (v—1)Bi + (v—2)Cy ifv € [2,5].
Moreover,
332 iy € [0,2], 3 iy e [0,2],
(o= {37 EO 2y a0

B2 iy e 2,5). 1—2ifve2,s).
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In this case 8p(S) = 2 if P € A\B.

Proof. The Zariski Decomposition follows from —Ks—vA ~g (5—v)A+6B+4C+2D+3C' +
4B; +3C). We have Ss(A) = % Thus, 8p(S) < 3 for P € A. Moreover, for P € A\B we have:

39,2 .
h(v) S ? |f9V 65 [0,2],
B3 ity e [2,5].

So S(Wi,:P) < 3 < %. Thus, 8p(S) = 3 if P € A\B. O
Lemma 7.1.34. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

&, 95, 34 Oz O —p,
B1

Figure 7.32: Dual graph: (—Ks)? = 3 and 8p(S) = 3

Then ©(A) = 6 and the Zariski Decomposition of the divisor —Ks — vA is given by:

P( ) —KS—VA—%Bl—%(232+C2+ZB3+C3) ifv e [0,3],
V)=
—Ks—vA—%B1—%(232+C2)—(V—l)B3—(V—2)C3—(V—3)D3ifv€[3,6].
N ) %Bl +§(2Bz +Cy+2B3+C3) ifv € [0,3],
V)=
%B]—|—%(ZBz—l-Cz)—i-(V—1)B3—|—(V—2)C3—|—(V—3)D3ifV€[3,6].
Moreover,
32 jfve 0,3, Y ify € [0,3],
()= { 378 eIy aire D
O ify € [3,6). 1—Lifve[3,6].

In this case 8p(S) = 1 if P € A.

Proof. The Zariski Decomposition follows from —Kg — vA ~g (6 —v)A +3B| +4B; +2C, +
5B3+4C5+3D3. We have Sg(A) = 3. Thus, 6p(S) < % for P € A. Moreover, if P € A\ (B; UB3)
orif P ANB3orif P€ AN By we have:

v V2o
= ifve|0,3], = ifve|0,3],
h(v) < (867 )7 +[6) | or h(v) < (867 (11 [6) |
6=)I6) if , € [3,6]. 6(v=6) igy, ¢ [3 4],
I itveo,3],
orh(v) <

T 0 gy e [3,6).
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So §(

7.2

WA P) <3 <3orS(Wa,;P) <1 <3orS(WA,;P)<3<3.Thus, 8p(S)=1ifPeA. O

00> o0 o0

Finding o-invariants for degree 3

Let X be a singular del Pezzo surface of degree 3 with and S be a minimal resolution of X.

Then
l.

VI.

VII.

VIIL.

Xl.

XIl.

XIIl.

XIV.

XV.

there are several possible cases:

X has an A singularity and contains 21 lines. In this case, we let E be the exceptional
divisor, L; for i € {1,2,3,4,5,6} be the lines on S,

. X has two A singularities and contains 16 lines. In this case, we let E; and E; be the

exceptional divisors, L; j fori € {1,2}, j € {1,2,3,4} be the lines on S,

. X has three A singularities and contains 12 lines. In this case, we let E, E> and E3 be

the exceptional divisors, L2, L3, Li3, L; j fori € {1,2,3}, j € {1,2} be the lines on S,
X has four A singularities and contains 9 lines. In this case, we let E, E», E3 and E4
be the exceptional divisors, L;; for (i, j) € {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)} be the
lines on S,

X has A, singularity and contains 15 lines. In this case, we let E; and E| be the
exceptional divisors, Ly ; and Lj ; for i € {1,2,3} be the lines on S,

X has A, and A singularities and contains 11 lines. In this case, we let E|, E{ and E,
be the exceptional divisors, L2, L1, L; j fori € {1,2} and j € {1,2,3} be the lines on S,
X has A, and two A, singularities and contains 8 lines. In this case, we let E, Ei E,
and E; be the exceptional divisors, L2, L}, L1 and L; | for i € {1,2} be the lines on S
X has two A, singularities and contains 7 lines. In this case, we let Ey, E{, E> and E}, be
the exceptional divisors, Ly, L; j fori € {1,2} and j € {1,2,3} be the lines on S,

. X has two A, and A singularities and contains 5 lines. In this case, we let Ej, E{ E>,

E§ and E3 be the exceptional divisors, Li2, L13, L3, L1 1 and L | be the lines on S,

. X has three A, singularities and contains 3 lines. In this case, we let Ey, E}, E», E}, E3

and Eg be the exceptional divisors, Li», L3, L3 be the lines on §,

X has Aj singularity and contains 10 lines. In this case, we let Ey, E, and Ei be the
exceptional divisors, L 1, L ; and Lll,i fori € {1,2} be the lines on S,

X has Az and A; singularities and contains 7 lines. In this case, we let Ej, Ei E> and
E3 be the exceptional divisors, Li3, L, 1, L; 1 and L§71 fori € {1,3} be the lines on S,

X has Az and two A; singularities and contains 5 lines. In this case, we let Ey, E!, E,
E3 and E be the exceptional divisors, L3, L}, L | and L3 be the lines on S,

X has A4 singularity and contains 6 lines. In this case, we let E;, E», E3 and E4 be the
exceptional divisors, Ly 1, L3 1, L4 1 and L4 > be the lines on S,

X has A4 and A, singularities and contains 4 lines. In this case, we let E|, E», E3, E4
and E5 be the exceptional divisors, Ly 1, L3 1 and Ls ; be the lines on S,
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XVI. X has Ajs singularity and contains 3 lines. In this case, we let E;, E», E3, E4 and E5 be
the exceptional divisors, L, 1, Ls | and Ls > be the lines on §,
XVII. X has As and A singularities and contains 2 lines. In this case, we let E|, E», E3, E4
and Es be the exceptional divisors, L, 1, Ls¢ be the lines on S,
XVIIl. X has D4 singularity and contains 6 lines. In this case, we let Ey, E;, E3 and E be the
exceptional divisors, L; | for i € {1,2,3} be the lines on S,
XIX. X has D5 singularity and contains 3 lines. In this case, we let Ey, E», E3, E4 and E be
the exceptional divisors, L and L4 1 be the lines on S,
XX. X has [Eg singularity and contains 1 line. In this case, we let Ey, E», E3, E4, Es and E be
the exceptional divisors, Ls 1 be the line on §.

such that the dual graph of the (—1)-curves and (—2)-curves on S is given the picture below.

III.
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VI Ay + A LA, + 24, VIIL 2A, IX. 24, + Ay

Ly
2,1 1,1

E; 2
Li3 B, L2
XIII. As + 2A,
2 Ly} Eq 13 3
/
E 2 XIV. Ay
E : E - 71
LW:? s Lo Loy 4 'Ez é1 ‘E?’ L31
42 ]
XV.Ay+ Ay . XVIL As+ A XIX. Ds
51 Ll*; 31 El ?2 ‘Es E E5 Lss EG 1 [ 'E?’ E‘l E471
5 Lys By By By Ej Loy 5
XVI. As XVIII. Dy '
oI5 XX. Eq
2 ?2 Es E4 55::L
L o2 .El Ez Es"Ey Es Ls;
2,1 -

Figure 7.33: Du Val del Pezzo surfaces with (—Kjs)? = 3

One has

l. 0(X) = g since depending on the position of point P € S we have

P [ E| (Uieq1..ep Li)\E | oiw
%(5) | 3 o >3

Table 7.4: Local §-invariants: (—Ks)? = 3 and A singularity

I 6(X)= g since depending on the position of point P € S we have

P || By | Li\Ea | (Uieqi2y,jeq1234 L)\ <L2 U E2> L, | ow
Sp(8) | $ 3 7 =
where E» .= E{UE, Ly := Uk€{1,2,3,4} (Ll,kmLZ,k)-

b.)l(.ll
ik
Y,
bl

Table 7.5: Local §-invariants: (—Ks)? = 3 and 2A singularities

. 8(X) = g since depending on the position of point P € S we have
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P E; (L]Z ULys UL13)\E3 (Uie{1,2,3},je{l,2} Li,j)\<L3 UE3> Lj o/w
27

5p(S) || & z
where E3 = El UE2 UE3, L3 = Uk€{1,2},i1,i2€{1,2,3}7i175i2 (Lil,k ﬂLl‘27k).

Y

2
\Y

)

RN

Table 7.6: Local §-invariants: (—Ks)? = 3 and 3A; singularities

IV. §(X) = ¢ since depending on the position of point P € S we have

P E4 (L12 ULi3ULigULysULyy UL34)\E4 o/w
9

3P<S) g 7 2
where E4 := E| UE, U E3 UE}.

Table 7.7: Local §-invariants: (—Ks)? = 3 and 4A singularities

[\SJIO8

V. 8(X) = 1 since depending on the position of point P € S we have

P E\UE| Uie{1,2,3}(Ll.,iUL/Li)\(ElUEi) o/
&) | 1 5 ;

Table 7.8: Local §-invariants: (—Ks)? = 3 and A, singularity

IV

2

VI. 6(X) = 1 since depending on the position of point P € S we have

P Eé” (E2UL12)\E} (Uie{1,2.,3}L1,iUL1)\Eél) (Ly UL, 1)\E22) o/w
6 3 77
5(8) | 1 6 3 7

where Eél) :=E|UE], Eg) :=E,UE].

Table 7.9: Local §-invariants: (—Ks)? = 3 and A,A | singularities

v
1)

VIIl. 6(X) = 1 since depending on the position of point P € S we have

P | EY | @Y UL, up\EY | I\EP | LINEY [ LPAEY | omw
op(S) || 1 6 9 3 27 <3
P 5 i 2 17 =)

where B} := E; UE], Y := B UES, LY := Ly ULy |, LY = Lo UL} .

Table 7.10: Local §-invariants: (—Ks)? = 3 and A,2A singularities

VIIl. 8(X) = 1 since depending on the position of point P € S we have

P || EEUE{UE,UEJULyy | (Uieq1o1.jef1231 Lij) \(E{UE)) | ow
Sp(S 1 3 3
P( ) 2

Table 7.11: Local §-invariants: (—Ks)? = 3 and 2A, singularities

v

2
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IX. 8(X) =1 since depending on the position of point P € S we have

(L171 ULz_/l \(Ei UEé) o/w

3 3

P EoUL>

p(S) 1
where Eg —ElUE/UEQUE UL12

Table 7.12: Local d-invariants: (—KS)2 =3 and 2A, A singularities

X. 6(X) = 1 since depending on the position of point P € S we have

P E1UE1UEQUE&UE3UE§UL12UL13UL23 o/w
5p(S) 1 > 3
Table 7.13: Local §-invariants: (—Ks)? = 3 and 3A, singularities
XL 6(X)= % since depending on the position of point P € S we have
P [ E [ (E\UED\E2 | Laa\E2 | Uieqioy (L1 UL )\(E1UE]) | olw
9 18 9 57 3
Sp(S) || 11 1o 7 i >3
Table 7.14: Local §-invariants: (—Ks)? = 3 and A3 singularity
XIl. §(X) = 1 since depending on the position of point P € S we have
I 3 I
P || Ex | ER\Ey | Li3\Ey | E3\L13 | Lo \Ey ng)\Ei ng)\(E3 ULEZ)) o/w
5p(S) 9 8 9 6 9 >4 27 >3
P 11 19 8 5 7 37 17 =2
where Ej; := E; UE!, L(Z) =L ULI 15 L(132) =13 ULg,l
Table 7.15: Local §-invariants: (—Ks)? = 3 and A3A; singularities
XIll. §(X) = 3; since depending on the position of point P € S we have
P | E | E\E | L \EW [ ER\L;5 | (Lo, ULs)\(E;UEDR) | of
> | Eyy\E> | Lis\E{5 | E;y\Li3 | (L1 UL3)\(E2UEY) | o/w
) | 7l 1 2 6 2 >3
i 11 19 8 5 7 =2
where E(113) =E UE], E§3) =E3 UE3, Lis:=Li3 UL13
Table 7.16: Local S-invariants: (—Ks)? = 3 and A324 singularities
XIV. 6(X) = 3 since depending on the position of point P € S we have
P Eq Ez\El E3\E1 E4\E2 Ll.,l\El L371\E3 (L471 UL472)\E4 o/w
&S [ 2 I8 27 9 27 27 36 >3
(il 3 23 29 10 23 19 25 =)

XV. §(X) =

Table 7.17: Local d-invariants: (—

2
13

Ks)? =3 and Ay singularity

since depending on the position of point P € S we have



7.2. Finding d-invariants for degree 3 119

P || E| | E2\E| | E3\E| | E4\E> | L1 1\E;
Sp(S) 9 18 Z7 9 27
P 13 23 29 10 23
P || L4ys\E4 | Es\Lys | L31\E3 | Ls 1\ (L3, UEs) | olw
18 6 7 7 3
op(S) | 1 5 19 17 >3

Table 7.18: Local §-invariants: (—Ks)? = 3 and A4A singularities

XVI. §(X) = 2 since depending on the position of point P € S we have

P
p(S)

E3\E; | E4\E3 | Es\E4 | E{\E> | L[, 1\E> | (Ls1ULs2)\Es5 | olw
p) 3 6 W) 10
3 i 7 i 1 7

v
NSILO%

et

Table 7.19: Local §-invariants: (—Ks)? = 3 and As singularity

XVII. §(X) = % since depending on the position of point P € S we have

P || Ey | E3\Ex | E{\E3 | E5\E4 | E\\Ey | (Ls¢ ULy 1)\(E2UEs) | Eg\Lss | o/w
Sp(S) || 2 2 3 6 2 1 6 < 3
s 3 3 4 7 13 5 =2

Table 7.20: Local §-invariants: (—Ks)? = 3 and AsA singularities

XVII. 6(X) = % since depending on the position of point P € S we have

(El UEZUE3)\E (Ll,l UL271 UL3’ )\(El UE, UE3) otherwise
9 9 >3
11 7 =2

Table 7.21: Local §-invariants: (—Ks)? = 3 and Dy singularity

~
oy Oy

0op(S)

XIX. 8(X) = % since depending on the position of point P € S we have

P E> | E3\E; | E\E; | E\\E; | E4\E3
5p(S) 9 3 2 27 9
P 19 3 3 35 1

Table 7.22: Local §-invariants: (—Ks)? = 3 and Ds singularity

L4’1 \E4 o/w
2 >

]
NSIIO8

N~
oo\ —
v

XX. 8(X) = % since depending on the position of point P € S we have

P
p(S)

E\E3 | E)\E3 | (Lip3UEs)\(E3UEy) | E1\E> | E¢\Es | olw
3 5 3
3 3 1 >

(NSTRO%

i

5 3
7 3 5 1

Table 7.23: Local §-invariants: (—Ks)? = 3 and [E4 singularity

Proof. We prove each case separately using lemmas from the previous section.

l. If P € E, the assertion follows from Lemma 7.1.10 [a).]. If P € (Uie{L,s}Li)\E, the
assertion follows from Lemma 7.1.2 [a).]. If P is a general point, the assertion follows

from Lemma 7.1.1.
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VI.

VII.

VIII.

If P € E{ UE,, the assertion follows from Lemma 7.1.10 [b).]. If P €
Li,\(Ey U Ep), the assertion follows from Lemma 7.19 [a)] If P €
(Uieqi 23, jef123.4) Li~,j)\<Uje{172,3,4} (LijNLyj) UE U E2>, the assertion follows
from Lemma 7.1.2 [b).]. If P € Ujcq1234 (Ll,j N L27j), the assertion follows from
Remark 7.1.3. If P is a general point, the assertion follows from Lemma 7.1.1.

If P € E; UE,UE3, the assertion follows from Lemma 7.1.10 [c).]. If P € (Ljp U
L3 U L13)\(E1 U E> U E3), the assertion follows from Lemma 7.1.9 [a)]. If P €
(Useq123) je(12y Lij) \<Uke (1) (LixNLag) UE; UEZUE3) , the assertion follows from
Lemma 7.1.2[¢).]. If P € Ureq12} (L1.4NLag)- In this case we apply Remark 7.1.3. If P
is a general point, the assertion follows from Lemma 7.1.1.

If P € E; UE, UE3UE4, the assertion follows from Lemma 7.1.10[d).]. If P € (L1, UL3U
LisULyz ULy UL34)\(U1-€{1727374} E;), the assertion follows from Lemma 7.1.9 [a).]. If P
is a general point, the assertion follows from Lemma 7.1.1.

If P € E; UE], the assertion follows from Lemma 7.1.15 [a).]. If P € Uief1.231 (LLi U
L J-)\(El UEY), the assertion follows from Lemma 7.1.4 [a).]. If P is a general point, the
assertion follows from Lemma 7.1.1.

If P € E7, the assertion follows from Lemma 7.1.15 [a).]. If P € E|, the assertion follows
fromLemma 7.1.15[b).]. If P € U;c(1 2,31 Ly ;\E{, the assertion follows from Lemma 7.1.4
[b).]. If P € L \E|, the assertion follows from Lemma 7.1.4 [a).]. If P € E;, the assertion
follows from Lemma 7.1.10 [e).]. If P € L1\ (E; UE>), the assertion follows from Lemma
7111 fPe (Uie{1,273}Lz,i)\(E2 UUie{17273}L17i), the assertion follows from Lemma
7.1.2[d).]. If P is a general point, the assertion follows from Lemma 7.1.1.

If P € E; UE], the assertion follows from Lemma 7.1.15 [b).]. If P € E, UE), the assertion
follows from Lemma 7.1.10 [f).]. If P € (L1 UL},)\(E1 UE] UE, UE}), the assertion
follows from Lemma 7.1.11. If P € L,\ (E; UE}), the assertion follows from Lemma 7.1.9
[a).]. If P € (L11 UL} ;)\(E1 UEY), the assertion follows from Lemma 7.1.4 [b).]. If P €
(L1 UL, )\ (E2 UEY), the assertion follows from Lemma 7.1.2 [e).]. If P is a general
point, the/assertion follows from Lemma 7.1.1.

If P € E{UE}, the assertion follows from Lemma 7.1.15 [a).]. If P € E| UE,, the assertion
follows from Lemma 7.1.15 [c).]. If P € L5\ (E| UE>), the assertion follows from Lemma
7.1.16 [a).]. If P € (Uieq12},je1.2,3) Lij) \(E] UES), the assertion follows from Lemma
7.1.4[c).]. If P is a general point, the assertion follows from Lemma 7.1.1.

. If P € E{ UE], the assertion follows from Lemma 7.1.15 [b).]. If P € E; UE;, the

assertion follows from Lemma 7.1.15 [c).]. If P € Lj7\(E| UE,), the assertion follows
from Lemma 7.1.16 [a).]. If P € E3, the assertion follows from Lemma 7.1.10 [g).].
If P e (Li3ULy)\(E] UE,UE3), the assertion follows from Lemma 7.1.11. If P €
(L1 ULy 1)\(E] UE}), the assertion follows from Lemma 7.1.4 [c).]. If P is a general
point, the assertion follows from Lemma 7.1.1.
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X.

Xl.

XIl.

XI1.

XIV.

XV.

XVI.

If P € E\ UE]UE, UE}UE3UE], the assertion follows from Lemma 7.1.15 [c).]. If P €
(L12UL13ULy3)\(E1 UE] UE, UE) UE3UES), the assertion follows from Lemma 7.1.16.
If P is a general point, the assertion follows from Lemma 7.1.1.

If P € Ey, the assertion follows from Lemma 7.1.22 [a).]. If P € (E; UE{)\E>, the
assertion follows from Lemma 7.1.17 [a).]. If P € Ujeqi 23 (L1, UL} ;) \(E1 UE]), the
assertion follows from Lemma 7.1.5. If P € L, ;\E», the assertion follows from Lemma
7.1.9 [b).]. If P is a general point, the assertion follows from Lemma 7.1.1.

If P € E,, the assertion follows from Lemma 7.1.22 [a).]. If P € Ei\Ez, the assertion
follows from Lemma 7.1.17 [a).]. If P € E|\E», the assertion follows from Lemma 7.1.17
[b).]. If P € Li3\E}, the assertion follows from Lemma 7.1.13 [a).]. If P € E3\Li3, the
assertion follows from Lemma 7.1.10 [f).]. If P € Ly 1\E, the assertion follows from
Lemma 7.1.9 [b).]. If P € (L; UL’M)\E’, the assertion follows from Lemma 7.1.5. If
P e (L3 1 UL; )\(E3ULy1 UL ), the assertion follows from Lemma 7.1.2[f).]. If Pis a
general point, the assertion follows from Lemma 7.1.1.

If P € E, the assertion follows from Lemma 7.1.22 [a).]. If P € (E; UE{)\E, the
assertion follows from Lemma 7.1.17 [b).]. If P € (Li3UL}3)\(E| UE]), the assertion
follows from Lemma 7.1.13 [a).]. If P € L, ;\E, the assertion follows from Lemma
7.1.9 [b).]. If P € L3\(E3 UEY}), the assertion follows from Lemma 7.1.9 [a).]. If P €
(E3 UEL)\(L13UL}5), the assertion follows from Lemma 7.1.10 [f).]. If P is a general
point, the assertion follows from Lemma 7.1.1.

If P € Ej, the assertion follows from Lemma 7.1.26. If P € E;\E], the assertion
follows from Lemma 7.1.23. If P € E3\E|, the assertion follows from Lemma 7.1.18.
If P € E4\E>, the assertion follows from Lemma 7.1.20 [a).]. If P € L; ; \E, the assertion
follows from Lemma 7.1.12. If P € L3 ;1 \E3, the assertion follows from Lemma 7.1.8 [a).].
If P € (Lsy ULsp)\Es, the assertion follows from Lemma 7.1.6. If P is a general point,
the assertion follows from Lemma 7.1.1.

If P € Ey, the assertion follows from Lemma 7.1.26. If P € E,\E|, the assertion follows
from Lemma 7.1.23. If P € E3\E|, the assertion follows from Lemma 7.1.18. If P €
E4\E», the assertion follows from Lemma 7.1.20 [b).]. If P € L; 1\E, the assertion
follows from Lemma 7.1.12. If P € Lys\E4, the assertion follows from Lemma 7.1.14.
If P € E5\Lys, the assertion follows from Lemma 7.1.10 [j).]. If P € L3 1\ E3, the assertion
follows from Lemma 7.1.8 [b).]. If P € Ls 1\ (L3,1 UE5), the assertion follows from Lemma
7.1.10 [g).]. If P is a general point, the assertion follows from Lemma 7.1.1.

If P € E,, the assertion follows from Lemma 7.1.29 [a).]. If P € E3\E,, the assertion
follows from Lemma 7.1.27. If P € E4\ E3, the assertion follows from Lemma 7.1.25 [a).].
If P € E5\Ey4, the assertion follows from Lemma 7.1.21 [a).]. If P € E|\E», the assertion
follows from Lemma 7.1.19. If P € L, 1\ E», the assertion follows from Lemma 7.1.16. If
P e (Ls,; ULs »)\Es, the assertion follows from Lemma 7.1.7. If P is a general point, the
assertion follows from Lemma 7.1.1.
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XVII.

XVIII.

XIX.

XX.

If P € E,, the assertion follows from Lemma 7.1.29 [a).]. If P € E3\E,, the assertion
follows from Lemma 7.1.27. If P € E4\ E3, the assertion follows from Lemma 7.1.25 [a).].
If P € E5\E4, the assertion follows from Lemma 7.1.21 [b).]. If P € E|\E», the assertion
follows from Lemma 7.1.19. If P € L, ;\E», the assertion follows from Lemma 7.1.16
[b).]. If P € Ls¢\Es, the assertion follows from Lemma 7.1.16 [c).]. If P € E¢\Lse, the
assertion follows from Lemma 7.1.10 [K).]. If P is a general point, the assertion follows
from Lemma 7.1.1.

If P € E, the assertion follows from Lemma 7.1.30 [a).]. If P € (E| UE; UE3)\E, the
assertion follows from Lemma 7.1.22 [b).]. If P € (L1 ULy UL3 1)\ (E1 UE; UE3), the
assertion follows from Lemma 7.1.9 [c).]. If P is a general point, the assertion follows
from Lemma 7.1.1.

If P € E,, the assertion follows from Lemma 7.1.31. If P € E3\E;, the assertion follows
from Lemma 7.1.30 [b).]. If P € E\E;, the assertion follows from Lemma 7.1.28. If P €
E|\E,, the assertion follows from Lemma 7.1.24. If P € E4\E3, the assertion follows
from Lemma 7.1.22 [c).]. If P € L\E, the assertion follows from Lemma 7.1.13 [b).] If
P € L4 1\E4, the assertion follows from Lemma 7.1.9 [d).]. If P is a general point, the
assertion follows from Lemma 7.1.1.

If P € E3, the assertion follows from Lemma 7.1.34. If P € E4\E3, the assertion follows
from Lemma 7.1.33. If P € E,\FE3, the assertion follows from Lemma 7.1.32. If P €
E\E3, the assertion follows from Lemma 7.1.30 [c).]. If P € E5\ E4, the assertion follows
from Lemma 7.1.29 [b).]. If P € E;\E», the assertion follows from Lemma 7.1.25 [b).]. If
P € Ls 1 \Es, the assertion follows from Lemma 7.1.16 [d).]. If P is a general point, the
assertion follows from Lemma 7.1.1.

O]



Chapter 8

Du Val del Pezzo Surfaces of Degree 2

In (Araujo et al., 2023, Lemma 2.15) it was proven that d(X) = % when X is a smooth del
Pezzo surface of degree 2 and | — Kx| contains a tacnodal curve, and §(X) = & when X is a
smooth del Pezzo surface of degree 2 and | — Kx| does not contain a tacnodal curve. In this
section we compute d-invariants of Du Val del Pezzo surfaces of degree 2.

MAIN THEOREM Let X be the Du Val del Pezzo surface of degree 2. Then the d-invariant of X is
uniquely determined by the degree of X, the number of lines on X, and the type of singularities

on X which is given in the following table:

K3 | #lines Sing(X) o(X)
K2 | #lines | Sing(X) | 8(X) 2 22 Az 1 K2 | #lines | Sing(X) | 8(X)
2 44 A 2 2 16 Az + A 1 2 6 As+ A g
2 34 20 2 2 15 Az + A 1 2 5 As+ A, 2
2 26 34, 2 2 12 Az +2A 1 2 3 As+ A, 2
2 25 34, 3 2 11 Az +2A 1 2 4 Ag :
2 20 4A, 2 2 8 Az +3A; 1 2 2 Ay 2
2 19 47, 2 2 10 Az + A 1 2 14 D, 2
2 | 14 SA 2 2 7 [ AstA+A ) 2 9 | Dy+A | 2
2 | 10 64 2 2 6 2A; 1 2 6 | Dy+24 | 2
2 | 31 Ay g 2 4 283+ A, 1 2 4 | Ds+3A | 3
2 20 | Ax+A g 2 14 Ag 1 ) 3 Ds 3
2| 18 | Ay+2A | ¢ 2 | 10 Ay+ A 1 2 5 Ds+A | 2
2 | 13 | Ap+3A | ¢ 2 6 Ag+ Ay 12 2 3 De !
2 16 2A, 6 2 8 As ¢ 2 2 Ds+A; | 4
2| 12 |2804A | ¢ 2| 7 As i 2| 4 Es 3
2 8 3h2 g Table 8.2: §-invariants of Du Val del 2 ! E7 %

Pezzo surfaces of degree 2

123
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8.1 General results for degree 2

Let X be a del Pezzo surface of degree 2 with at most Du Val singularities. Let S be a weak
resolution of X. We will call an image of a (—1)-curve in S on X a line as was done in Cheltsov
and Prokhorov (2021).

Lemma 8.1.1. Assume that the point Q is not contained in any line that passes through a
singular point of X. Then 8p(X) > 2.

Proof. Follows from Remark (Araujo et al., 2023, 2.14) and proof of Lemma (Araujo et al.,
2023, 2.15). O

Now we consider a curve A on S. Small circles correspond to a (—1)-curves and large circles
correspond to a (—2)-curves on dual graphs.

Lemma 8.1.2. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

ALS’]{
.3734 1 .C'l .Dl .E1 .F1

Figure 8.1: Dual graph: (—Ks)? =2 and 8p(S) = 2

Then t(A) = ‘3—‘ and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— ¥(5B1 +4C, + 3Dy +2E, + F, +3B,) ifv € [0,8],

P(v) =
—Ks—vA— 3By — (v—1)(5B1 +4C, + 3D +2E, + F) — 3v—4)C} ifv € [2,3].
N) = (5B +4C + 3Dy +2E, + F; +3B,) ifv € [0, %],
YBy+ (v—1)(5B1 +4C1 +3Dy +2E, + Fi) + (3v—4)C} ifv e [£,3].
Moreover,
2

22w+ ifve 0,8, 1-Yifve[o,¢],

(P(V))ZZ G 3 ) 4[ 5] P(V)'A: 3 - [ 5]6 \
TIfVE[g,g}. 3(2—7)”\/6[3,3]

In this case 8p(S) = 32 if P € A\(B1 UB).

Proof. The Zariski Decomposition follows from

4 1
—KS—VA ~R <§—V)A+§<232+SBI —|—4C1 —|—3D1 —|—2E1 + F —|—2Ci)
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We have Ss(A) = 45 Thus, dp(S) < 45 for P € E,. Note that for P € A\(B; UB,) we have:

L (3-v) ifve [O,g},
0= osn ifve[S,4]
573
So S(WA,;P) < 2 < 32. Thus, 8p(S) = 32 if P € A\(B UB,). O

Lemma 8.1.3. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph and no other (—2)-curves intersect A:

2 @p % 5@ 96p A A . O 9 O
C1 D
1 1
A Bl C]
b) O, ?31 e
A By
A
A

Figure 8.2: Dual graph: (—Ks)> =2 and 8p(S) =

Then t(A) = 1 and the Zariski Decomposition of the divisor —Kg — vA is given by:
a). P(v ):—KS—vA—E(BH—Bl ifv e [0,1].
N(v)= 2(31 +B)) ifve[0,1].
b). P(v ):—KS—vA—g(ZBl—i—Cl—i—C/ ifve[0,1].

N(v) = 2(231+C1+C1 ifve[0,1].

)
)
)
)
)
2By +2Cy + Dy + DY) ifv € [0,1].
)
)
)
)

c). P(v )——KS—vA—§(2Bl+2C1+D1+D ifve [0,1].
N = X

d). P(v ):—KS—vA—g(ZBl+2C1+2D1—|—E1+E1 ifve [0, 1].

N() = 2(231+2C1+2D1+E1+E1 ifv € [0,1].

e). P(v) = —Ks—vA — %(231 120 +2Dy +2E, + F, +Fl) ifve [0,1].

N(v) = g(ZBl+2C1+2D1+2E1+Fl+F| ifveo,1].

Moreover,
(P(v))>=2(1—v) and P(v)-A=1ifv € [0,1].

In this case: 6p(S) =2 if P € A\(B; UB)).
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Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~ (1 —v)A+A’+ By + B>
where A’ is the image of A under Geiser involution. Similar statement holds in other parts. We
have Ss(A) = 3. Thus, 8p(S) < 2 for P € A. Note that for P € A\(B; UB}) we have h(v) =
1/2if v € [0,1]. So for these points S(W,A,;P) = 2. Thus, 8p(S) =2if P € A\(B1 UB)). O
Lemma 8.1.4. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B 3
B3 0) Bl A
B, \'—.
2 @5 i c;, OB, B T
5

b) .B]_ B3 C(3 2
A\.B4 R Bl A 3 Cg D3 E
. 3
B,

02 Bg

Figure 8.3: Dual graph: (—Ks)? =2 and 8p(S) = 2

Then t(A) = g and the Zariski Decomposition of the divisor —Kg — vA is given by:

) P(y) Ks—vA—£(3B1 +4B,+2C,) ifv e [0,1],
—Ks—vA—¥(3B) +4B,+2C,) — (v—1)(B3 +Bs + Bs +Bg) ifv € [1,%].
N(v) = Y(3B1 +4B,+2C,) ifv € [0,1],
Y(3By +4B,+2Cy) + (v—1)(B3 + Bsa+Bs +Bg) ifve [1,2].
b, Pl)— Ks—vA—£(3B1+4B,+2C,) ifv € [0,1],
Ks—vA—£(3B1+4By+2C,) — (v—1)(2B3 +C3+ B4+ Bs) ifv € [1,2].
) = Y(3B1 +4B,+2C,) ifv € [0,1],
Y(3B1+4B,+2Cy) + (v—1)(2B3 + C3+ B4 +Bs) ifve [1,2].
o PO = —Ks—vA—£(3B1 +4B,+2C) ifv € [0,1],
—Ks—vA—Y(3B1 +4B,+2C,) — (v—1)(2B3 +C3 +2B4 + Cy) ifv € [1,8].
N(v) = ¢(3B1 +4B, +2C,) ifv € [0,1],
Y(3B1+4B,+2Cy) + (v—1)(2B3 +C3+2B4 +Cy) ifv € [1,8].

d. P() = 6
~ 6

—~ o~

3B, +4Bz—|—2C2) ifv e [0 1]
3Bi +4B,+2C,) — (v—1)(3B3+2C3 + D3+ By) ifv € [1,§].
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%(331 +4Bz—|—2C2) ifve [0, 1],
Y(3B1+4B,+2Cy) + (v—1)(3B3 +2C3+ D3 +By) ifv € [1,8].
) P( ) —KS—VA—%(3Bl+4Bz—|-2C2) ifv e [0 1]
e). V)=
—Ks—vA—¥(3B1 +4B,+2C,) — (v—1)(4B3 +3C3 +2D3 + E3) if v € [1,§].
N(v) _ %(331 +4Bz—|—2C2) ifv e [0 1]
Y(3B) +4B,+2C) + (v—1)(4B3 +3C3+2D3 +E3) ifv € [1,%].
Moreover,
2 22w+ ifve[0,1], b JIm Ve,
(P(v)" = (5v-6)2 . ¢ (v)-A= . ¢
e ifve [1,2]. 5(1—22)ifve [1,8].

In this case for P € A\(B1 UB,) we have: 8p(S) = 2.

Proof. The Zariski Decomposition in part a). follows from

6 3 2 1
— K5 —vA ~p <§ —v>A—|— 2B +§<2B2+C2> +§(33 + By + Bs +B6>.

A similar statement holds in other parts. We have Sg(A) = % Thus, 0p(S) < g for P € A. Note
that for P € A\ (B UB;) we have:

ity e 0,1,

(V) <9 5650y 230
26-3v18) jt \ ¢ [1,9].

So we have S(WZ,;P) < & < &. Thus, 6p(S) = 2 it P € A\(B1UB). O
Lemma 8.1.5. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

.%lB%B?) 7/1% IBI
a) A
QZ" B .C ® .D QZ‘ .C .D

Figure 8.4: Dual graph: (—Ks)> =2 and 8p(S 13

Thent(A) = st and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—£(3C'+6B+4C+2D) ifv € [0,1],
a). P(v) = )
5

—Ks—VvA—£(3C' +6B+4C+2D) — (v—1)(B1 + B+ B3) ifve [1,3].
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N ) £(3C' +6B+4C+2D) ifv € [0,1],
V) =
Y(3C' +6B+4C+2D)+ (v—1)(B1 +B>+B3) ifve [1,2].
Ks—vA—£(3C"+6B+4C+2D) ifv € (0,1
o py_ | KA ) ifve (0,1,
—Ks—vA—%(3C"+6B+4C+2D)— (v—1)(2B1 +C1 +By) ifv € [1,2].
N(Y) £(3C' +6B+4C+2D) ifv € [0,1],
V) =
Y(3C'+6B+4C+2D)+ (v—1)(2B1 +C +By) ifve [1,2].
—Kg—vA—£(3C" +6B+4C+2D) ifv € 0,1
o, p_ | KAk )ifve[0.1],
—Ks—vA—%(3C"+6B+4C+2D) — (v—1)(3B; +2C, +Dy) ifv € [1,3].
N(Y) £(3C" +6B+4C+2D) ifv € [0,1],
V)=
Y(3C"+6B+4C+2D)+ (v—1)(3B1 +2C, +Dy) ifv € [1,3].
Moreover,
2
2-2v+ % ifvel0,1], 1—-zifvel0,1],
(P(V))z — (5_4‘,)2 5 5[ ] P(V)-AZ 5 s [ ] .
L ifve [1,3]. 4(1-2)ifve [1,3]
In this case 8p(S) = 33 if P € A\B.
Proof. In part a). the Zariski Decomposition follows from
S /
—Kg—vA ~p <Z—v>A+4<3C +6B+4C+2D+BI+BQ-I-B3>
A similar statement holds in other parts. We have Ss(A) = Thus op(S) < —gforPeA Note
that for P € A\ B we have:
G ity e 0,1
h(V) S 4(2841})(7\/—5)[., ], 3
e iy e [1,3].
So S(WA.:P) < 31 < 33. Thus, 8p(S) = 33 if P € A\B. O

Lemma 8.1.6. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Then t(A) = ‘3—‘ and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Kg—vA—"?
a. Pyv={ = 4
—Ks—vA—"

(3Bz—|—2C2—|—D2—|—231) ifv e [0,1],
(3B, +2C,+ D, +2By) — (v—1)(B1 +By) ifve [1,3].
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C
B,

b)
o, 49 ¢

Figure 8.5: Dual graph: (—Ks)? =2 and 8p(S) = 2

) = ¥(3B,+2C,+ Dy +2By) ifv € [0, 1],
¥(3By+2C,+ D, +2By) + (v—1)(B1 +By) ifve [1,3].

b, P()= —Ks—VvA—%(3B,+2C,+ Dy +2By) ifv € [0, 1],
—Ks—VvA—2(3B,+2C+ Dy +2B1) — (v—1)(2B + () ifv € [1,3].

) = ¥(3B,+2C,+ Dy +2By) ifv € [0, 1],
¥(3By+2C,+ Dy +2B))+ (v—1)(2B1 +C1) ifv € [1,3].

o, Ply) = —Ks—VvA—¥(5B+6C+4D +2E +3D') ifv € [0, 1],
—Ks—VvA—¥(5B+6C+4D+2E+3D') — (v—1)(B1 +B,) ifv € [1,3].

N(v) = %(5B+6C+4D+2E +3D'") ifv € [0,1],
¥(5B+6C+4D+2E+3D')+ (v—1)(B1 +B,) ifv € [1,3].

a. Ply) —Ks—VvA—¥(5B+6C+4D +2E +3D') ifv € [0, 1],
—Ks—vA—%(5B+6C+4D+2E+3D') — (v—1)(B +Cy) ifve [1,3].

N(v) = 1(5B+6C+4D+2E+3D') ifv € [0,1],
4%(5B+6C+4D+2E+3D')+ (v—1)(2B +C)) ifve [1,5].

Moreover,
PO = 22w+ ifve[0,1], PE)d 1+ 2ifveo,1],

B3 iy e [1,4], 3(1-3)ifve [1,4].
In this case 8p(S) = 2 if P € A\(BUB/).
Proof. The Zariski Decomposition in part a). follows from

4 1
—Kg—vA ~p (5 —v>A+§<ZB'+3B+2C+D+Bl -1-32).
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A similar statement holds in other parts. We have Sg(A) = g. Thus, dp(S) < % for P € A. Note
that for P € A\ (BUB') we have:

Bty € 0,1,
h(v) < 3(4 3v)(Tv—4)

4
2 ifve[l,5]
So S(WA,;P) < 3 < 3. Thus, 8p(S) = 2 if P € A\(B; UBy). O
Lemma 8.1.7. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Lgi S T

Figure 8.6: Dual graph: (—Ks)? =2 and 8p(S) = 2

Then t(A) = g—‘ and the Zariski Decomposition of the divisor —Kgs — vA is given by:

—Ks—vA— L(4B1 +3C +2D + E1) — 3B, ifv € [0, 1],
P(v) = —KS—vA—g(4Bl+3c1+2DI+E1) ¥B,— (v—1)B3ifve [1,3],
—Ks—vA— (v—1)(4B1 +3Cy +2D; +E1 +B3) — B, — (4v—5)C} ifv € [3,5].
L(4B) +3C, +2D| +E|) + 3By ifv € [0,1],
Y(4By +3C1 +2D1 +E) + 3B+ (v—1)B3 ifve [1,3],
(v—1)(4B1 +3Cy +2Dy +E| +B3) + B, + (4v—5)C} ifv e [3,3].

Moreover,
W _2v42ifve0,1], 1—3ifve[0,1],
B2 _4v43ifve [1,3], POv)-A={2-Bvife[1,3],
(4 3) : 54
Y ifve [1,3} 3(2—7) ifve [Z’§:|
In this case 8p(S) = 22 if P € A\(B1 UB,).

Proof. In part a). the Zariski Decomposition follows from

4 1
—Kg— VA ~p <§—V>A—|——

3 <4Bl +3C,+2Dy+E| + B3 +232—|—Ci>.
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A similar statement holds in other parts. We have Ss(A) = 55. Thus, 0p(S) < ¥— for P € A. Note
that for P € A\ (B UB;) we have:

10307 ity e 10,1,

h(v) < 7(202—053\2)\/ ify e [ ‘5_J
3(4—3v)(8—5v) 5 4
BB it ve [3.4).

So S(Wi.:P) < &L < 33 Thus, 6p(S) = 23 it P € A\ (B UBy). O
Lemma 8.1.8. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B] C) Bl
205 05 ¢ 050, O 0, @ @ 05 ¢
"

A ol B
%%.D.E %'5%'1?14

Figure 8.7: Dual graph: (—Ks)? =2 and 8p(S) = 12

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—%(C+2B+2B +C') ifv € [0,1],
a). P(v)=
—Ks—vA—3(C+2B+2B'+C)— (v—1)By ifve [1,3].
Y(C+2B+2B +C)ifve 0,1
N(Y) = 5( ) [0,1],
Y(C+2B+2B' +C')+(v—1)By ifve [1,3].
—Ks—vA—%(2C' +4B+3C+2D+E) ifve 0,1
b). Pvy=4{ ° 5 Jiveloll
—Ks—vA—(2C'+4B+3C+2D+E)—(v—1)B, ifve [1,3].
) Y(2C'+4B+3C+2D+E) ifv € [0,1],
v =
¥(2C'+4B+3C+2D+E)+(v—1)By ifve [1,3].
. P —Ks—vA—L(SB+4C+3D+2E+F +3B') ifv € [0,1],
C). V)=
—Ks—vA—2(5B+4C+3D+2E+F +3B) — (v—1)By ifve [1,3].
NG Y(5B+4C+3D+2E+F +3B') ifv e [0,1],
v =
L(SB+A4C+3D+2E+F +3B)+(v—1)By ifve [1,3].
9. P —Kg—vA—%(2F +4E +6D+5C+4B+3E') ifv € [0,1],
. V)=
—Ks—vA—3(2F +4E+6D+5C+4B+3E') — (v—1)By ifv € [1,3].
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(2F +4E+6D+5C+4B+3E') ifv € [0,1],

4
N =4°
Y(2F +4E+6D+5C+4B+3E')+ (v—1)By ifv € [1,3].
Moreover,
2
2—-2v+ % ifve|0,1], 1-2ifvel0,1],
(P(v))* = (HV)Z,S ; P(v)-A= P ;
S ifve [1,3]. 2(1-%) ifve [1,3].

In this case 8p(S) = 2 ifP € A\(BUB)).
Proof. In part a). the Zariski Decomposition follows from
3 1 P
—Ks—vA ~p (5 —v>A+ E<C+ZB+2B +C +Bl>.

A similar statement holds in other parts. We have Ss(A) = 1. Thus, 8p(S) < 72 for P € A. Note
that for P € A\ (BUB') we have:

G ity e [0,1],

h(v) <
2v(3 2v) ity e [1 }

So S(Wie:P) < & < 5. Thus, 8p(S) = 2 it P€ A\(BUB). O
Lemma 8.1.9. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

'C’é
.C’l B, A B, Cs b2

Figure 8.8: Dual graph: (—K;s)? =2 and 8p(S) = 3

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

P(y) —Ks—vA—3(2B1+C1) — (3B, +2C,+ Dy) ifv € [0,3],
V) =
—Ks—VvA—%(2B1 +C1) — (v—1)(3By+2C, + Do) — (B3v—4)C} if v € [4,3].
NG Y(2B1+C1)+ 5(3B, +2C, + Dy) ifv € [0,3],
v =
$(2B1+C1) + (v—1)(3B2+2C2 +D2) + (3v—4)Cy if v € [$,3].
Moreover,
2— 2V—|— ,vae O,é, —&I’f\/e Oaév
(P(v))* = ” CH P(v)-A= . 05

%/fve[m] 4(1-2yifve [4,3].
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In this case 8p(S) = 18 if P € A\(B| UB,).

Proof. The Zariski Decomposition follows from

3 1
~Kg—vA ~p (5 —V)A+§(2Bl e +3Bz+2C2+D2+C§).

We have Ss(A) = 13. Thus, 8p(S) < 1§ for P € A. Note that for P € A\(B; UB,) we have:
(12—5v)2 . 4
h(v) < we o ive (0,3,
— ) 8(3—2v)? . 4 3
g ifve[33].
So we have S(WZ,;P) = 10 < i Thus, 8p(S) = 1 it P € A\ (B, UB,). O

Lemma 8.1.10. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

o & lB o0, 0, 0,

Figure 8.9: Dual graph: (—Ks)? =2 and 8p(S) = %

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—%(2F +4E + 6D +8C+10B+5C") ifv € [0,1],

P(v) =
—Ks—vA— (v—1)(2F +4E+6D+8C+10B) — (5v—6)C' — (Sv—7)D' ifv € [£,3].
NO) Y(2F +4E +6D+8C+ 10B+5C') ifv € [0,1],
V)=
(v—1)(2F +4E +6D +8C+10B) + (5v— 6)C'+ (5v—7)D' ifv € [1,3].
Moreover,
22w+ ¥ ifve [0,2], —3ifve[0,4],
(P — 03] a1 FivEDS]
B—2v)2ifve [1,3]. 23 -2v) ifve [{,3]

In this case 8p(S) = $2 if P € A\B.

Proof. The Zariski Decomposition follows from

1
—Ks—VvA ~p <%—V>A—|——

: (F+2E+3D+4C+SB+3C’+D’).
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We have Ss(A) = 7. Thus, 8p(S) < $2 for P € A. Note that for P € A\B we have:

Gl 3V) if v e [0, Z]
h(v) < 57 .
2(3—2v) ifve [L,3].
So S(WA,;P) < 3 < 35 Thus, 8p(S) = it P € A\B. O

Lemma 8.1.11. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

N
C, "By A 1 .C'l .D1 .E1

Figure 8.10: Dual graph: (—Ks)* =2 and 8p(S) = 3¢

Then the Zariski Decomposition of the divisor —Kg — vA is given by:

Pv) = —Ks —vA — L(4B) +3C1 +2D1 +E) — ¥(2B, +C5) ifv € [0,3],
Ks—vA—%(4B1 +3C1 +2D1 +E1) = (v=1)(2B2 + C2) — (2v=3)C5 ifv € [3,3].
N(v) = L(4B1 +3C1 +2D1 +E1) +3(2B, + Gy) ifv € [0,3],
L(4B) +3C) 42Dy +Ey) + (v— 1) (2B, + ) + (2v—3)Cy ifv € [3,3].
Moreover,
(P(v))* = ?5 32;—’— 5 ifve (03], (v) A= 1-Trifve [0,3],
ifv 6[273] 3(1_%)”“26[%7%]

In this case 8p(S) = 38 if P € A\(B1 UB).

Proof. The Zariski Decomposition follows from

5 |
—Kg—vA ~p <§ —V)A—I—§<4Bl 43C,+2D; +E +4Bz+2c2+c§>.

We have Ss(A) = 36 Thus, dp(S) < 36 for P € A. Note that for P € A\ (B; UB;) we have:

],
J:

So S(Wie:P) < 5 < 3. Thus, 6p(S) = 3% it P € A\(B1UB). O

U7 ity e o,

9(5—3v)?

h(v) < _ )
5 ifve s

[SSTIU, N O] [9V]
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Lemma 8.1.12. Suppose P € A where is a (—2)-curve disjoint from other (—2)-curves then
7(A) = 1 and the Zariski decomposition of the divisor —Kg — vA given by:

P(v) =—Ks—vA andN(v) =0 ifv € [0,1].

Moreover,
(P()*=2(1-v)(v+1) and P(v)-A =2v ifv € [0,1].

In this case: 8p(S) = 3 if P € A.

Proof. The Zariski Decomposition follows from —Kg —vA ~gr L+ (1 —v)A where L is a strict
transform of an element | — Kx| passing through a singular point which is the image of A on X.
We have Ss(A) = %. Thus, 8p(S) < 3 for P € A. Note that for P € A we have h(v) = 2v? if v €
[0,1]. So S(WA,;P) = 3. Thus, 8p(S) =3 if P € A. O
Lemma 8.1.13. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

.B2 Bg Bg .BZ TBZ
A
a) - b) A iA i A
B, A Bs C; 1 C{ B, B B
f) C,

@ 9 c
o o o - 0,0 O P :
) D, Co, B2 A B, ¥C, 1 Dy G 1

L P o
L

®) .02 .Bz A .B1 .Cl .b1 .E1 IFl

1 01 b/1 h)

Figure 8.11: Dual graph: (—Ks)? =2 and 8p(S) = 3

Then t(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

N@):£@h+mz+3&+83y+xb+Dzﬁvemﬂk

a). PM:—&—M—¥&+&+&MHEM1
Mw:g&+&+&wwemq
b). sz—m—M—gwﬁfﬁfhﬂgmemﬂ.
N@z%@&+&+d+&ﬁh€&%
c). P@:-Q—M—gm+x¢mm+wﬁaq+mww6mn
)
)

d). PM:—&—MegwﬁQQ+%HQQ+MiHE&%
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f).

g)-

h).

-

Moreover,

P(v)

P(v)

P(v)

N(v) = E(Dl +2C,+3B, +2C, + D) ifve [0,2].

Ks—vA — g(2c2+432+531 F4C) 43D, +2E, + F) ifv € [0,2].

Y

N(v) (2C3+4By +5B) +4C, +3D; +2E, + Fy) ifv € [0,2].

@)

P(v) = —Ks—vA— 2 (2B1+2C1 + D1 + D +By) ifv € [0,2].

N(v) = 5(231 +2C,+D; + D +By) ifve0,2].

P(v) = —KS—vA—g(ZBl +2C 42Dy +E| +E| +By) ifv € [0,2].

N(v) = %(231 +2C) 42Dy +E| +E| +B) ifv € [0,2)].
P(v) = —Ks—vA— Z(3B+2D' +4C+3D+2E+F) ifv € [0,2].

N() = §(3B+2D’+4c+3D+2E+F) ifv e [0,2].

— K5 vA— %(231 +2C) +2D1 +2E, + Fi + F|+B,) ifv € [0,2].

N(v) = 5(2B1+2C1 +2D1 +2E, + Fi + F{ + By) if v € [0,2],

- —KS—vA—§(2G+4F+6E+SD+4C+3B+3F’) ifv e [0,2].

N(v) = 3(2G +4F +6E+5D+4C+3B+3F') ifv € 0,2].

(2 v)?
ey =2

P(v)-A=1 —g ifv e [0,2].

In this case 8p(S) = 3 if P € A\(B1 UB, UB5).

Proof. The Zariski Decomposition in part a). follows from —Kg—vA ~g (2—v)A+ B+ B, + Bs.
A similar statement holds in other parts. We have Sg(A) = 2. Thus, &p(S) < % for P € A. Note

(2—v)?

that for P € A\(B1UB2UB3) h(v) = 5~ if v € [0,2]. So we have S(Wf,;P) = % < % Thus,
8p(S) = 3 if P € A\(B; UB,UB3). O

Lemma 8.1.14. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

Then t(A) = g—‘ and the Zariski Decomposition of the divisor —Kg — vA is given by:

a).

P(v)

—Ks—VvA—%Bifve[0,1],
—Ks—vA—3B— (v—1)(Bi +By+B3+Bs+Bs+Bg) ifve [1,5].
YBifve[0,1],

N(v) =
YB+(v—1)(Bi+By+B3+Bs+Bs+Bg) ifv e [1,3].
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Figure 8.12: Dual graph: (—K;)* =2 and 8p(S) = 5

—Ks—vA—3Bifve0,1],

> e —Ks—vA—3B—(v—1)(2B1 +Ci + B, + B3+ B4 +Bs) ifv € [1,3].

NE) = B ifve[0,1],
YB+(v—1)(2B +C1 + By +B3+By+Bs) ifve [1,5].

o, P(y) = —Ks—vA—3Bifvel0,1],
—Ks—vA—3B—(v—1)(2B1 +Ci +2B,+Ca+ B3 +Ba) if v € [1,3].

) = B ifve|0,1],
YB+(v—1)(2B1+C1 +2By+Co+B3+By) ifve [1,5].

9. )= —Ks—vA—3Bifvelo,1],
—Ks—vA—3B—(v—1)(2B1+C + 2B+ C2+2B3+ G3) ifv € [1,5].

NE) = ¥Bifve|0,1],
YB+(v—1)(2B1 +C1+2By+ G, +2B3+C3) ifv € [1,3].

o). P(y) = —Ks—vA—3Bifvel0,1],

—Ks—VvA—%B—(v—1)(3B1 +2C, + D1 +By+ B3 +By) ifve [1,3].

YBifve[0,1],
N(V)Z 2 v [ ]

YB+(v—1)(3B1 +2C, + Dy +By+B3+By) ifv e [1,5].
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—Ks—vA—¥Bifve0,1],

f)' Pl = —Ks—vA—3B—(v—1)(3B1+2C1 + D +2B, +C, +B3) ifve [1,3
N) = YBifve[0,1],
Y¥B+ (v—1)(3B1 +2C1 + D1 +2B,+C, +B3) ifv € [1,
9. P()— —Ks—vA—3Bifv e [0,1],
—Ks—vA—3B— (v—1)(3B1 +2C1 + D +3B, +2C, + D) ifv € [1,
N) = YBifve0,1],
YB+(v—1)(3B1+2C1 + Dy +3B,+2C, + D) ifv € [1,
b P() = —Ks—vA—3Bifv € [0,1],
—Ks—vA—3B—(v—1)(4B) +3C + 2D +E| + B, +B3) ifv € [1,
N(v) = 3B ifve[0,1],
YB+ (v—1)(4B, +3Ci +2D| +E| + B, +B3) ifv € [1,
D PO = —Ks—vA—3Bifv € 0,1],
—Ks—vA—3B—(v—1)(4B1 +3C + 2D, +E| +2B,+C,) ifv € [1,
NEv) = YBifve0,1],
YB+(v—1)(4B1 +3C1 42D +E| +2B, +Cy) ifv € [1,
b PO = —Ks—vA—3Bifv € 0,1],
—Ks—vA—3B— (v—1)(5B) +4C; + 3D +2E, + F +B,) ifv € [1,
) = YBifve[0,1],
YB+ (v—1)(5B) +4Ci + 3D, +2E, + F +By) ifv € [1,
0. P(v)— —Ks—vA—3Bifv € [0,1],
—Ks—vA—3B— (v—1)(6B) +5C; +4D| +3E, +2F + G) ifv € [1,
NE) = YBifve[0,1],
YB+(v—1)(6B) +5C; +4D| +3E, +2F + Gy) ifv € [1,
Moreover,
(P(v))? = ?;3% I:fve [0,14] Pv) A = ¥ jfve [0',1]7
S fve [1,3]. 32-%)ifve[1,3].

In this case 8p(S) = 2 if P € A\B.
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Proof. The Zariski Decomposition in part a). follows from
4 1
—Kg—vA ~p (§ —V>A+ 3 (2B+Bl 4 By + B3+ By + Bs +B6).

A similar statement holds in other parts. We have Sg(A) = %. Thus, dp(S) < % for P € A. Note
that for P € A\ B we have:

") % ifve[0,1],
V) >
9(4—31}%(5\/—4) ity e [1 %1]
So we have S(WZ,;P) < 3 < . Thus, 8p(S) =3 if P € A\B. O

Lemma 8.1.15. Suppose P = A NA, where A} and A, are (—2)-curves disjoint from other
(—2)-curves, and B is a unique (0)-curve containing P. Consider the blowup o : S— S of S at
P with the exceptional divisor Ep.

Ep|(-1)

Figure 8.13: Picture: (—Ks)> =2 and 8p(S) = g (intersection of two (—2)-curves)

Then t(A) = 3 and the Zariski decomposition of the divisor c*(—Ks) — vEp is given by:

P(y) = o*(—Ks) — vEp — (A1 +A3) ifv € [0,2],
o*(—Ks) —vEp— (A1 +A2) — (v—2)B ifv € [2,3].
N(Y) = YAy +A,) ifv e [0,2],
YA +Ar) + (v—2)B ifv e [2,3].
Moreover,
22 ifve[0,2], Y ify € [0,2],
POY = 2(33—V3)2ifve[2,3]. P e = ;(1—§)ifve[2,3].

In this case 6p(S) = g forP=A|NA>.
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Proof. The Zariski Decomposition follows from ¢*(—Ks) — vEp ~g (3 —v)Ep +A; +Ay+B
where Kl, Zfl and B is are strict transforms of Aj, A2 and B respectively and Ep is the
exceptional divisor. We have Sg(Ep) = % Thus, 6p(S) < 7 = ¢. Moreoverif O € Ep\(A] UA,)
orif O € EpN (gl ng)i

Yitve 0,2,

2.

_J&itvelo,2],
2(3—v)(2v-3) or h(v) =
9

h(v) <
if v e [2,3]. B ity € 2,3).

Thus, S(WEp;0) =1 < 2 or S(WEL;0) = § < 2. We get that 8p(S) = S for P=A NA;. O
Lemma 8.1.16. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B . B »
P 12, s
BgB.4 _ Bl. .Cl od
B LI ) e,
a) B2"\ 'Cz '
A B % B, e ) .
A B A B C
Figure 8.14: Dual graph: (—Ks)? =2 and 8p(S) = g

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

2. P(y) = —Ks—vA—3(2B+C) ifv e [0,1],
—Ks—vA—L(2B+C)— (v—1)(B1 +By+Bs+By) ifve [1,3].

N Y(2B+C) ifve[0,1],
Y(2B+C)+ (v—1)(Bi +Ba+Bs +By) ifve [1,3].

, Py — —Ks—vA—3(2B+C) ifve [0,1],
—Ks—vA—%(2B+C)— (v—1)(2B; +C1 + By +B3) ifve [1,3].

N L(2B+C) ifve[0,1],
L(2B+C)+ (v—1)(2B1 +C1 + By +Bs) ifv e [1,3].

o Ply) = —Ks—vA—%(2B+C) ifve[0,1],
—Ks—vA—3(2B+C)— (v—1)(2B1 +C1 +2B, + C,) ifv € [1,3].
N %(ZBJFC)/fve[O 1], | 3
5(2B+C)+ (v—1)(2B1+C1 +2B,+Cy) ifv € [1,3].
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Ky vA—Y
d. pPy={ ° 3
—Ks—vA—1

2B+C) ifv e [0,1],

2B+C)—(v—1)(3B1 +2C1+ D, +By) ifve [,
)
)

(
(
N {§§23+c ifv e [0,1],
3

NS][ON]
P

2B+C)+ (v—1)(3B1+2C1 + D1 +B,) ifv € [1,

NS][N]
P

0. Py —Ks—vA—3%(2B+C) ifv e [0,1],
—Ks—vA—3%(2B+C)— (v—1)(4B1 +3C, +2Dy +Ey) ifv € [1,3].
NG ¥(2B+C) ifv e [0,1],
V) =
Y(2B+C)+ (v—1)(4B1 +3C1 +2D1 + Ey) ifv € [1,3].
Moreover,
2— % jfy e [0,1], 2 ity e [0,1],
(P(v))* = 2(3,;)2 P(v)-A=q°

==L ifve [1,3]. 4(1-3%)ifve [1,3].
In this case 8p(S) = ¢ if P € A\B.

Proof. The Zariski Decomposition in part a). follows from

3 1
—Kg—vA ~p (5 —v>A+§<2B—|—C+BI Y By+B; +B4>.

A similar statement holds in other parts. We have Sg(A) = %. Thus, 6p(S) < g for P € A. Note
that for P € A\B we have:

82 ifv € [0, 1],
20 iy € [1,3).

h(v) <

So we have S(W2,;P) < 1 < 2. Thus, 8p(S) = ¢ if P € A\B. O
Lemma 8.1.17. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B, B @l C @Dl
By, By,

a)Bs e / o b \. c)
A K T,' ID A A D

Figure 8.15: Dual graph: (—Ks)* =2 and 8p(S) = 3¢




8.1. General results for degree 2 142

Thent(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—3(3B+2C+D) ifve [0,1],
a.  P(v)={ -Ks—vA—%(3B+2C+D)— (v—1)(Bi+B,+B3) ifve [1,3],
—Ks—vA—(v—1)(3B+2C+D+B;+B,+B3) — (3v—4)C' ifv € [3,3].

a
(

¥(3B+2C+D) ifv € [0,1],
N(v)={ %(3B+2C+D)+ (v—1)(B1 + B, +B3) ifve [1,3],
(v—1)(3B+2C+D+By+By+B3) + (3v—4)C' ifve [4,3].
—Ks—vA—%(3B+2C+D) ifv € [0,1],
b). P(v)={ —Ks—vA—¥(3B+2C+D)—(v—1)(2B1+Ci +B,) ifve [1,%],
—Ks—vA—(v—1)(3B+2C+D+2B; +Ci +B,) — (3v—4)C' ifv € [3,3].
3B+2C+D) ifve|0,1],
3B+2C+D)+ (v—1)(2B1 +C +By) ifv € [1,%],
v—1)(3B+2C+D+2B,+Ci +B,) + (3v—4)C' ifve [£,3].

v
4
N(v) = y

(
—Ks—vA—¥(3B+2C+D) ifv € [0,1],
). P(v)=1{-Ks—vA—%(3B+2C+D)—(v—1)(3B+2C;+Dy) ifve [1,3],
—Ks—vA—(v—1)(3B+2C+D+3B; +2C,+Dy) — (3v—4)C' ifv e [3,3].

Y(3B+2C+D) ifve [0,1],
N(v) =S ¥(3B+2C+D)+ (v—1)(3B; +2C; +Dy) ifv € [1,%],
(v—=1)(3B+2C+D+3B1 +2C +D1) + (3v—4)C ifv e [3,3].
Moreover,
2 jfveo,1], 3 ifv e [0,1],
(P(v)? = UODIC) ey e 1 4] P(v)-A=43-Lifve [1,4],
3-2v)*ifve [3.3]. 2(3—2v) ifv e [5,3]

In this case 8p(S) = 3% if P € A\B.

Proof. In part a). the Zariski Decomposition follows from

3 1
—Kg— VA ~p (5 —v)A+§<3B—l—2C+D+Bl + B> + B3 —|—C’>.
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A similar statement holds in other parts. We have Ss(A) = 5¢. Thus, 0p(S) < 3—6 for P € A. Note
that for P € A\ B we have:

22 ity e [0,1],

h(V) < (12 7v)3(2l7v 12) ity e [1 %}’

23-2v)vifve [3.3]

So S(WA,;P) < 28 < 31 Thus, 8p(S) = 30 if P € A\B. 0

Lemma 8.1.18. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

i a—

Teepihated

Figure 8.16: Dual graph: (—Ks)? = 2 and 8p(S) =

8
7

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

L(4B+3C+2D+E) ifve|0,1],
P(v)=14q —Ks—vA—%(4B+3C+2D+E)—(v—1)(Bi+By) ifve [1,2],
—Ks—vA—(v—1)(4B+3C+2D+E+B|+B,) — (4v—5)C ifv e [3,3].
L(4B+3C+2D+E)ifve[0,1],
N(v)=q t(4B+3C+2D+E)+(v—1)(Bi+By) ifve [1,3],
(v—1)(4B+3C+2D+E+Bi+By)+ (4v—5)C" ifve [3,3].
—Ks—VvA—z(4B+3C+2D+E) ifv e [0,1],
P(v)=1q —Ks—vA—£(4B+3C+2D+E)—(v—1)2B;+C) ifve [1,2],
—Ks—vA—(v—1)(4B+3C+2D+E+2B; +Cy) — (4v—5)C ifve [3,3].
4B+3C+2D+E) ifve[0,1],
4B+3C+2D+E)+(v—1)(2B1 +Cy) ifv € [1,3],
(v—1)(4B+3C+2D+E+2B,+Cy) + (4v—5)C ifv € [3,3].

—~ o~

5
N(v) = %

282 ifve [0, 1], %ifve[o 1],
(P()*=<4— 4v+4v ifve [1,%] P(v)-A=q2(1—-2)ifv
(3—-2v)2ifve [ET %] 2(3—2v) ifv
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In this case 8p(S) = 3 if P € A\B.
Proof. In part a). the Zariski Decomposition follows from
3 1 p
—Ks— VA ~p (5 —v>A+§<4B+3C+2D+E+Bl +Bz+2C>.

A similar statement holds in other parts. We have Ss(A) = £. Thus, 8p(S) < 5 for P € A. Note
that for P € A\ B we have:

1872 it v e [0,1],
o)< { 520 e 1)
23-2)ifve[3,3].
So S(Wi,:P) < {5 < §. Thus, 8p(S) = 2 if P € A\B. O

Lemma 8.1.19. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

fé
5, O 05, €050,

Figure 8.17: Dual graph: (—Ks)* =2 and 8p(S) = &

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:
—Kg—vA — %(532 +4Cy+ 3Dy +2E, + F) ifv e [0,1],
P(v) = q —Ks—vA—£(5B,+4C, + 3D, +2E, + F>) — (v—1)By ifv € [1,%],
—Ks—vA—(v—1)(5B2+4C,+3D, +2E, + F, + By) — (Sv—6)C} ifve [£,3].

%(532+4C2—|—3D2—|—2E2 —l—Fz) ifv e [0, 1],
Y(5By +4Cs 43Dy +2E> + F) + (v—1)By ifv e [1,8],
(v—1)(5By+4Cy+3Dy +2E, + Fy +By) + (5v— 6)C, ifv e [¢,3].

Moreover,

2- 2 ifve [0,1], 2 jfv e [0,1],
={3-2w-%ifve[1,§], PM-A={1+Litve(1]],
(3-2v)2ifve [§,3]. 2(3—2v) ifve [§,3].

In this case 6p(S /fP € A\B;.
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Proof. The Zariski Decomposition follows from
3
—Ks—vA ~pg (5 —v>A+ (532+4c2 13Dy +2E2 + P>+ By +3CZ>.
We have Ss(A) = Thus op(S) < g— for P € A. Note that for P € A\B, we have:

92 ifv e [0,1],

h(v) < w itve[1,9]

23-w)(2—v)ifve [$,3].

So S(WA,;P) < 25 < 23. Thus, 6p(S) = 2 if P € A\B,. O
Lemma 8.1.20. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B2B B, o« D1l ._L.%g_.
a)B3 =‘\X / o b) \ /
A "B C D é A E l > VD TF IC D
Figure 8.18: Dual graph: (—Ks)? =2 and 8p(S) = 3 with 7(A) = 3

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

) P(y) —Kg—vA—(4B+3C+2D+E) ifve[0,1],
a). V)=
—Ks—vA—Y(4B+3C+2D+E)— (v—1)(B1+Ba+Bs) ifve [1,3].
y
N = !(4B+3C+2D+E) ifve [0,1],
L(4B+3C+2D+E)+ (v—1)(Bi +By+Bs) ifve [1,3].
b) P —Ks—vA—z(4B+3C+2D+E) ifve[0,1],
. V)=
—Ks—vA—¥(4B+3C+2D+E)—(v—1)(2B1 +Ci +By) ifv € [1,3].
v
) = £(4B+3C+2D+E) ifve [0,1],
L(4B+3C+2D+E) + (v—1)(2B1+C1 +By) ifv e [1,3].
. PO —Kg—VvA—z(4B+3C+2D+E) ifv e [0,1],
C). V)=
—Ks—vA—Y(4B+3C+2D+E)— (v—1)(3B, +2C, +Dy) ifv e [1,3].

( )
( ) =
(4B+3C+2D+E) ifve|0,1],
( )+

v
N(v) = 5 . ;
Y(4B+3C+2D+E)+(v—1)(3B+2C1+Dy) ifv e [1,3].
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Moreover,

282 ifveo,1 o jfy e [0, 1],
(P(v))2: . 3v) [ ] P(v)-A: 3 V3 [ ] .

ifve [1,3]. 3(1-2)ifve [1,3].
In this case 8p(S) = g if P € A\B.

Proof. In part a). the Zariski Decomposition follows from

5 1
—Kg—VvA ~p <——V>A—|——

- 3<4B+3C—|—2D+E+231+2BQ+2B3>.

A similar statement holds in other parts. We have Sg(A) = g. Thus, dp(S) < % for P € A. Note
that for P € A\ B we have:

1872 if v e [0,1],
h(V) < 9(5 3v)(7v=5) 5
g ifve [1,3].
So we have S(WZ,;P) < 3 < 3. Thus, 8p(S) =5 if P € A\B. O

Lemma 8.1.21. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Ci
% & ¢ & & & @

Figure 8.19: Dual graph: (—Ks)? =2 and 8p(S) = 3 with T(4) =

[\S][98}

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—2(6B+5C+4D+3E+2F +G) ifv e [0,{],

P(v) =
—Ks—vA—(v—1)(6B+5C+4D+3E +2F +G) — (6v—7)C' ifv € [£,3].
- Y(6B+5C+4D +3E +2F +G) ifv € [0, 1],
V)=
(v—1)(6B+5C +4D+3E +2F +G) + (6v—7)C ifv e [L,3].
Moreover,
82. 7 8y : 7
O AL I )
G2 ifve [1.3]. 2(3-2v) ifv e [§,3].

In this case 8p(S) = g if P € A\B.
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Proof. The Zariski Decomposition follows from
3 /
— K —vA ~p (5 —v)A+ (6B+SC+4D+3E+2F+G+4C)

We have Ss(A) = 5. Thus, 8p(S) < g for P € A. Note that for P € A\B we have:

32
= ifve [0,7],
h(v S,
2(3—2v) ifve[Z,3].
So S(Wi,:P) < § < 5. Thus, 8p(S) = g if P € A\B. O

Lemma 8.1.22. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

B D B,

Figure 8.20: Dual graph: (—Ks)? =2 and &p(S) =

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—L(B\+By) ifve [0,1],
a). P(v) = .
—KS—VA—%(Bl—I—Bz) (v—l)(Bg—l—B4) ifv e [1,2].
N(v) _ %(Bl —|—Bz) ifv e [0 1]
Y(By+By)+ (v—1)(Bs +By) ifv e [1,2).
b). P(v) _ —Kg—vA %(Bl —|—Bz) ifv e [0 l] |
—Kg— A—%(Bl-l-Bz) (V—l)(ZB3+C3) IfVE[l,Z].
N(v) _ %(Bl —|—Bz) ifve [0 1]
%(Bl +By)+ (v—1)(2B3+C3) ifv € [1,2].
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—Ks—vA—3(2B+C+C) ifvel0,1],

c).
2B+C+C')—(v—1)(B1 +By) ifve [1,2].

~
—~
<
S~—
I
Nl= NI

2B+C+C') ifve[0,1],

)
) —
)
2B+C+C')+(v—1)(By+B,) ifve[L1,2].

(
(
2
bl
d). P(v) = —Ks—vA—3(2B+C+C') ifve[0,1],

~Ks—vA—3(2B+C+C')— (v—1)(2B; +Cy) ifv € [1,2].
(2B+C+C") ifve[0,1],

( )+

2B+C+C)+(v—1)(2B, +C) ifv € [1,2].

v
2
Y
2
2B+2C+D+D') ifve|0,1],

2B+2C+D+D')—(v—1)(B| +B,) ifv e [1,2].

)
)—
2B+2C+D+D') ifve|0,1],
2B+2C+D+D')+(v—1)(B; +By) ifv e [1,2].
—Kg—vA —

Y(2B+2C+D+D') ifve [0,1],
—Ks—vA—3

f). P(v) = )

2B+2C+D+D')— (v—1)(2B; +C)) ifv e [1,2].
)
)+

2B+2C+D+D) ifvelo,1],

(v—1)(2B+Cy) ifv e [1,2].

(
(
(
(2B+2C+D+D’

v
2
\4
2
2B+2C+2D+E+E')ifvel0,1],

9. PO)= 2 ) _
—Kg—vA—3(2B+2C+2D+E+E')—(v—1)(B1+By) ifve[1,2].
( )
( )+

2B+2C+2D+E+E')ifvel0,1],

2B+2C+2D+E+E)+(v—1)(B1+By) ifve[l,2].

—Ks—vA—Y(2B+2C+2D+E+E') ifve [0,1],

h)., P@)= )
2B+2C+2D+E+E)—(v—1)(2B;+C)) ifv e [1,2].
)
)+

v
2
~Ks—vA—%
2B+2C+2D+E+E')ifvel0,1],

(v—1)2B1 +C1) ifv e [1,2].

(
(
N(v) = (
(

2
Y(2B+2C+2D+E+E')+

Moreover,

(P())? = 22 ifve[0,1], P(v) -4 = vifve[0,1],
(2—v)?ifvell,2]. 2—vifve([l,2].

In this case 6p(S) =1 if P € A\B.
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Proof. The Zariski Decomposition in part a). follows from —Kg —vA ~p (2 — v)A +B1+By+
B3 + By4. A similar statement holds in other parts. We have Sg(A) = 1. Thus, op(S) < 1 for
P € A. Note that for P € A\ (B UB, UB) or P € AN (B; UB;) we have:

2ity e (0,1 Zitvelo,1
I’Z(V)S vy [7]7 orh(v)§ 22|V [a]a
2—vifvell,2). ity e [1,2].
So S(Wie:P) <2 < 1orS(WA;P) < 3 <1.Thus, 8p(S) =1if P € A. O

Lemma 8.1.23. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

-
o & 5, 9,

Figure 8.21: Dual graph: (—Ks)? =2 and 8p(S) = %

Then t(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—KS—VA—% 3Bl—|—4Bz—{—2C2) ifve [0,1],
P(v) =4 —Ks—vA—2(3B1+4B,+2C,) — (v—1)B3 ifv e [1,3],

—Ks—vA—(v—1)(2By +C,+B3) —3B1 — (2v—3)C; ifv € [%’2]'

(
(

Y(3B) +4B, +2C,) ifv € [0,1],
N(v)={ £(3B1+4B2+2Cy) + (v—1)Bs ifv e [1,3],
(v—1)(2By+Co+ B3) + 5By + (v —3)C, ifv € [3,2].
Moreover,
2_5%2,.”6[0’1]’ 2 jfy € [0,1],
(PO) =13 -2v4 S itve [L3], POV-A=q1-Five (L),
M/fve[%z}' M- ive (32,

In this case 8p(S) = 13 if P € A.
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Proof. The Zariski Decomposition follows from —Ks—vA ~g (2—v)A+B; +2B, +C, +C) +
Bs. We have Ss(A) = {3. Thus, 8p(S) < 13 for P € A. Note that if P € AN B, or if P € A\B, we
have:

652 if v e [0,1], 22 ity [0,1],
h(v) < %me[l,g}, or h(v) = Wﬁve[l,%},
3(2—v)8(5v 2 ity e 3,2]. 3(2—2(%2) ifve [3,2]
So S(WA:P) =13 or S(Wi,; P) = B < B. Thus, 8p(S) = 33 if P € A. O

Lemma 8.1.24. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

.C/
2
.BI_.A é?'z .C'z .Dz

Figure 8.22: Dual graph: (—K;)* =2 and 8p(S) = 5 with —Ks —vA nefon [0, 3]

Then t(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—%(2B1 +3B,+2C, +D;) ifve [0,3],

P(v) =
—Ks—vA—3B;— (v—1)(3B,+2C, + D;) — (3v—4)C} ifv € [3,2].
NG ¥(2B1+3B, +2C,+Dy) ifv € [0,3],
V) =
YBi+ (v—1)(3B2+2C, + Dy) + (3v—4)C} ifv € [3,2].
Moreover,
23 jrye 0,4 3 ifve [0,4],
(P(V))ZZ 4 [ 3] P(V)'A: 4 [ 3}
32 L ifve [42]. 3(1-2)ifve [4,2].

In this case 8p(S) = 1 if P € A\B,.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (2—v)A+ B +3By+2C,+ D, +
2C5. We have Ss(A) = 0. Thus, 8p(S) < 15 for P € A. Note that for P € A\B, we have:

21V f 0
h(v)§ > |v€[ ]
%n‘ve[g,z}.

So S(WA;P) < 8 < 32. Thus, 8p(S) = 55 if P € A\B,. O
Lemma 8.1.25. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:



8.1. General results for degree 2 151

D;

Ci
., ® L .
By, TA B, C: D

Figure 8.23: Dual graph: (—Ks)? = 2 and &p(S) = 19—0 with —Ks — vA nef on [0, 1]

Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA —3(3C; + 6B +4C +-2D)) ifv € [0,1],
P(v) = § —Ks—vA— £(3C) + 6B, +4C| +2D}) — (v—1)B, ifv € [1,3],
—Ks—vA—(v—1)(3B; +2C{ +D}| +By) — (3v—4)C; — (3v—3)D, ifv € [%,2}.

5
Y(3C) 4 6By +4C} +2D}) ifv € [0,1],
Vv
5

N(v) = £(3C + 6B +4C| +2D}) + (v—1)By ifv € [1,3],
(v—1)(3B1+2C| + D} +By) + (3v—4)Ci + (3v—5)Dy ifv € [3,2].
Moreover,
2 ifveo,1], oty € [0,1],
(P(v))* = 3—2v+§ ifve[1,3], P(v)-A=q1-Ltifve[l,3],
22—v)%ifve [3,2]. 2(2—v) ifve [3,2].

In this case 8p(S) = 1 if P € A\By.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (2 —v)A + 3B; +2C] + D; +
2C1 + D, + B,. We have Ss(A) = 1. Thus, 8p(S) < {5 for P € A. Note that for P € A\B; we
have:

82 ifv € [0, 1],

(—v)(9v=5) 5

h(v) < { =57 ifve [1,3],

22—v)ifve [3,2]
So S(Wi,:P) < 3 < 2. Thus, 8p(S) = 15 if P € A\B;. O
Lemma 8.1.26. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—§(C1 + 2B, —|—232—|—C2) ifv e [O,%},

a). P(v) =
—Ks—vA—(v—1)(C1+2B1+2By+Cy) — (v —3)(C] +C}) ifv € [3,2].
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Figure 8.24: Dual graph: (—Ks)? =2 and 8p(S) = § with —Ks —vA nef on [3,2]

%(C] + 2B, —|—232—|—C2) ifv e [O }

NWv) =
) (v—=1)(Ci+2B1+2By+C2) + (2v—3)(C; +C)) ifv e [%,2}.

—Ks—vA—5%(2C'+4B+3C+2D+E) ifv€ [0,3],

b). P(v) =
~Ks—vA—(v—1)(4B+3C+2D+E) — (4v—5)C — (4v—6)D' if v € [5,2].
V) Y(2C' +4B+3C+2D+E) ifve [0,3],
V)=
(v—1)(4B+3C+2D+E)+ (4v—5)C} + (4v—6)D' ifv € [3,2].
2-2ifve [0,3], ¥ ifve[0,3],
(P(v))* = s ive 0] P)-A=4 3 3

2(2—v)?ifve [3,2]. 2(2—v)ifve [3,2].
In this case 8p(S) = & if P € A.

Proof. In part a). the Zariski Decomposition follows from —Kg —vA ~g (2—v)A+2B; +C| +
C! +2B, +C,+Ch. A similar statement holds in other parts. We have Ss(A) = . Thus, 8p(S) <
8 for P € A. Note that for P € A we have:

2 itve [0,3],

22-v)ifve [3,2].

So S(WA,;P) < . Thus, 8p(S) =S if P € A. O
Lemma 8.1.27. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

a) .D1 s ‘Bl
D)

Figure 8.25: Dual graph: (—Ks)? =2 and 8p(S) = & W|th —Kgs—vA nefon [0, 1]
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Then t(A) = 2 and the Zariski Decomposition of the divisor —Kg — vA is given by:

2B, +3B1+2C+Dy) ifv e [O, 1],
2B, +3B1+2C1+D1) — (v— 1)B3 ifv e [1,2].

Ks—vA—?!
a). Pvy=¢{ 4
—Kg—vA—?}

~—~~ o~

)
)
N(v): ﬁ ZBQ+3B|+2C1—|—D1)ITV€[0,1],
£(232+3Bl +2C+ D)+ (v—1)Bs ifve[l,2].
) ifv e [0,1],
)—(v—1)Byifve(l,2].
)
)

—Kg—vA —
—Kg—vA —

5By +6C| +4D; +2E; —|—3D/1
5By +6C) +4D1 +2E; +3D/1

5B+ 6C,+4D; +2E,+3D

1) ifv e [0,1],
5B) +6C) +4D; +2E; +3D),

+(v—1)Byifve(l,2].

—~ o~ o~ o~

v
1
N=1{*
1

Moreover,

222 jfy e 0,1, . ¥ ity e [0,1],

ifvel,2]. 1—2ifvell,2).

In this case 8p(S) = 8 if P € A\B.

Proof. In part a). the Zariski Decomposition follows from —Kg—vA ~g (2—v)A+2B; +2C; +
Dj + D/ + B, + Bs. A similar statement holds in other parts. We have Ss(A) = %. Thus, op(S) <
8 for P € A. Note that for P € A\(B; UB,) or if P € AN B, we have:

92 21V -
= ifve|0,1], ifvel0,1],
hvy << 2 4[ | orh(v)<{ 2 4[ ]
B4 ity € 11,2). BB ity € 11,2).
So S(WA:P) <5 <L orS(Wi;P) <] <1 Thus, 8p(S)=5if PcA\B. O

Lemma 8.1.28. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

¥ oD,

Figure 8.26: Dual graph: (—Ks)? =2 and 8p(S) = ‘3‘ with 7(A) =2

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—%(3B,+2C, +D,) — 3(2B1 +Cy) ifv € [0,3],

v
P(v) = N o .
—Ks—vA—%(3B,+2C,+Dy) — (v—1)(2B1 + C1) — (2v=3)C} ifv € [3,2].
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(3B, +2C>+D2) + X(2B; +Cy) ifv € [0,3],

v
Np)=4* A
Y(3By4+2C+Dy)+ (v—1)(2B1 +C1) + (2v = 3)C} ifv € [3,2].

Moreover,

2, .
2z ifve [0,3], P(v) A = Iifve [0,3],

(P() =
o103 g, 2 13 2-Five[3.2).

In this case 8p(S) = 2 if P € A.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (2—v)A+2B;+C; +C| +2B,+
2C, + Dy + D). We have Ss(A) = 2. Thus, 8p(S) < 2 for P € A. Note that for P € A\B, or
P € ANB; we have:

161v2 3 175/ 3
ifve O—, ifve 07_7
< Sl gy < S E 0l
e itv e [3,2]. =ity e [3,2].
So S(Wi,:P) < 3. Thus, 8p(S) = 2 if P € A. O

Lemma 8.1.29. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
B3
Ch .31 A 'Bg .02 ‘Dz .E2

|

Figure 8.27: Dual graph: (—Ks)? =2 and 8p(S) = % with 7(A)

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—VvA— L(4By+3C, + 2D, + E») — 3By ifv € [0, 1],
P(v) = q —Ks—vA— (4B +3Cy + 2Dy + Ep) — 3B; — (v—1)B3 if v € [1,2],
—Ks —vA— %(4B,+3C> + 2Dy + Ey) — (v—1)(B1 + B3) — (v—2)Cy ifv € [2,3].
Y(4B,+3C,+2D, + E>) + 3By ifv € [0,2],
N(v) = q ¥(4B>+3Co+2D, + E») + 5B + (v—1)Bs ifv € [1,2],
L(4By+3C,+2D, + E») + (v—1)(B1 +B3) + (v—2)Cy ifv € [2,3].
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Moreover,
212 ifveo,1], I ifve[0,1],
(P =43-2v+3ifve (1,2, PW)-A=S1-ifve[l,2],
B2 jry e [2,3]. 2(1-2) ifve [2,3].

In this case 8p(S) = 3 if P € A\B,.

Proof. The Zariski Decomposition follows from

5 1
—Kg—vA ~p <§—v)A—i—5(4Bz+3Cz+2D2—|—E2+3B3—|—3BI +cl>.

We have Ss(A) = 3. Thus, 8p(S) < % for P € A. Note that for P € A\B, we have:

192 ity € [0,1],
h(v) < § UOS010) e, ¢ 11,9,
M2 ity e [2,3].
So S(WA,;P) < 23 < 3. Thus, 8p(S) = 2 if P € A\B,. O

Lemma 8.1.30. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

Bl Bl

a) I - - b)

- O @ @50, @ @5 @0, 050

—— @@ o-—0 00 00 -

) OO O 05 @, ) O 005, 0 05 @ <
B,

Figure 8.28: Dual graph: (—Ks)? =2 and 8p(S) = 2 with T(A) =3

Then ©(A) = 3 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—L(C'+2B' +2B+C) ifv € [0,1],

y
a). P(v) = 3 )
—Ks—vA—3%(C'+2B'+2B+C)— (v—1)B; ifv e [1,3].
3
2(C'+2B'+2B+C) ifv € [0,1],
3(C'+2B'+2B+C)+ (v—1)By ifv e [1,3].
)
)

(3B'+5B+4C+3D+2E+F) ifve [0,1],

y
b. P(v)= 6
Y(3B'+5B+4C+3D+2E+F)—(v—1)By ifv € [1,3].
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NG ¢(3B'+5B+4C+3D+2E+F) ifve0,1],
V) =
¢(3B' +5B+4C+3D+2E+F)+(v—1)By ifv e [1,3].
) PY) —Ks—vA—3(2C' +4B+3C+2D+E) ifv € [0,1],
Cc V)=
—Ks—vA—3(2C' +4B+3C+2D+E)— (v—1)By ifve[1,3].
NGY) ¥(2C"+4B+3C+2D+E) ifv e [0,1],
V) =
3(2C"+4B+3C+2D+E)+ (v—1)By ifve[1,3].
—Kg—vA—3(2F +4E+6D+5C+4B+3E') ifv € [0,1],
d. P(v)=
—Ks—VvA —%(2F +4E +6D+5C+4B+3E") — (v—1)By ifv € [1,3].
3(2F +4E +6D +5C+4B+3E') ifv € [0,1],
N(v) =
2(2F +4E+6D+5C+4B+3E')+ (v—1)B; ifv e [1,3].
Moreover,
22 jfve0,1], 2 jfy e [0,1],
(P(v))* = g v) P(v)-A={ 3 '
ifve[l1,3]. 1—3ifve(l,3]

In this case 8p(S) =3 if P € A.

Proof. In part a). the Zariski Decomposition follows from —Kg—vA ~g (3 —v)A+C+ 2B+
2B'+C' +2B,. A similar statement holds in other parts. We have Ss(A) = 3. Thus, 8p(S) < 2
for P € A. Note that if P € A\(BUB') orif P € AN (BUB’) we have:

272 . 202 .
2 ity e [0,1], 2 ity e [0,1],
h(v) <S5 3[ ] orh(v) <4 3 1[ ]
B3 ity € [1,3). Bt ity € [1,3).
So we have S(W/,;P) < 3 < % or S(Wi,;P) < 1 < 5. Thus, 6p(S) =2 if P € A. O
Lemma 8.1.31. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-

curves which form the following dual graph:

Then ©(A) = 2 and the Zariski Decomposition of the divisor —Ks — vA is given by:

a). P(v) = —Ks—vA— Z‘;(Dl +2C) +3B) +3B>+2C, +D,) ifv € [0,2].
N(v) = E(Dl +2Cy +3B1 +3B,+2C, + D) ifv € [0,2].

b). P(v) = —KS—vA—g(Bl +B,+Bs) ifve0,2].
N() = g(Bl +B,+Bj3) ifv e 0,2

c). P(v):—KS—vA—g(Bl+ZB+C+C') ifv € [0,2].
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Figure 8.29: Dual graph: (—Ks)? =2 and 8p(S) = ;31 with 7(A) =2

N(v) = E(Bl +2B+C+C) ifv e 0,2

d). P(v):—KS—VA—§(31+2B+2C+D+D’) ifv € [0,2].
N() = %(Bl +2B+2C+D+D) ifve|0,2).
e). P(v):—KS—vA—g(D+2C+SB+2C’+D’) ifv € [0,2)].
N) = ;(D+2C+3B+2C’+D’) ifv € [0,2)].
f). P(v) = —Ks—vA— §(3B+4C+3D+2E+F+2D/) ifv e [0,2].

N) = g(3B+4C+3D+2E+F+2D’) ifve[0,2].

Moreover,

(P(v))? = WP(V) A= % ifve[0,2].

In this case 8p(S) = 2 if P € A\B.

Proof. In part a). the Zariski Decomposition follows from —Kg—vA ~g (2 —v)A +D’1 +Dy +
2C)+2B +2B,+2C, + Dy + D). A similar statement holds in other parts. We have Ss(A) =
Thus, 8p(S) < 3 for P € A. Note that for P € A\B we have h(v) = % if ve[0,2]. So S(W/,:P)
3. Thus, 8p(S) = 2 if P € A\B.

O
Lemma 8.1.32. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-

Wl

curves which form the following dual graph:
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oci
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Figure 8.30: Dual graph: (—Ks)? =2 and 8p(S) = 3 with 7(A) =

Then t(A) = % and the Zariski Decomposition of the divisor —Kg — vA is given by:

P(Y) —Ks—vA—%(4B+3C+2D+E)—%(2B + () ifv € [0,3],
V)=
—Ks—VvA—£(4B+3C+2D+E)— (v—1)(2B1 +C1) — (2v=3)C} ifv € [3,3].
L(4B+3C+2D+E)+%5(C1+2By) ifve [0,3],
Y(4B+3C+2D+E)+(v—1)(2B1+C1)+(2v—3)C} ifv € [3,3].
Moreover,
&2 ifve [0,3], 8 jfv e [0,3],
G207 ry e [3,3). 2(1-2) ifve [3,3].
In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition follows from
5 1 ,
~Kg—vA ~g (5 —v>A+ §<4B—|—3C+2D+E+6Bl +3C +4c1>.
We have Ss(A) = 3. Thus, 8p(S) < 3 for P € A. Note that for P € A\B we have:

B itve [0.3],

2203 iy 3. 5]

h(v) <
So we have S(WZ,;P) < 3. Thus, 8p(S) = 3 if A\B. O

Lemma 8.1.33. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

.C’I C B A Bl Cl
a) iBl b) fc'
PY /
Cz Bz A B3 03

Figure 8.31: Dual graph: (—Ks)? =2 and 8p(S) = 2
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Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

n Pl) = —Ks —vA— ¥(2Cy +4B; + 3B, +3By) ifv € [0,2],
—Ks—VvA—3(C1+2B1) — (v—1)(B2+B3) — (v—2)(C2 +C3) ifv € [2,3].
Nv) = Y(2C) +4B; + 3B +3By) ifv € [0,2],
3(C1+2B1)+(v—1)(B2+B3) + (v—2)(C2 +G3) ifv € [2,3].
b, P(y) = —Ks—vA — L(3C+3C'+6B+4B, +2Cy) if v € [0,2],
—Ks—vA— (2B, +Cy) — (v—1)(C+2B) — (2v—3)C' — (2v—4)D' ifv € [2,3].
¥(3C+3C' +6B+4B, +2C)) ifv € [0,2],
¥(2B1+C1) +(v—1)(C+2B)+ (2v—3)C'+ (2v—4)D" ifv € [2,3].
Moreover,
J2-¥irvelo2], PE)d vifve (0,2,
| 22 v e 2,3). 2(1- %) ifve 2,3].

In this case 8p(S) = 2 if P € A\B.

Proof. In part a). the Zariski Decomposition follows from —Kg—vA ~g (3 —v)A+2B; +C| +
2By + C> + 2B3 + C3. A similar statement holds in other parts. We have Sg(A) = % Thus,
8p(S) < 2 for P € A. Note that for P € AN B; or if P € A\B we have:

2, 2,
h) 2 ifv e [0,2], ) < 2 ifve0,2],
VIS 26-0043) . OrVI= Y w3y .
ey € 2,3]. ity e [2,3].
So S(Wi.:P) < 5 < 3or S(Wi,;P) < 1 < 3. Thus, 6p(S) =2 if P € A\B. O

Lemma 8.1.34. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

c, 95, O 05 ;05—

—-=

Figure 8.32: Dual graph: (—Ks)? =2 and 8p(S) = 3

Then ©(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA— £(6B) +4C, + 2D, +3C}) — 5B, ifv € [0,2],
P(v) = —Ks—vA— £(6B +4C; +2D; +3C}) — (v—1)B, — (v—=2)C, ifv € [2,3],
—Ks—vA— (v—1)(B2+2B; +C}) — (v—2)C, — (2v—3)C; — (2v—4)D; — (2v—5)E; ifv € [3,3].
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L(6B1 +4C) +2D; +3C}) + 5B, ifv € [0,1],
N(v) = q £(6B) +4C; +2D, +3C}) + (v—1)By+ (v—2)C, ifv € [2,3],
(v—=1)(B2+2B1 +C}) + (v—2)Co + (2v—3)C1 + (2v—4)Dy + (2v—5)E; ifv € [3,3].
Moreover,
23 ifve[0,2), 3 ifv e 0,2,
(PO)?=44—2v+ 2 ifve [2,3], PO -A={1-Lifve [2,3)],
(S—V)zifvé[%,3]. 3—vifv€[%,3}.

In this case 8p(S) = 3 if P € A\By.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (3 —v)A+4B; +3C| +2D; +
E1 +2C} 4+ 2B, + C>. We have Ss(A) = 1. Thus, 8p(S) < 3 for P € A. Note that for P € A\B;

we have:

ity € [0,2],
h(v) < G205 ity ¢ 23],
B iy, € [3,3].
So S(Wi.:P) <L < 1. Thus, 8p(S) =3 if P € A\B,. O

Lemma 8.1.35. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

;000 0, 0,

A
Figure 8.33: Dual graph: (—Ks)? =2 and 8p(S) = £

Then t(A) = 3 and the Zariski Decomposition of the divisor —Kg — vA is given by:
o) {KSVA Y(4D' +8C' + 12B+9C+ 6D+ 3E) ifv € [0,2],
V)=

—Ks—vA— (v—1)(D'+2C"+3B) — (3v—4)C — (3v—5)D— (3v—6)E — (3v—T)F ifv € 3,3].

N - {;(4D’+8C’+123+9C+6D+3E) ifve [0,2],
V) =
(v=1)(D'+2C"+3B) + (3v—4)C+ (3v—5)D+(3v—6)E+ (3v—T7)F ifv € [5,3].

Moreover,

. 22 ity e [0,7], S ity e [0,1],
(P(v))" = (3_v> ive 1] P(v)-A = 3-vifve [1,3].
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In this case 8p(S) = 1 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (3 —v)A+2D'+4C' +6B+5C +
4D +3E +2F. We have Ss(A) = . Thus, 8p(S) < 1 for P € A. Note that for P € A\B we

have:
2 fve [ 1,
7
€[5.3).
So S(Wi,;P) < § < 2. Thus, 8p(S) = % if P A\B. O

Lemma 8.1.36. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

? .B3 A %2 %2 %2 b).E 'D IC ‘B .A .31 C

/

h(v) <

'B1
Cq

Figure 8.34: Dual graph: (—Ks)? =2 and 8p(S) =

Then t(A) = 4 and the Zariski Decomposition of the divisor —Kg — vA is given by:

a). Pl) = —Ks—vA— 7 (3B +2C, +D> +2B3+2By) ifv € [0,2],
—Ks—vA—3(3By+2C+D>+2B3) — (v—1)B; — (v=2)C; ifv € [2,4].
N(Y) = ¥(3B2+2C,+ Dy +2B3+2By) ifv e [0,2],
1(3By+2C + Dy +-2B3) + (v—1)B1 + (v —=2)Cy ifv € [2,4].
b). P(y)= —Ks—vA —J(2E+4D+6C+5B+2B+3D') ifv € [0,2],
—Ks—vA—3(2E+4D+6C+5B+3D') —(v—1)B; — (v—2)C ifv € [2,4].
N(Y) = Y(2E+4D+6C+5B+2B +3D') ifv € [0,2],
1(2E+4D+6C+5B+3D") +(v—1)B1 + (v—2)C; ifv € [2,4].
Moreover,
P S AR U B ALl
T ifve(2,4]. 1—jifvel[2,4].

In this case 8p(S) = 5 if P € A\B.
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Proof. In part a). the Zariski Decomposition follows from —Ks —vA ~g (4 —v)A+ 3B, +2C, +
D, +2B3 + 3B + 2C,. A similar statement holds in other parts. We have Sg(A) = 2. Thus,
8p(S) < § for P € E3. Note that if P € AN (BUB') or if P € A\(BUB') we have:

I itve(o,2], 2 ifvelo,2],

h(v) < or h(v) <
BvGvid) ity € 2, 4). B ity € [2,4].
So we have S(W,;P) < 3 <2or S(Wi,;P) < § <2.Thus, §p(S) = S if P€A. O

Lemma 8.1.37. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

a) *5, @7 @5 I4 o ‘03 0, 0Oz @ IB O 05, O,
!

B

Figure 8.35: Dual graph: (—K;)? =2 and 8p(S) = 3

Then ©(A) = 4 and the Zariski Decomposition of the divisor —Ks — vA is given by:

N o) — {stA L (3B) +2C, + 3By + 3B +2C3) ifv € [0,3],
—Ks—vA—3B; —(v—1)(B2+B3) — (v=2)(C;+C3) — (v—=3)(D2+D3) ifv € [3,4].
. {g(3Bl +2C, + 3B, +3B3 +2C3) ifv € 0,3,
IB1+ (v—1)(B2+B3)+ (v—=2)(C2+C3)+ (v—3) (D2 +D3) ifv € [3,4].
po) {KSvAg(331+83+6c+4D+2E+4c') ifv e [0,3],
—Ks—vA— 1B — (v—1)(2B+C') — (2v—3)C— (2v—4)D — (2v— S)E — (2v— 6)F if v € [3,4].
Vo {g(331+83+6c+4p+2E+4c’) ifv e [0,3],
IB1+(v—1)2B+C )+ (2v=3)C+ (2v—4)D+ (2v—5)E+ (2v—6)F ifv € [3,4].

Moreover,

In this case 8p(S) = 2 if P € A\B.
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Proof. In part a). the Zariski Decomposition follows from —Kg — vA ~g (4 —v)A+2B; + D> +
2C> + 3By + 3B3 + 2C3 + D3. A similar statement holds in other parts. We have Sg(A) = %
Thus, 8p(S) < 3 for P € A. Note that if P € AN By or if P € A\ (B; UB) we have:

2 V2o
=5 ifv e |0,3], = ifve|0,3],
h(v) < 2 4[ | orh(v) <4 3, 0.3
B ity € [3,4]. MY ity e [3,4].
So S(Wi,;P) < 3 < % or S(WA;P) <3 < 3. Thus, 8p(S) =3 if P € A\B. O

Lemma 8.1.38. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

o, O, IB o0, 0
Cl

Figure 8.36: Dual graph: (—Ks)> =2 and 8p(S) = 3

Then t(A) = 5 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks —vA — (6D +12C + 18B+9C' + 10B; +5C}) ifv € [0,3],

)= —Ks—vA—£(2D+4C+6B+3C')— (v—1)B; — (v—2)C, — (v—3)Dy ifv € [3,5].
NG = 175(6D+12C+18B+9C" + 108, +5C,) ifv € [0,3],
£(2D+4C+6B+3C") + (v—1)B1+ (v—=2)C + (v—3)D; ifv € [3,5].
Moreover,
(P(v)* = f;v?ifv SO s (B0
== ifv € [3,5]. 1—zifve(3,5].

In this case 8p(S) = 3 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (5—v)A+2D+4C+6B+3C' +
4By +3C; +2D;. We have Ss(A) = 3. Thus, 8p(S) < 3 for P € A. Note that for P € A\B we
have:

9 it v € [0,3],

h(v) <
B3 ity e [3,5).
So S(Wi,;P) < 25 < 8. Thus, 8p(S) = 3 if P € A\B. O

Lemma 8.1.39. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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O 95, IA Oz, O, &, <,
Bs

Figure 8.37: Dual graph: (—Ks)* =2 and 8p(S) = 3

Then t(A) = 6 and the Zariski Decomposition of the divisor —Kg — vA is given by:

P —Ks—vA—%(C1+2Bl)—% —%(332+2C2+D2) ifv €[0,4],
V) =

—Kg—vVvA %(Cl -I-ZBI) - %33 - (V— I)Bz—( 2)C2 ( )Dz— (V—4)E2 ifve [4,6]

_ Y(C1+2By) + 3B3+ (3B +2C, + Dy) if v € [0,4],
3(C1+2B1)+3B3+(v—1)Ba+ (v—2)Ca + (v —3)Dy + (v —4)Ez if v € [4,6].

Moreover,
2— {5 ifvel0,4] & ifv € [0,4],
(P(v))® mwé P(v)-A={ 7
ifv e [4,6], 1—Yifve[4,6].

In this case 8p(S) = 3 if P € A.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (6 —v)A +2C +4B1 + 5B, +
4C, + 3D, + 2E; 4+ 3B3 We have Ss(A) = 1. Thus, 6p(S) < 5 for P € A. Note that if P €
AN(ByUB3) orif P € A\(B; UB3) we have:

172 192
ifvel0,4 ifvel0,4
OIS gy S4B
6)TvE6) jt , € [4,6). 60 ity ¢ [4,6].
So we have S(WZ,;P) < I < B or S(Wi,;P) < § < 1. Thus, 8p(S) = & if P € A. O

Lemma 8.1.40. Suppose P belongs toa (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

y @ ’) @ .F eiG

B C E

Figure 8.38: Dual graph: (—Ks)* =2 and 8p(S) > 355
Then t(A) = 1 and the Zariski Decomposition of the divisor —Kg — vA is given by:

P(v) =

—Ks—vA—(2v—1)B—(3v—2)C— (4v—3)D— (Sv—4)E — (6v—S5)F — (Tv—6)G— (8v—7)H ifv € [,1].

{KSvA;(6B+5c+4D+3E+2F+G) ifve [0,2],
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Y(6B+5C+4D+3E+2F+G) ifv € [0,],
N(V _ 7 8 ,
(2v—1)B+(3v—2)C+ (4v—3)D+ (5v—4)E + (6v—5)F + (Tv—6)G+ (8v—T)H ifv € [{,1].

Moreover,

2
2—2v—% ifve [0,2], 1+2ifveo,1],
(P(v))2 7 [ 8} P(V)-A: 7 [ 8

9(1—v)?ifve [§,1]. 9(1—v)ifve [§,1].

In this case 8p(S) > 355 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (1 —v)A+B+C+D+E+F +
G+ H. We have Ss(A) = 2. Thus, 5p(S) < 33 for P € A. Note that for P € A\B we have:

07 iy e [0, 2],

h(v) < '8
A0 gy e [21].

So S(WA,:P) < 383. Thus, 8p(S) > 355 if P € A\B. O

Lemma 8.1.41. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

ﬁf .C’) @ ‘.f

B E F

Figure 8.39: Dual graph: (—Ks)? =2 and 8p(S) > 32

Then t(A) = 1 and the Zariski Decomposition of the divisor —Kg — vA is given by:
P(Y) —Ks—vA—%(5B+4C+3D+2E+F) ifv e [0,5],
V) =
—Ks—vA—(2v—1)B—(3v—2)C— (4v—3)D— (Sv—4)E— (6v—5)F — (Tv—6)G ifv € [2,1].

) L(SB+4C+3D+2E+F) ifve [0,8],
V)=
(2v—1)B+ (3v—2)C+ (4v—3)D+ (Sv—4)E + (6v—S)F + (Tv—6)G ifv € [¢,1].

Moreover,

2, .
(P())? = 2-2v—Yifve [0,8], P(v) A = 1+2ifve[0,8],
8(1—v)%ifve [§,1]. 8(1—v)ifve [4,1].

In this case 8p(S) > 32 if P € A\B.
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Proof. The Zariski Decomposition follows from —Kg—vA ~g (1 —v)A+B+C+D+E+F +G.
We have Ss(A) = 19. Thus, 8p(S) < 2} for P € A. Note that for P € A\B we have:

v 2,
h(V) < (;26) I [O’g}’

8(3v—2)(1—v)ifve [§1].

So we have S(WZ,;P) < 3. Thus, 8p(S) > 35 if P € A\B. O
Lemma 8.1.42. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

o/.oQDeF

B C E

Figure 8.40: Dual graph: (—Ks)? =2 and 8p(S) > 3¢

Then ©(A) = 1 and the Zariski Decomposition of the divisor —Ks — vA is given by:

—Ks—vA—%(4B+3C+2D+E) ifve [0,2],

P = —Ks—vA—(2v—1)B— (3v—2)C — (4v—3)D — (5v—4)E — (6v—5)F ifve [2,1].
L(4B+3C+2D+E) ifve [0,2],
{(2v1)B+(3v2)c+(4v3)D+(5v4)E+(6v5)F ifve [2,1].
Moreover,
{22\/"5—2, ive 03], JA= 1+ 2ifve [0 3,
7(1-v)2ifve [2,1]. 7(1-v)ifve [3,1].

In this case 8p(S) > 21° if P € A\B.

Proof. The Zariski Decomposition follows from —Kg —vA ~g (1-v)A+B+C+D+E+F.
We have Sg(A) = 36 Thus, dp(S) < % for P € A. Note that for P € A\ B we have:

0157 ity e [0,2],
1or 0 gy e [3 1],

h(v) <

So S(WA,;P) < 334 Thus, 8p(S) > 330 if P € A\B. O

Lemma 8.1.43. Suppose P belongs to a (—2)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:
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Figure 8.41: Dual graph: (—Ks)? = 2 and 8p(S) > %

Then t(A) = 1 and the Zariski Decomposition of the divisor —Kg — vA is given by:

~Ks—vA—$(3B+2C+D) ifve [0,%],

)= —Ks—vA—(2v—1)B—(3v—2)C— (4v—3)D— (Sv—4)E ifv € [2,1].
NE) = Y(3B+2C+D) ifve [0,2],
| @v—1)B+(Bv—2)C+ (dv—3)D+ (Sv—4)E ifv e [£,1].
Moreover,
(P = 2—2v—% ifve [0,%], P(s) A= 1+%ifve [0,2],

6(1—v)*ifve [2,1]. 6(1—v) ifve [2,1].
In this case 8p(S) > 23 if P € A\B.

Proof. The Zariski Decomposition follows from —Kg—vA ~g (1 —v)A+B+C+D+E. We
have Ss(A) = 5. Thus, 6p(S) < 17—5 for P € A. Note that for P € A\B we have:

G e e o, ¢
h(v) < - ifve 03],

6(2v—1)(1—v)ifve [2,1].
So we have S(WA,; P) < 2. Thus, 8p(S) > 23 if A\B. O
Lemma 8.1.44. Suppose P belongs to a (—1)-curve A and there exist (—1)-curves and (—2)-
curves which form the following dual graph:

g%
B c

Figure 8.42: Dual graph: (—Ks)* =2 and 8p(S) > 32

Then ©(A) = 1 and the Zariski Decomposition of the divisor —Kg — vA is given by:

—Ks—vA—%(2B+C)ifve [0,3],

P(v) = o
—Ks—vA—(2v—1)B—(3v—2)C—(4v—=3)D ifv € [3,1].

Y(2B+C)ifve [0,3],

N(v) = ,
(2v—1)B+(3v—2)C+ (4v—3)D ifve [3,1].
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Moreover,

168

2
2-2v—Y ifve [0,3], 14+ Lifve (0,3
(P(v))2: 3 [ 4} P(V)-A: 3 [ 4}
5(1—v)?ifve [3,1]. 5(1—v) ifve [3,1].
In this case 8p(S) > 3% if P € A\B.

Proof. The Zariski Decomposition follows from

Ks—vA ~g (1 —v)A+ B+ C+ D. We have
Ss(A) = 3. Thus, 8p(S) < 3 for P € A. Note that for P € A\B we have

v3)2 .
h(v) < ( 18) ifve [0’%]’

WG iy e [31].

So we have S(W2,;P) < 3. Thus, 8p(S) > 35 if P € A\B.

O
Lemma 8.1.45. Suppose P belongs to a (—1)—curveA and there exist (—1)-curves and (—2)
curves form the following dual graph

A'v'c
B
Figure 8.43: Dual graph: (—

Ks)* =2 and 8p(S) > 27

Then T(A) = 5 and the Zariski Decomposition of the divisor —Ks — vA is given by.
—Ks—VvA—%Bifve (0,3
P(V) - N 2 [ 3}
—Ks—vA—(2v—1)B—(3v—2)Cifve [3,1],
YBifve [0,3],
N(V) _ 2 [ 3} ' ,
(2v—1)B+(3v—2)Cifve [5,1].
Moreover,

2, .
(P())? = 2—2v—% ifve [0,%], P(v) A 1+%ifve [0,3],
4(1—v)2ifve [3,1]

In this case: 8p(S) > 3% if P € A\B.
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Proof. The Zariski Decomposition follows from —Kg —vA ~g (1 —v)A + B+ C. We have
Ss(A) = §. Thus, 8p(S) < § for P € A. Note that for P € A\B we have:

02 it € [0, 2
I’Z(V) < 8 [ 73]’
4v(1—v)ifve [5,1].
So we have S(W/,;P) < 2. Thus, 8p(S) > 31 it P € A\B. O

8.2

Finding d-invariants for degree 2

Let X be a singular del Pezzo surface of degree 2 with and S be a minimal resolution of X.

Then there are several possible cases:

VI.

VILI.

VIII.

X has an A singularity and contains 44 lines,

X has two A singularities and contains 34 lines. In this case, we let E| and E; be the
exceptional divisors, L;, L}, ,L; j and L;J. forie {1,2}, j€{1,2,3,4} be the lines on S,
X has three A; singularities and contains 26 lines. In this case, we let E; for i € {1,2}
be the exceptional divisors, L and L, are the lines on §,

X has three A singularities and contains 25 lines. In this case, we let E, E> and E3 be
the exceptional divisors, Li»3, L; j and Lﬁ’j forie {1,2,3}, j € {1,2,3,4} be the lines on
S,

X has four A singularities and contains 20 lines. In this case, we let E|, E», E53 and E4
be the exceptional divisors, L;; and ng fori,j€{1,2,3,4} and i < j be the lines on S,
X has four A singularities and contains 19 lines. In this case, we let Ey, E,, E3 and E4 be
the exceptional divisors, L34, L1 ; and Lll,i forie {1,2,3}, L;x and L;.J{ for j € {2,3,4},
k € {1,2} be the lines on S,

X has five A singularities and contains 14 lines. In this case, we let E, E», E3, E4 and Es
be the exceptional divisors, L34, Lias Lij and Li; for (i, j) € {(2,3),(2,4),(3,5),(4,5)},
Ly and L’Lk for k € {1,2} be the lines on S,

X has six A singularities and contains 10 lines. In this case, we let E1, E», E3, E4, Es
and E¢ be the exceptional divisors, Loae, Li36, L23s, Li4s, Las, Lij and ng for (i,)) €
{(1,2),(3,4),(5,6)} be the lines on S,

. X has A, singularity and contains 31 lines. In this case, we let E; and E{ be the

exceptional divisors, L ; and L ; fori € {1,..,6} be the lines on S,

. X has A, and A, singularities and contains 20 lines. In this case, we let E; and E|, E,

be the exceptional divisors, L; ; and L’l’i forie {1,..,4}, L, j and LIZ,j for j € {1,2}, L2,
L', be the lines on S,
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XI.

XII.

XIIl.

XIV.

XV.

XVI.

XVILI.

XVIII.

XIX.

XX.

XXI.

XXII.

XXIII.

XXIV.

X has A, and two A singularities and contains 18 lines. In this case, we let E|, E{ E>
and Ej3 be the exceptional divisors, L1, Ly,, L13, L3, L23, Lys, Lijand L; ; fori, j € {1,2}
be the lines on §,

X has A, and three A; singularities and contains 13 lines. In this case, we let E|, E/,
E», E5 and E,4 be the exceptional divisors, Ly34, Li2, L',, L13, L5, L14, L}, L; j and L;J.
fori e {2,3,4}, j € {1,2} be the lines on S,

X has two A, singularities and contains 16 lines. In this case, we let Ey, E{, E; and E),
be the exceptional divisors, L2, Ly,, Lij and L; ; for i, j € {1,2} be the lines on S,

X has two A, and one A; singularities and contains 12 lines. In this case, we let Eq,
E}, E>, E}, and E3 be the exceptional divisors, Li2, L,, L and L}, for i € {1,2} be the
lines on S, |

X has three A, singularities and contains 8 lines. In this case, we let Ey, E{, E», E} and
E3, E} be the exceptional divisors, L;;, for i, j € {1,2,3} and i < j be the lines on S,

X has Aj singularity and contains 22 lines. In this case, we let Eq, E{ and E; be the
exceptional divisors, L 1, L 7, L1 ; and L/I,i fori e {1,2,3,4} be the lines on S,

X has A3 and A, singularities and contains 16 lines. In this case, we let Eq, E{ E> and
E; be the exceptional divisors, Ly 1, L2, Li3, L3, Lij and L; ; fori € {1,3}, j € {1,2}
be the lines on S,

X has Az and A singularities and contains 15 lines. In this case, we let Ej, Ei E>
and E3 be the exceptional divisors, Ly3, L; ; and L/Li fori e {1,2,3,4}, L3 j and L’37j for
Jj€{1,2,3} be the lines on S,

X has Aj; and two A; singularities and contains 12 lines. In this case, we let E|,
E}, E», E3 and E4 be the exceptional divisors, Ly, Ly>, L;j and ng for (i,]) €
{(1,3),(1,4),(3,4)} be the lines on S,

X has A3z and two A, singularities and contains 11 lines. In this case, we let E}, E}, Ex,
E3 and E4 be the exceptional divisors, Los, Lij and Li; for (i) € {(1,4),(3,4)}, L3 1,
Ly, Ligand Ly, for k € {1,2} be the lines on S,

X has Az and thfee A singularities and contains 8 lines. In this case, we let E, E{ E>,
E3 and E4 be the exceptional divisors, Lss, Las Lij and Li; for (i, j) € {(1,4),(3,4)},
Ls, L5 be the lines on S,

X has Az and A, singularities and contains 10 lines. In this case, we let E|, E{ E,, E;
and E; be the exceptional divisors, Ly 1, L2 2, L1,1, LY 1, L3, L{3 L3 jand Lj ; fori € {1,2}
be the lines on S,

X has Az, A, and A singularities and contains 7 lines. In this case, we let Ej, E{ E>,
E3 and Ej be the exceptional divisors, Ly 1, L2, L 1, L’Ll, Lz, L5 L3; and L/3,i for
i € {1,2} be the lines on S,

X has two A3 singularities and contains 6 lines. In this case, we let Ey, E, E», E3, Eg
and E4 be the exceptional divisors, Ly 1, L2 2, La 1, Lﬁu, L3, L/ be the lines on §
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XXV.

XXVI.

XXVII.

XXVIILI.

XXIX.

XXX.

XXXI.

XXXII.

XXXIILI.

XXXIV.

XXXV.

XXXVI.

XXXVII.

XXXVIII.

XXXIX.

XL.

XLI.

X has two A3 and on A; singularities and contains 4 lines. In this case, we let E, E{
E», E3, E}, E4 and Es be the exceptional divisors, Lys, Lss, L13, L5 be the lines on S,
X has Ay singularity and contains 14 lines. In this case, we let E|, E{, E» and E), be the
exceptional divisors, Ly 1, L) |, L1; and Ly ; for i € {1,2,3} be the lines on S,

X has A4 and A; singularities and contains 10 lines. In this case, we let Ey, E|, E», E},
and E3 be the exceptional divisors, Ly 1, L) | L1; and Ly ; for i € {1,2,3} be the lines on
S,

X has A4 and A, singularities and contains 6 lines. In this case, we let Ey, EY, Es, EJ,
E3 and E; be the exceptional divisors, L3, L3, L1 and L; | for i € {2,3} be the lines on
s :

X has As singularity and contains 8 lines. In this case, we let Ly 1, L |, L1 and L ; for
i € {1,2} be the lines on S,

X has As singularity and contains 7 lines. In this case, we let Ey, EY, E», E} and E3 be
the exceptional divisors, L3 1, L1 ; and L’],l. fori e {1,2,3} be the lines on S,

X has As and A, singularities and contains 6 lines. In this case, we let Ey, EY, Es, EJ,
E3 and E4 be the exceptional divisors, L3 1, L; ; and L) ; for i € {1,2,3} be the lines on
s :

X has As and A, singularities and contains 5 lines. In this case, we let Ey, EY, Es, EJ,
E5 and E4 be the exceptional divisors, L3 1, L1 ; and L/Ll. fori € {1,2,3} be the lines on
S,

X has As and A, singularities and contains 3 lines. In this case, we let Ej, EY, Es, EJ,
E3, E4 and E) be the exceptional divisors, Ly4, L}, and Ls | be the lines on §,

X has Ag singularity and contains 4 lines. In this case, we let E1, EY, E», E), E3 and Ej
be the exceptional divisors, L; ; and L; ; for i € {1,2} be the lines on S,

X has A7 singularity and contains 2 lines. In this case, we let Ey, EY, E», E}, E3, E} and
E4 be the exceptional divisors, L;; and L;, fori € {1,2} be the lines on S,

X has Dy singularity and contains 14 lines. In this case, we let Ey, E», E3, and E be the
exceptional divisors, L; ; fori € {1,2,3}, j € {1,2} be the lines on S,

X has D4 and A singularities and contains 9 lines. In this case, we let Ey, E|, E», E3
and E be the exceptional divisors, L; j and L; ; fori € {1,3}, j € {1,2} be the lines on S,
X has D4 and two A; singularities and contains 6 lines. In this case, we let Ej, E{ E>,
E3 and Ej and E be the exceptional divisors, L; and L; for i € {2,3} be the lines on S,
X has D4 and three A singularities and contains 4 lines. In this case, we let Eq, E{ E,,
E), E3, E, and E be the exceptional divisors, L; and L] for i € {1,2,3} be the lines on S,
X has D5 singularity and contains 8 lines. In this case, we let E, Ej E>, E5, and E be
the exceptional divisors, L and L/, L3 and L3 be the lines on §,

X has Ds and A singularities and contains 5 lines. In this case, we let Eq, E!, E», Es,
E4 and E be the exceptional divisors, L34, L1 and L, L4 and Lﬁu be the lines on S,
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XLIl. X has Dg singularity and contains 3 lines. In this case, we let E|, E», E3, E4, Es and E
be the exceptional divisors, L34, Ls, L’5 and L be the lines on S,

XLII. X has Dg and A; singularities and contains 2 lines. In this case, we let E, E3, E3, E4,
Es, Eq and E be the exceptional divisors, Lsq and L be the lines on S,

XLIV. X has [Eg singularity and contains 4 lines. In this case, we let Eq, Ei E>, Eé Esand E
be the exceptional divisors, L; and L’1 be the lines on §,

XLV. X has E5 singularity and contains 1 line. In this case, we let E1, E3, E3, E4, Es, Eg and
E be the exceptional divisors, Lg be the line on S.

such that the dual graph of the (—1)-curves and (—2)-curves or the dual graph of the (—1)-
curves adjacent to a (—2)-curves if marked with (x) on S is given the picture below. Then

m.2A,(x) 11 X. Ag + Ai(x)
L 59 Loy L, 23
Ly, 23 ‘ PLy,
L} Ly, \ 1 /
E 3 v \‘g‘y N
NV
: - )i"" %]
: 7N
L
1 L2’3 L/ A"‘"‘ A I
Ly, N 2,2 14 Ly~ L’L1 14
TIL. 3A(%) '
Ly, 1,2
/12 L,13
D 3
Ly,
Ly,
L !
Ly Ly,
Ly

2,2 L3»
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2 (pic. 1/5)

Figure 8.44: Du Val del Pezzo surfaces with (—Kg)?
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XXII. Az + As ,
L E3 E3 o /]
L3 L3
L2,1 ,
L3’ L372
E® | 2 s
Ly, L3>
Ly, Lo Ly,
4 XXIII.Ag + Ay + Ay
E: ot Ey
L13 "Lg Llll3
Ej Ej
L} 1,1
L3y %4 ‘ L§4
Figure 8.46: Du Val del Pezzo surfaces with (—Ks)? = 2 (pic. 3/5)
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XXVIIL Ayg + A
TLis  |Bs Ej LY
L3,1 L§,71
L, Ly, Ly,

XXVI. Ay XXVIL Ay + Ay

‘ ! !
E, E, E; E, E
XXXIL As + A

IL371 Lyy eE4 Ly
o ® o r @ 1,1 L
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XXXIII. A A XXXIV.A ®
‘ o ‘ VAo . B, B B B B
Ly Ey Ey L 11 XXXV. A7

L3 51
B, B B B By m B, E B B L,

Figure 8.47: Du Val del Pezzo surfaces with (—Ks)? = 2 (pic. 4/5)
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* . ° . .
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Figure 8.48: Du Val del Pezzo surfaces with (—Ks)? = 2 (pic. 5/5)
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l. One has 6(X) =
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. 6(X)= % since depending on the position of point P € S we have

P E\UE, (L]gUL/lz)\(E]UEz) L2\(E1UE2) o/w
() [ 3 2 >3

where L2 == UlG{l 2}, je{1,2,3,4} ( i,j UL:,J)

v
s

Table 8.4: Local §-invariants: (—Ks)? = 2 and 2A; singularities

. 8(X) = % since depending on the position of point P € S we have

P | E\UEUE; | L\\(E,UE,UEs) | LY\ (E|UE, UE;) | ow
5p(S) 3 2 > 2 >7
1
where LY := Li;ULi3ULy; UL}, UL ULy, LY = Useqr23), 16{12}( iULL)).

Table 8.5: Local 8-invariants: (—Ks)?> = 2 and 3A; singularities (26 lines)

IV. §(X) = 3 since depending on the position of point P € S we have

P E{UE,UE3ULqp3 L4\(E1UE2 UE3) o/w

5P(S) % > 27 > 9
where Ly := Ujef12,3), jeq1.2.3.43 (Lij UL )\(El UE> UE3)

=2 and 3A singularities (25 lines)

Table 8.6: Local §-invariants: (—Ks)?

V. §(X) = 3 since depending on the position of point P € S we have

P E\UE,UE3sUE, | Ls\(E{UE,UE3UEy) | o/w
6p(S) > >4 >3
where L5 := Ui,j€{1,2,3,4}, i<j (Lij Ung)\(El UE, UE3 UE4)

= 2 and 4A singularities (20 lines)

Table 8.7: Local §-invariants: (—Ks)?

VI. §(X) = 3 since depending on the position of point P € S we have

P || EsULys | Uicpzay (LiiULY)\Es | Uicgasay, jeqi oy (Lij UL ) \Eg | ow
3 77 9
op(S) 2 e
where E¢ := E1 UE, UE3UE;,.

Y
|

ql

Table 8.8: Local §-invariants: (—Ks)?> = 2 and 4A; singularities (19 lines)

VIl. §(X) = 3 since depending on the position of point P € S we have

P E;ULi34ULj2s L7\E7 L171 UL/I,I ULI,Z UL/1,2\E1 o/w
5p(S) 3 2 >4 >3
where E7 := Ey UEy UEsUES UEs, Ly = U je((23).24).6.5),4.5) (L] ULij)-

=2 and 5A singularities

Table 8.9: Local §-invariants: (—Ks)?
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VIIL 8(X) = % since depending on the position of point P € S we have

P || EgULyys UL136ULy3s ULyss | Lg\Eg | o/w
p(S) 3 2 >3
where Eg .= E|UE,UE3UE4UEsUEg, Lg := U(i,j)E{(l,2),(3,4)7(5,6)} (L,'j UL;]-).

Table 8.10: Local §-invariants: (—Ks)? = 2 and 6A singularities

IX. 8(X) = g since depending on the position of point P € S we have

P || EiNE] | (E1UE)\(E1NE]) | Lo\(E1UE]) | ow
5e(8) || § 7 >%  [=23
Lo :=Uieq1,.6) (L1 ULll,i)-

Table 8.11: Local §-invariants: (—Ks)? = 2 and A, singularity

X 6(X)= g since depending on the position of point P € S we have

n o 1 2
P Eio EIO\EIO E, (L12 ULIIZ)\(EloUEz) Lg())\(EIOUE2) Lg())\EIO o/w
5 5 o 32 13 > 27 759
P(S) 5 7 2 8 = 17 =19 =35

where E|g := E; UE{, EIO =E|NE!,
1 2
Lgo) =Ly ULy | ULy p ULy, Lgo) =Uief1,..4) (Ll,iUL/l,i)'

Table 8.12: Local §-invariants: (—Ks)? = 2 and A,A singularities

Xl. 6(X)= g since depending on the position of point P € S we have

2 0 2 2
P EOE] [ ENENED | By L{E UEY) | (L VL) B
o(S) | 3 i ) S 2
P || (L2 ULy ULy, U2L7'3,1)\(E§11) UEY) | (LiyuL, UL13.,22UL’1 2)\E11 O/V\9/
p(S) > > 15 >z
where E\V := £y UE], EYY := B, UE;, LY := L, UL/, UL U LY.
Table 8.13: Local §-invariants: (—Ks)? = 2 and A,24 singularities
XIl. §(X) = ¢ since depending on the position of point P € S we have
T 2 0 T 2 T\ (2
il Ey QEi Egz)\(Egl NE) Egz) L3”1234 LEZ)\<E(1%) UEE;) ng)\ggz) O/V‘g’
%(S) || 5 7 3 = >3 >3

where Eglz) =E|UE], E(122 =
1
ng) = Ure(a34}, je(1.2y (LijULE ;)

Table 8.14: Local §-invariants: (—Ks)? = 2 and A,3A singularities

EyUE3UE,, LYY := L, UL, UL3 UL, UL, UL,
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Xl 8(X) = g since depending on the position of point P € S we have
P | EY |ENEY | (Loul,)\E Li;UL, )\Ei3 | of
E; 13\ 13 (LipU 12)\ 13 Ui,je{l,z}( i,j U ,-,j)\ 13 0V\9/
5| 13 h X 7
where E\Y := (E| NE|)U(EyNE}), B3 := Ey UE| UE, UE),

Table 8.15: Local §-invariants: (—Ks)?

=2 and 2A, singularities

XIV. §(X) = ¢ since depending on the position of point P € S we have
0 T 2
P Eg(z)t) E14\E§4) Es (le ULlllz)\EM L§4)\(E14 UE3) L§4)\312314 O/V\gl
6 9 3 ¥} 15
(S) | 3 7 2 7 T > | =5
where B\ := (E| NE|)U(E,NE)}), Eyq := E\ UE| UE, UE},

1 2
L(14) =Li3 UL,13 ULys UL/23, L§4) = L171 ULll’l UL271 UL,Z,]'

Table 8.16: Local §-invariants: (—K)

2 =2 and 2A,A; singularities

XV. 0(X) = 5 since depending on the position of point P € S we have
0 0
P (15) EIS\E(15) Ui jef1.23), l<]( 'j)\EIS o/w
op(S) % % > %

(

where EIS) = (E\NEY)
Table 8.17: Local d-invariants: (—Kg)

U(E,NE))U

2 =2 and 3A, singularities

XVI. 6(X) = 1 since depending on the position of point P € S we have

(E3 ﬂEs), E5:=E UE{ UE2UE£UE3 UEé.

P || E2 | (E\UEN\E2 | (Lo,1ULop)\E2 | Uicqin34) (L1 UL )\(E1UE]) | o/w
Sp(S) || 1 g 2 >3 >3

Table 8.18: Local §-invariants: (—Kj)?

=2 and Aj singularity

XVII. 6(X) = 1 since depending on the position of point P € S we have

P E> (E] UE{)\EQ E; (L|3 UL/13>\(E1 UE{ UE3) (L271 UL272)\E2
3p(s) | 1 S > 3 5
P (Lan ULy, ULz p ULy ) \E3 | (L1 UL UL 2U5L' 12)\(E1UEY) ow
27 7
p(S) vl 5 Z3

Table 8.19: Local §-invariants: (—K)

2 =2 and A3A; singularities (16 lines)
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XVIII. §(X) =1 since depending on the position of point P € S we have

1 2

Pl B2 | (EAUED\E: | EsULay L§8>>7E3 ng)\(E;SU EY) | otw

Op(S) || 1 s 2 21 >3 >
1 2

where Lig == Useq1 2.3y (L3 ULS ), Lig = Ujer2ay (L1 ULL ).

Table 8.20: Local §-invariants: (—Ks)? = 2 and A3A singularities (15 lines)

XIX. 6(X) = 1 since depending on the position of point P € S we have

1 2

P E E196\E2 Es L3JE4 ng)\(E199UE3 UE4) L(lg)\(EZ UE3 UE4) O/V\9/
op(S) || 1 5 2 5 2 =5
where Ejg := E] UE!, Lglg) =Li3 UL/B UL4 UL/14, L(129) =1Ly UL/34 UL271 UL2,2.

Table 8.21: Local §-invariants: (—Ks)? = 2 and A32A singularities (12 lines)

XX. 0(X) = 1 since depending on the position of point P € S we have

P E <E1UED\E2 (E3 UEy UL23)\E2 (L14 UL/14)\(E1UE1UE4)
6 3 9
o(S) || 1 5 p 5
2
P || (LaULi)\(E3UES) | LI\Es | LEN\(E,UE]) | oiw
p(S) 2 > > >3

1 2
where Lgo) =L31ULj3, Léo) = Uke{l,z} (Ll,k UL/l,k)'

Table 8.22: Local §-invariants: (—Ks)? = 2 and A32A singularities (11 lines)

XXI. 6(X) = 1 since depending on the position of point P € S we have

P | E | ES\E | (B UEsULsus ULs)\E, | LI\ES UESD) | LENEs | ow
Sp(S) || 1 6 3 9 >27 [ >9
Li 5 2 5 =17 1=5

2

where EY) := E{ UE], E}}) := E3UEy, Ly} := LisUL}; UL, UL}, LY == Ls UL, .

Table 8.23: Local §-invariants: (—Ks)? = 2 and A33A singularities

XXIl. §(X) = 1 since depending on the position of point P € S we have

0 0
P By | (B UE\UED\E, | (BsUE)\ES) | (LisULIy)\E | (Lo ULao)\E>
6 9 18
P (L3,1UL/371UL3,2 UL/372)\E22 (LI,IULll,l)\(ElUED o/w
op(S) >3 > 2 > 2

where E\) := E3NE}, 5 := E| UE| UE3 UE},

Table 8.24: Local §-invariants: (—Ks)? = 2 and A3 A, singularities
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XXII. §(X) = 1 since depending on the position of point P € S we have

0 0
P | B | (B UEUED\E, | (EsUE)\ES) | (LisULYy)\Ess | (EyULoa)\E>
5(5) || 1 : 7 i 2
P (L34 UL/34)\(E3 UEéUE4) L23\E23 (L171UL/1 1)\(E1 UEi) o/w
15 27 75 9
6p(S) il 217 25 =
where ES} := E3NE}, EYy := E{UE|UE3 UE}, Loy := L3 ULy | UL; o UL .

Table 8.25: Local d-invariants: (—Kj)

XXIV. 6(X) = 1 since depending on the position of point P € S we have

2 =2 and A3A,A; singularities

P E>UE, E24\(E2UE4) (L13UL/1/3)\E24 L24\(E2UE4) o/w
5p(S) 1 2 >3

Table 8.26: Local §-invariants: (—Ks)?

where Eo4 := E} UE/ UE3 UE3, Loy —Lz 1 UL22UL4 1 UL42
=2 and 2Aj singularities

XXV. 8(X) = 1 since depending on the position of point P € S we have

P E,UEy E25\(E2 UE4) (L|3 UL/1/3 UEs5ULys UL45)\E25 o/w
3 9
5(5) |1 : 3

where Ey5 := E| UE UE3 UE3

XXVI. §(X)

Table 8.27: Local §-invariants: (—Ks)? =

12 since depending on the position of point P € S we have

2 and 2A3A singularities

13
P | E EJZEQ (E UE;)3\6(EZUE§) (Lo UL’271221\(E2 UE)) | Useqip (L é JULY;) | o/w
op(S) || 13 i i > >
Table 8.28: Local §-invariants: (—Ks)? = 2 and A4 singularity
XXVII. §(X) = 13 since depending on the position of point P € § we have
P || BUE,; | (E\UE)\(E2UE) | E3 | (Log ULy ) )\(E2UE)
Sp(S) 12 36 3 24
P 13 31 2 13
P (L13 UL/B)\(EIUEiUEj;) (L3_‘1UL/3H1)\E3 (L171UL/171) (E1UE1) o/w
op(S) % > %—; > % > %

Table 8.29: Local d-invariants: (—Ky)

2 =2 and A4A; singularities
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XXVIII. 6(X) = 1% since depending on the position of point P € S we have

P E UEé (EIUEi)\(EQ UEé) E; ﬁEé (E3 UE3>\(E3 ﬂE3>
Sp(S) 12 36 6 9
Lis 13 31 3 7
P || (LisUL)\(E\UE{UESUEY) | (Lo ULy )\(E2UE]) | (L3 ULy )\E3 | olw
36 2 3
Sp(S) bR i Z 1o =

Table 8.30: Local §-invariants: (—Ks)? = 2 and A4A, singularities

6 since depending on the position of point P € S we have

XXIX. §(X) =8
P | BUE,UEs | EGNED) | (Lo uL) NES) Uieqioy (L1, ,ULU)\E%) o/w
5p(S) § : = > 5 >3

where E{}) := E| UE], ESY) := E; UE},

Table 8.31: Local §-invariants: (—Ks)? = 2 and As singularity (8 lines)

XXX. 8(X) = 3 since depending on the position of point P € S we have

2 1 2
P | E; Ego) \E;3 E§0>\E§O) L31\E3 | Uieni3 (L1, lULll,i)\EgO o/w
S ( ) 3 9 9 3 > 22 > 2
P 4 10 8 2 = 27 Z5

where EY{) := E, UE], E\}) := E, UE},

Table 8.32: Local §-invariants: (—Ks)? = 2 and As singularity (7 lines)

% since depending on the position of point P € S we have

XXXI. §(x) =8
P | EBuB,UEs | ENNEY | By | (Lo UL UL UL )\(ES) UES UEY) | ow

5p(9) é 8 3 12 >

(i 7 2 7 =

where Egl) = E1 UE], Egl) =E,UE).

Table 8.33: Local §-invariants: (—Ks)? = 2 and AsA singularities (6 lines)

4 since depending on the position of point P € S we have

XXXII. 5( )
P E3 E§22) \E3 37 \E32 (E4 U L371 )\E3 Lglz)\(Eglz) UE4) ngz) \Eglz) o/w
S ( ) 3 9 9 3 45 > 4 > 9
P 4 10 8 )2 26 = 77 =5

O =g UE| EY =EUE, LY = L,uL, LY =L, UL,

where E3, =
Table 8.34: Local J-invariants: (—KS) =2 and AsA singularities (5 lines)
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since depending on the position of point P € S we have

XXXl 8(X) =3
2 1 2 0 4 0 1 4

P | B | E\E | EN\ED | ED | ESNEY | Las\(EY UEs UEY) | omw

S (S) || 3 2 9 6 9 3 =9

P 4 10 8 5 7 2 =5
where E\Y := E,NE}, EY) := E;UE! (i € {1,2,4}), Ls3 := Ly, UL UL} .

Table 8.35: Local §-invariants: (—Ks)? = 2 and AsA, singularities

XXXIV. §(X) = 2 since depending on the position of point P € S we have

2 3 1 2 2 1
P Eg4> U Eg4) Eg4) \Eg4) (L2 ULy )\Eg4) (Lii ULy, )\Eg4) o/w
4 60 60 384 9
9p(S) 3 53 37 > 0 >3
where E{) := E| UE|, E{Y) := E, UE}, E})) := E3 UEL.

Table 8.36: Local §-invariants: (—Ks)? = 2 and Ag singularity

XXXV. §(X) = 2 since depending on the position of point P € S we have

2 3 1 2 2
P | EFJUEUE, | ES\ES (L271UL/2,1)\E55) o/w
51 ; EENNEY
where E\Y := E| UE|, E{Y := E, UE}, E{) := E; UE],.

Table 8.37: Local §-invariants: (—Ks)? = 2 and A singularity

XXXVI. §(X) = 2 since depending on the position of point P € S we have

P E (El UE, UE3)\E Uie{17273}7]’e{172}Li,j\(El UE, UE3) o/w
Sp(S) || 3 1 2 >

Table 8.38: Local d-invariants: (—KS)2 = 2 and D4 singularity

XXXVI. §(X) = % since depending on the position of point P € S we have
T\ (1 2
P | E|®YUER\E | (BsuLn)\E; | LIN\EY) | LE\E; | ow
S 1] : > | 27 |33
where E{}) := Ey UE], L, := Ujc(1 2y (L1 UL, ), LYY := Ly UL, UL3 s UL .

Table 8.39: Local §-invariants: (—Ks)? = 2 and D4A singularities
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XXXVII. §(X) = % since depending on the position of point P € S we have

1 3
P | E|E®YUENE | BY UL UL \EY | Lag\(E, UES)) | omw
Sp(S) || 3 1 3 2 > 3
where E\}) := E| UE|, EY) := E3 UE}, Lsg := L, UL, UL3 UL},

Table 8.40: Local §-invariants: (—Ks)? = 2 and D424 singularities

XXXIX. §(X) = 2 since depending on the position of point P € S we have

E39\E (E/9 UL ULy UL3 UL123)\E39 o/w
1
=53

P

6p(S)
where Esg —EIUEQUE3,E/9 —E/UE/UE/

Table 8.41: Local S-invariants: (—Ks)? = 2 and D434 singularities

IN[® Ney|

XL. 6(X) = % since depending on the position of point P € S we have

P E EQ\E E40\E E; \Ez (Ll U Lll )\E40 (L371 U L372)\E3 o/w
&) |2 2 | 3 1 9 2 >0
P 5 10 5 =5

where Ey) := E; UE’

Table 8.42: Local §-invariants: (—Ks)? = 2 and Ds singularity

XLl 6(X) = % since depending on the position of point P € S we have

P E EQ\E E41\E Es \Ez (E4 UL34)\E3 L41\E41 (L471 UL:U)\E4 o/w
s(S) 3] 2 M 1 3 g > 727 >3
P 5 10 2 5 = 17 =

where E4; := E] UEI, L4 =1, UL/

Table 8.43: Local §-invariants: (—Ks)? = 2 and DsA singularities

XLIL 86(X) = % since depending on the position of point P € S we have

P E> E3\E2 (E UE4)\(E2 UE3> E; \E2 E4\E5 L\E (L5 UL’S)\Es o/w
5n(S) I I 3 3 6 1 3 2 > 2
P( ) 2 5 4 7 2 =35

Table 8.44: Local §-invariants: (—Ks)? = 2 and Dg singularity

XL 8(X) = % since depending on the position of point P € S we have

P E, E3\E2 (E UE4)\(E2 UE3> Eq \E2 E4\E5 (L UEg UL56)\E5 o/w
Sp(S) || 1 3 3 6 1 3 > 2
i 2 5 4 i 2 =5

Table 8.45: Local §-invariants: (—Ks)? = 2 and DgA | singularities
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XLIV.

8(X) = 2 since depending on the position of point P € S we have

P Es | (BUE)\Es | E\Es | (E\UE)\(E2UE) | (LiULy)\(E1UEY) | ofw
50(5) || 3 1 3 6 e =9

P 7 7 4 7 7 =5

XLV.

Table 8.46: Local §-invariants: (—Ks)? = 2 and [E4 singularity

8(X) = 3 since depending on the position of point P € S we have

P || E3 | Es\E3 | Eo\E3 | Es\E4 | E\E3 | (E\UEg)\(E2UEs) | Le\Ee | o/w
G 3 1 o 3 T[S0
10 8 7 2 i 1

2 =
Table 8.47: Local §-invariants: (—Ks)? = 2 and E; singularity

Proof. We prove each case separately using lemmas from the previous section.

VI.

If P is a point on the unique (—2)-curve the assertion follows from the Lemma 8.1.12. If
P on all the curves adjacent to the unique (—2)-curve, the assertion follows from Lemma
8.1.45. Otherwise, the assertion follows from Lemma 8.1.1.

. If P € E{ UE,, the assertion follows from Lemma 8.1.12. If P € (L1 UL|,)\(E1 UE,), the

assertion follows from Lemma 8.1.3 [a).]. If P € Ujeq1 23, jef123.43 (Lij UL ) \(E1UE),
the assertion follows from Lemma 8.1.45. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E; UE,UE3, the assertion follows from Lemma 8.1.12. If P € (Lj ULj3ULy3 U
L}, UL|3 U L))\ (E1 UEy UE3), the assertion follows from Lemma 8.1.3 [a).]. If P €
Uie{1.231, je{1,2} (LL/j ULQ,j)\(El UE, UE3), the assertion follows from Lemma 8.1.45.
Otherwise, the assertion follows from Lemma 8.1.1.

If P € E; UE, UE3, the assertion follows from Lemma 8.1.12. If P € Li»3\(Ej UE, U
E3), the assertion follows from Lemma 8.1.13 [a).]. If P € Uicq123}, je{1,2,34} (Li,j U
LQJ.)\(E] UE, UE3), the assertion follows from Lemma 8.1.45. Otherwise, the assertion
follows from Lemma 8.1.1.

If P € E; UEyUE3UE,, the assertion follows from Lemma 8.1.12. If P €
Ui je(1,234}, i<j (Lij L) \(E1 U E2 UE3 U En)U; jeq1 23,4}, i<j (Lij U L) \(Er U E2 U
E3UE,), the assertion follows from Lemma 8.1.3 [a).]. Otherwise, the assertion follows
from Lemma 8.1.1.

If P € Ey UE, UE3UEy, the assertion follows from Lemma 8.1.12. If P € Ly34\(E U
E, UE3UEy), the assertion follows from Lemma 8.1.13[a).]. If P € Uje(23.4}, i<, (L1:U
L),)\(E1 UE, U E3 UEy), the assertion follows from Lemma 8.1.3 [a).]. If P €
Uicg23.4}, jeq1.2) (Lij UL j)\(E2 UE3 U Ey), the assertion follows from Lemma 8.1.45.
Otherwise, the assertion follows from Lemma 8.1.1.
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VII.

VIII.

XI.

XII.

XIIl.

If P € E; UE, UE3UE4UEs, the assertion follows from Lemma 8.1.12. If P € (Lj34 U
Li>s)\(E1 UE, UE3 UE4UEs), the assertion follows from Lemma 8.1.13 [a).]. If P €
Ut j)e{(2.3),(2.4),(3.5),45)} (Lij UL};) \(E1 UE2 U E3 U E4 U Es), the assertion follows from
Lemma 8.1.3[a).]. If P € (L1, 1 UL} ; UL 2 UL ,)\E, the assertion follows from Lemma
8.1.45. Otherwise, the assertion follows from Lemma 8.1.1.

If P Ey UE,UE3UE4UEsUEg, the assertion follows from Lemma 8.1.12. If P € (L3¢ U
Ly3sULygs)\(E1UE, UE3UE4UEsUEg), the assertion follows from Lemma 8.1.13 [a).].
If P e Ui jyef(12),6.4).5.6) (LijUL;;) \(E1 UE2UE3 UE4 UEs UEs), the assertion follows
from Lemma 8.1.3 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.

. If P € E| NE), the assertion follows from Lemma 8.1.15. If P € (E; UE])\(E1 NE}),

the assertion follows from Lemma 8.1.14 [a).]. If P € Ueq1, 6} (L1 UL} ;) \(E1 UE)),
the assertion follows from Lemma 8.1.44. Otherwise, the assertion follows from Lemma
8.1.1.

If P = E| NEj, the assertion follows from Lemma 8.1.15. If P € (E; UE])\(E1 NE}),
the assertion follows from Lemma 8.1.14 [b).]. If P € Ueq1, a3 (L1, UL ;) \(E1 UE)),
the assertion follows from Lemma 8.1.44. If P € E;, the assertion follows from Lemma
8.1.12. If P € (L1 UL},)\(E1 UE| UE,), the assertion follows from Lemma 8.1.4 [a).]. If
Pe (L) ULy ULy UL),)\(E1 UE] UEy), the assertion follows from Lemma 8.1.45.
Otherwise, the assertion follows from Lemma 8.1.1.

If P = E| NEj, the assertion follows from Lemma 8.1.15. If P € (E; UE])\(E1 NE}),
the assertion follows from Lemma 8.1.14 [c).]. If P € E; U E3, the assertion follows from
Lemma 8.1.12. If P € (Lja UL}, UL13UL5)\(E; UE| UE,UE3), the assertion follows
from Lemma 8.1.4 [b).]. If P € (Lo3 UL;)\(E2 UE3). By Lemma8.1.3[a).]. If P € (L U
Ly ULs 1 UL),)\(E2 UE3), the assertion follows from Lemma 8.1.45. If P € (L1 U
Ly UL 2 UL ,)\(E1 UEY), the assertion follows from Lemma 8.1.44. Otherwise, the
assertion follows from Lemma 8.1.1.

If P = E;NEY, the assertion follows from Lemma 8.1.15. If P € (E; UE])\(E| NEY),
the assertion follows from Lemma 8.1.14 [d).]. If P € E; U E3 U E4, the assertion follows
from Lemma 8.1.12. If P € Ly34\(E; UE3UEy4). By Lemma 8.1.13 [a).]. If P € (Ljp U
L, ULi3UL|;UL 4 UL ,)\(E; UE] UE, UE3 UE}Y), the assertion follows from Lemma
8.1.4[c).]. If P € Uicp3.4), je(1.2} (Li,jULQ_‘j)\(Ez UE3UEy), the assertion follows from
Lemma 8.1.45. Otherwise, the assertion follows from Lemma 8.1.1.

If P € (EyNE])U(E,NE)), the assertion follows from Lemma 8.1.15. If P € (E; U
E{UE, UE)\((E1NE]) U (E>NE})), the assertion follows from Lemma 8.1.14 [e).].
If P e (LioULY,)\(E1 UE] UE, UEY}), the assertion follows from Lemma 8.1.8 [a).]. If
PeU;jeqi2y (LijULLj)\(E1 UE{UEy UEY), the assertion follows from Lemma 8.1.44.
Otherwise, the assertion follows from Lemma 8.1.1.
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XIV.

XV.

XVI.

XVII.

XVIII.

XIX.

XX.

If P € (E\NE})U(E;NEY)), the assertion follows from Lemma 8.1.15. If P € (E; UE| U
E> UEY)\((E1 NE])U(E2NE})), the assertion follows from Lemma 8.1.14 [f).]. If P €
E3, the assertion follows from Lemma 8.1.12. If P € (L1, ULY,)\(E; UE] UE, UE}),
the assertion follows from Lemma 8.1.8 [a).]. If P € (L13 UL|3 ULz UL);)\(E; UE] U
E» UE}, UE3), the assertion follows from Lemma 8.1.4 [d).]. If P € (L; UL’L1 ULy U
L, )\(E1 UE] UE, UE;). Otherwise, the assertion follows from Lemma 8.1.1.

IfPe (E1NE})U(E2NEY))U(E3NEY), the assertion follows from Lemma 8.1.15. If P €
(E1UE|UE, UESUEs UES)\ ((E1NEY) U (Ex NES) U(E3NEY)), the assertion follows
from Lemma 8.1.14 [g).]. If P € U, jeq12,3}, i<j (Lij UL];)), the assertion follows from
Lemma 8.1.8 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.

If P € E,, the assertion follows from Lemma 8.1.22 [a).]. If P € (E; UE{)\Ea, the
assertion follows from Lemma 8.1.16 [a).]. If P € (L, UL, 2)\E», the assertion follows
from Lemma 8.1.3 [b).]. If P € Ujc(1 2343 (LLi UL’U), the assertion follows from Lemma
8.1.43. Otherwise, the assertion follows from Lemma 8.1.1.

If P € E,, the assertion follows from Lemma 8.1.22. If P € (E; UE{)\E,, the assertion
follows from Lemma 8.1.16 [b).]. If P € E3, the assertion follows from Lemma 8.1.12.
If P e (Li3UL}5)\(E1 UE] UE3), the assertion follows from Lemma 8.1.6 [a).]. If P €
(L2,1 ULy 2)\E», the assertion follows from Lemma 8.1.3 [b).]. If P € (L3 UL’s’1 UL3,U
L} ,)\E3, the assertion follows from Lemma 8.1.45. If P € (L1 UL} {UL1 2 UL} 5)\(E1U
E}), the assertion follows from Lemma 8.1.43. Otherwise, the assertion follows from
Lemma 8.1.1.

If P € E,, the assertion follows from Lemma 8.1.22 [b).]. If P € (E; UE{)\E;, the
assertion follows from Lemma 8.1.16 [a).]. If P € E3, the assertion follows from
Lemma 8.1.12. If P € Ly3\(E, UE3), the assertion follows from Lemma 8.1.13 [b).].
If P € Uicqip) (Lai ULs;)\Es, the assertion follows from Lemma 8.1.45. If P ¢
Ujeq1,2,3,4) (LI,]- UL/17j>\E3, the assertion follows from Lemma 8.1.43. Otherwise, the
assertion follows from Lemma 8.1.1.

If P € E, the assertion follows from Lemma 8.1.22 [a).]. If P € (E; UE{)\Ea, the
assertion follows from Lemma 8.1.16 [c).]. If P € E3 U E4, the assertion follows from
Lemma 8.1.12. If P € (Lj3UL|; UL14UL|,)\(E; UE] UE3UEy), the assertion follows
from Lemma 8.1.6 [b).]. If P € (Lp 1 ULy2)\E>, the assertion follows from Lemma
8.1.3 [b).]. If P € (L34 UL34)\(E3 UEy), the assertion follows from Lemma 8.1.3 [a).].
Otherwise, the assertion follows from Lemma 8.1.1.

If P € E», the assertion follows from Lemma 8.1.22. If P € (E; UE{)\E-, the assertion
follows from Lemma 8.1.16 [b).]. If P € E3 U E4, the assertion follows from Lemma
8.1.12. If P € Ly3\(E» UE3), the assertion follows from Lemma 8.1.13 [b).]. If P €
(Lis UL\ (E1 UE]{ UE}y), the assertion follows from Lemma 8.1.6 [b).]. If P € (L34 U
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XXI.

XXII.

XXIII.

XXIV.

XXV.

L%,)\(E3 UEy), the assertion follows from Lemma 8.1.3 [a).]. If P € (L3 ULz )\E3,
the assertion follows from Lemma 8.1.45. If P € Ureqi 2y (Lix UL ;) \(E1 UE]), the
assertion follows from Lemma 8.1.43. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E, the assertion follows from Lemma 8.1.22 [b).]. If P € (E; UE{)\Ea, the
assertion follows from Lemma 8.1.16 [c).]. If P € E3 U E4 U Es, the assertion follows
from Lemma 8.1.12. If P € Lass5\(E3 U E4 UEs), the assertion follows from Lemma
8.1.13 [a).]. If P € Lys\(E, UEs), the assertion follows from Lemma 8.1.13 [b).]. If
Pe (Li3UL|;UL 4 UL ,)\(E1 UE] UE3 UEy), the assertion follows from Lemma 8.1.6
[b).]. If P e (Ls; UL’SJ)\E5, the assertion follows from Lemma 8.1.45. Otherwise, the
assertion follows from Lemma 8.1.1.

If P € E, the assertion follows from Lemma 8.1.22 [a).]. If P € (E; UE{)\E, the
assertion follows from Lemma 8.1.16 [d).]. If P = E3 ﬂEg, the assertion follows from
Lemma 8.1.15. If P € (E3 UE})\(E3 NE}), the assertion follows from Lemma 8.1.14
[h).]. If P € (Li3 UL{;)\(E1 UE] UE3 UEY), the assertion follows from Lemma 8.1.9. If
P € (Ly 1 ULy )\E, the assertion follows from Lemma 8.1.3 [b).]. If P € (L3, ULg’1 U
L3pUL3,)\(E3UE;3). If P € (L1, 1 UL )\(E1 UE]), the assertion follows from Lemma
8.1.43. Otherwise, the assertion follows from Lemma 8.1.1.

If P € E,, the assertion follows from Lemma 8.1.22 [b).]. If P € (E; UE{)\E;, the
assertion follows from Lemma 8.1.16 [d).]. If P = E3 ﬂEg, the assertion follows from
Lemma 8.1.15. If P € (E3 UE})\(E3 NE}), the assertion follows from Lemma 8.1.14
[).]. If P e (LisUL)\(Ei UE]UE3UE]). If P € E4, the assertion follows from
Lemma 8.1.12. If P € Ly \(E» UE}y), the assertion follows from Lemma 8.1.13 [b).].
If P e (L3s ULL,)\(E3 UESUE,), the assertion follows from Lemma 8.1.4 [e).]. If
P € (L1 UL} ;)\(E1 UE]), the assertion follows from Lemma 8.1.43. Otherwise, the
assertion follows from Lemma 8.1.1.

If P € E;UE,, the assertion follows from Lemma 8.1.22 [a).]. If P € (E; UE] UE3 U
E})\(E2 UEy), the assertion follows from Lemma 8.1.16 [e).]. If P € (Li3UL{;)\(E, U
E{UE3UE}), the assertion follows from Lemma 8.1.13 [c).]. If P € (Lyj ULy ULy U
Ls2)\(E2 UEy), the assertion follows from Lemma 8.1.3. Otherwise, the assertion
follows from Lemma 8.1.1.

If P €, UE4, the assertion follows from Lemma 8.1.22 [b).]. If P € (E; UE{ UEsU
E})\(E» UEy), the assertion follows from Lemma 8.1.16 [e).]. If P € Es, the assertion
follows from Lemma 8.1.12. If P € (Lys U Lss)\(E) UE] UE3 UE} UEs), the assertion
follows from Lemma 8.1.13 [b).]. If P € (L13UL{; UEs)\(E UE{ UE3 UE}), the assertion
follows from Lemma 8.1.13 [c).]. Otherwise, the assertion follows from Lemma 8.1.1.
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XXVI.

XXVII.

XXVIIL.

XXIX.

XXX.

XXXI.

XXXII.

If P € E;UE], the assertion follows from Lemma 8.1.23. If P € (E; UE])\(E2 UE)), the
assertion follows from Lemma 8.1.17 [a).]. If P € (L1 UL) ;)\(E2 UE)), the assertion
follows from Lemma 8.1.5 [a).]. If P € Ujef123) (L17,- UL’LZ-), the assertion follows from
Lemma 8.1.42. Otherwise, the assertion follows from Lemma 8.1.1.

If P € E;UE], the assertion follows from Lemma 8.1.23. If P € (E; UE])\(E2 UE)), the
assertion follows from Lemma 8.1.17 [b).]. If P € E3, the assertion follows from Lemma
8.1.12. If P € (Lp,1 ULy, )\(E2 UE}), the assertion follows from Lemma 8.1.5 [b).]. If
P € (Li3UL|;)\(E1 UE] UE3), the assertion follows from Lemma 8.1.7. If P € (L3 ; U
L} 1)\E3, the assertion follows from Lemma 8.1.45. If P € (Ly,1 UL ;)\(E1 UE]), the
assertion follows from Lemma 8.1.42. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E; UE], the assertion follows from Lemma 8.1.23. If P € (E; UE])\(E2 UE)),
the assertion follows from Lemma 8.1.17 [c).]. If P = E3 N E}, the assertion follows from
Lemma 8.1.15. If P € (E3 U E3)\(E3 N E3), the assertion follows from Lemma 8.1.14
[).]. If P e (LisULY;)\(E1 UE] UE3 UE3), the assertion follows from Lemma 8.1.11. If
P € (L1 ULy ) \(E2 UE)), the assertion follows from Lemma 8.1.5 [c).]. If P € (L3 U
L; 1)\ (E3 UES). Otherwise, the assertion follows from Lemma 8.1.1.

If P € E3, the assertion follows from Lemma 8.1.26 [a).]. If P € (E; U E})\E3, the
assertion follows from Lemma 8.1.27 [a).]. If P € (E; UE])\(E2 UE)), the assertion
follows from Lemma 8.1.18 [a).].. If P € (L21 UL) ;) \(E2 UE,), the assertion follows
from Lemma 8.1.8 [b).]. If P € Uic(1 2} (L1 UL’U)\(El UEY), the assertion follows from
Lemma 8.1.41. Otherwise, the assertion follows from Lemma 8.1.1.

If P € Es3, the assertion follows from Lemma 8.1.30 [a).]. If P € (E; U E})\E3, the
assertion follows from Lemma 8.1.24. If P € (E; UE])\(E2 UE}), the assertion follows
from Lemma 8.1.20 [a).]. If P € L3 1 \E3, the assertion follows from Lemma 8.1.13 [d).].
If P € Uieq123} (L1:ULY ;) the assertion follows from Lemma 8.1.41. Otherwise, the
assertion follows from Lemma 8.1.1.

If P € E3, the assertion follows from Lemma 8.1.26 [a).]. If P € (E; U E})\E3, the
assertion follows from Lemma 8.1.27 [a).]. If P € (E; UE])\(E2 UE)), the assertion
follows from Lemma 8.1.18 [b).]. If P € E4, the assertion follows from Lemma 8.1.12.
If P € (Lpy UL) )\(E2 UE)), the assertion follows from Lemma 8.1.8 [b).]. If P €
(L14 UL} ,)\(E1 UE] UE}y), the assertion follows from Lemma 8.1.8 [c).]. Otherwise, the
assertion follows from Lemma 8.1.1.

If P € E3, the assertion follows from Lemma 8.1.30 [a).]. If P € (E» U E})\E3, the
assertion follows from Lemma 8.1.24. If P € (E; UE])\(E, UE})), the assertion follows
from Lemma 8.1.20 [b).]. If P € E4, the assertion follows from Lemma 8.1.12. If P €
L3 1\E3, the assertion follows from Lemma 8.1.13 [d).]. If P € (L1aUL],)\(E1 UE| UEy),
the assertion follows from Lemma 8.1.2. If P € (L;; ULy 1)\(E) UE]), the assertion
follows from Lemma 8.1.41. Otherwise, the assertion follows from Lemma 8.1.1.
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If P € E3, the assertion follows from Lemma 8.1.30 [a).]. If P € (E; U E})\E3, the
assertion follows from Lemma 8.1.24. If P € (E; UE])\(E, UE})), the assertion follows
from Lemma 8.1.20 [c).]. If P = E4N E4, the assertion follows from Lemma 8.1.15 If
P € (E4UE})\(E4NE}), the assertion follows from Lemma 8.1.14 [k).]. If P € L3 ;\E3,
the assertion follows from Lemma 8.1.13 [d).]. If P € (L4 UL!,)\(E1 UE] UE4UE}), the
assertion follows from Lemma 8.1.13 [e).]. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E3UE], the assertion follows from Lemma 8.1.28. If P € (E; UE})\(E3 UE}),
the assertion follows from Lemma 8.1.29. If P € (E; UE])\(E» UE}), the assertion
follows from Lemma 8.1.19. If P € (L1 UL, |)\(E2 UEj), the assertion follows from
Lemma 8.1.10. If P € (L; 1 UL} {)\(E| UE]), the assertion follows from Lemma 8.1.40.
Otherwise, the assertion foIIowé from Lemma 8.1.1.

If P € E4, the assertion follows from Lemma 8.1.31 [a).]. If P € (E3 U E})\E,4, the
assertion follows from Lemma 8.1.32. If P € (E; UE})\(E3 UE}). By Lemma 8.1.30
[0)]. If P € (Ey UE{)\(E2 UE}). By Lemma 8.1.21. If P € (Ly; ULy | )\(E2 UE}), the
assertion follows from Lemma 8.1.13 [f).]. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E, the assertion follows from Lemma 8.1.31 [b).]. If P € (E; UE; UE3)\E, the
assertion follows from Lemma 8.1.22 [c).]. If P € Uje(123},jef1,2) Li,j\ (E1 UE2 UE3), the
assertion follows from Lemma 8.1.3 [c).]. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E, the assertion follows from Lemma 8.1.31 [b).]. If P € (E; UE)\E, the assertion
follows from Lemma 8.1.22 [c).]. If P € E>\E, the assertion follows from Lemma
8.1.22 [d).]. If P € E3, the assertion follows from Lemma 8.1.12. If P € L3\ (E> UE3),
the assertion follows from Lemma 8.1.13 [f).]. If P € Ueq1 0} (L1 ULy ;) \(E1 UE)),
the assertion follows from Lemma 8.1.3 [c).]. If P € (L3 UL’371 ULzn UL’372)\E3, the
assertion follows from Lemma 8.1.45. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E, the assertion follows from Lemma 8.1.31 [b).]. If P € E,\ E, the assertion follows
from Lemma 8.1.22 [c).]. If P € (E; UE])\E, the assertion follows from Lemma 8.1.22
[d).]. If P € E3UE], the assertion follows from Lemma 8.1.12. If P € (L3 UL{;)\(E; U
E{UE3UE}), the assertion follows from Lemma 8.1.13 [f).]. If P € (L, UL))\E», the
assertion follows from Lemma 8.1.3 [¢).]. If P € (L3 UL%)\ (E3 UE}), the assertion follows
from Lemma 8.1.3 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.

If P € E, the assertion follows from Lemma 8.1.31 [b).]. If P € (E; UE, UE3)\E, the
assertion follows from Lemma 8.1.22 [d).]. If P € E{ UE; UE}, the assertion follows from
Lemma 8.1.12. If P € (L ULy UL3)\(E] UE, UE3 UE] UE} UEY), the assertion follows
from Lemma 8.1.13 [f).]. If P € L3\ (E] UE}, UE}), the assertion follows from Lemma
8.1.13 [a).]. Otherwise, the assertion follows from Lemma 8.1.1.
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If P € E, the assertion follows from Lemma 8.1.33[a).]. If P € E»\ E, the assertion follows
from Lemma 8.1.31 [c).]. I P € (E; UE])\E, the assertion follows from Lemma 8.1.25. If
P € E3\E,, the assertion follows from Lemma 8.1.22 [e).]. If P € (L UL})\(E| UE]), the
assertion follows from Lemma 8.1.6 [c).]. If P € (L3 UL32)\E3, the assertion follows
from Lemma 8.1.3 [e).]. Otherwise, the assertion follows from Lemma 8.1.1.

If P € E, the assertion follows from Lemma 8.1.33 [a).]. If P € E>\E, the assertion follows
from Lemma 8.1.31 [c).]. If P € (E; UE)\E, the assertion follows from Lemma 8.1.25.
If P € E3\E,, the assertion follows from Lemma 8.1.22 [f).]. If P € E4, the assertion
follows from Lemma 8.1.12. If P € L34\ (E3 UE,), the assertion follows from Lemma
8.1.13[g).]. If P € (L UL|)\(E| UE}), the assertion follows from Lemma 8.1.6 [d).]. If
P € (Ls,1 ULy ;) \Es, the assertion follows from Lemma 8.1.45. Otherwise, the assertion
follows from Lemma 8.1.1.

If P € E,, the assertion follows from Lemma 8.1.36. If P € E3\E», the assertion follows
from Lemma 8.1.33 [b).]. If P € E\E;, the assertion follows from Lemma 8.1.30 [c).]. If
P € E4\E3, the assertion follows from Lemma 8.1.31 [d).]. If P € E|\E;, the assertion
follows from Lemma 8.1.26 [b).]. If P € L\E, the assertion follows from Lemma 8.1.13
[h).]. If P € E5\E4, the assertion follows from Lemma 8.1.22 [g).]. If P € (Ls UL%)\Es, the
assertion follows from Lemma 8.1.3 [e).]. Otherwise, the assertion follows from Lemma
8.1.1.

If P € E, the assertion follows from Lemma 8.1.36 [a).]. If P € E4\E3, the assertion
follows from Lemma 8.1.33 [b).]. If P € E\ E, the assertion follows from Lemma 8.1.30. If
P € E4\E», the assertion follows from Lemma 8.1.31. If P € E|\ E», the assertion follows
from Lemma 8.1.26 [b).]. If P € L\E, the assertion follows from Lemma 8.1.13 [h).]. If
P € E5\E4, the assertion follows from Lemma 8.1.22 [h).]. If P € E, the assertion follows
from Lemma 8.1.12. If P € Ls¢\ (E5 U Eg), the assertion follows from Lemma 8.1.13 [i).].
Otherwise, the assertion follows from Lemma 8.1.1.

If P € E, the assertion follows from Lemma 8.1.37 [a).]. If P € E\\ E3, the assertion follows
from Lemma 8.1.31 [e).]. If P € (E» U E})\E3, the assertion follows from Lemma 8.1.34.
If P € (EyUE])\(E,UEY)), the assertion follows from Lemma 8.1.27 [b).]. If P € (L; U
L)\ (E1 UEY), the assertion follows from Lemma 8.1.8 [d).]. Otherwise, the assertion
follows from Lemma 8.1.1.

If P € E3, the assertion follows from Lemma 8.1.39. If P € E4\E3, the assertion follows
from Lemma 8.1.38. If P € E\ E3, the assertion follows from Lemma 8.1.35. If P € E>\ E3,
the assertion follows from Lemma 8.1.37 [b).]. If P € E5\E4, the assertion follows from
Lemma 8.1.36 [b).]. If P € E}\E;, the assertion follows from Lemma 8.1.31 [f).]. If P €
E¢\Es, the assertion follows from Lemma 8.1.30 [d).]. If P € L\ Eg, the assertion follows
from Lemma 8.1.13 [j).]. Otherwise, the assertion follows from Lemma 8.1.1.



Chapter 9

Du Val del Pezzo Surfaces of Degree 1

In (Araujo et al., 2023, Lemma 2.16) it was proven that §(X) = 17—5 when X is a smooth del
Pezzo surface of degree 1 and | — Kx| contains a cuspidal curve, and 6(X) = 15—2 when X is a
smooth del Pezzo surface of degree 1 and | — Kx| does not contain a cuspidal curve.

We consider a Del Pezzo surface X of degree one with at worst Du Val singularities and
denote its minimal resolution by 7 : S — X. The surface X can be embedded as a degree six
hypersurface in the weighted projective space P(1,1,2,3), given by the equation

w? = az’ +z2f2(x,y) +zfa(x,y) + fo(x,y),

where f>, f4, fo are homogeneous polynomials in X and y of degrees 2, 4, and 6 respectively,
and a € C is a constant. This defines X as a double cover ¢ : X — P(1,1,2), given by:

(x:y:z:w)—= (x:y:z),
branched along the sextic curve
R: ClZ3 +Z2f2(x7y) +Zf4(x7y) +f6<x7y) =0C ]P)(la 172)

The branch curve R has degree six an is in general singular. There is a natural one-to-one
correspondence between the singularities of R and the singular points of the surface X; that
is, the singularities of X lie precisely above the singular points of R. As shown in Kosta (2009),
the singular points of X are not contained in the base locus of the anti-canonical linear system
| — Kx|. In other words, they are not fixed points of this system.

In this section, we compute d-invariants of Du Val del Pezzo surfaces of degree 1.

MAIN THEOREM Let X be a Du Val del Pezzo surface of degree 1. Then X can be realized as the
double cover X =5 P(1,1,2), which is ramified along a sextic curve R € P(1,1,2). Then the
O-invariant of X is uniquely determined by the type of singularities on X and unique element ¢’

of | — Kx| containing each of singular points which is given in the following table:

192
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Type of singularity o(X)
Ay, 2A1,3A1,4A 1, 5A, 6A 1, 7TA, 8A
all elements of | — Kx| containing singular points are nodal 2

Ay, 2A1,3A1,4A 1, 5A1, 6A, 7TA, 8A
some elements of | — Kx| containing
singular points are cuspidal
Ag, Ag+ Ay, Ag +2A4, Ay +3A, Ay +4A,
285, 28, + Ay, 2A, +2A, 3A,, 3A, + A4, 4A, 12
all elements of | — Kx| containing A, singular points are nodal

A, Ap+ Ay, Ay +2A, Ay +3A 1, Ay +4A,

wi\o

200, 2A0 + Ay, 2A5 +2A1, 3A2, 3A2 + Ay, 4A, 3

some elements of | — Kx| containing A, singular points are cuspidal z
Az, Az + A Az +2A1, Az +3A1, Az +4A,

Az + Ay, As+ Ay + Ay, A+ Ay + 24, 3

205, 205+ Aq, 2A5 +24A,

Ag, Mg+ A1, Ay +2A1, Ay + Ao, Ay + Ay + Ay, Ay + Az, 204
As, As+ AL As+ 241, As+ Ay, As+Ar+ AL, As+ As
Ag, Ag+ A,

A7, A7+ A and R irreducible
A-, A7+ A; and R reducible
Ag, Dy, Dy+ A, Dy+ 241, Dy + 34, Dy + 44, D4+ Ay, Dy + Az, 2D,
Ds, Ds + Ay, Ds +2A1, D5+ Ay, Ds + A3
Dg, Dg+ A, Dg+24,

Dy
Dg, E6, B¢ + A1, Eg + A
E7, E7+ Ay
Eg

{38 STLONY (DTORY (SRTNY FNTUR BNTICN Bl Il e vy (SSN=Y (ONEC N STE N
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Table 9.1: d-invariants of Du Val del Pezzo surfaces of degree 1

Note that when X has A7 singularities J-invariant depends on whether R is reducible or

irreducible.

To understand the anti-canonical system on the smooth surface S, we apply the Riemann—
Roch theorem together with Serre duality and the Kawamata—Viehweg vanishing theorem. For
the divisor —Kg, we have

x(Os(—Ks)) = h°(S, O5(—Ks)) — h' (S, Os(—Ks)) + h* (S, Os(—Ks)).
Since —Kj is nef and big, the vanishing theorems imply 4! = h? = 0, and therefore

1
h0(S,05(—Ks)) = x(Os(—Ks)) = §K§ +1=K5+1.
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Thus, the anti-canonical system | — K| has dimension
dim| — Ks| = h'(S, Os(—Ks)) — 1 = K3 =1,

DEFINITION. Let 7 :S — X be a resolution of a point P on a normal surface X, and let E =} E;
denote the exceptional divisor over P. Then there exists a unique effective exceptional divisor
I'=YaE;, a;<cZo,satisfying the following properties:

1. I'>0,

2. I'- E; <0 for every component E;,

3. I'"is minimal with respect to this property.
The divisor I is called the fundamental cycle of the configuration {E;}.

In the context of Del Pezzo surfaces of degree one, Kosta (2009) shows the following result:
let H € | — K| be an anti-canonical divisor on the resolution S, and let I" be the fundamental
cycle of the exceptional divisor over a Du Val singularity. If the curve H contains a point of I,
then H = C+T, where C C S is the strict transform of a (—1)-curve % on X. Moreover, all
fundamental cycles arising from Du Val singularities on degree one Del Pezzo surfaces are
explicitly described in Kosta (2009), including their configurations and intersection properties.
Let C C S be a (—1)-curve that arises as the strict transform of a curve ¥ C X. Contracting
C yields a weak resolution of a Du Val Del Pezzo surface of degree two. In the preceding
section, we provided a complete classification of the dual graphs formed by (—1)- and (—2)-
curves on such surfaces. It is important to note that all (—1)-curves on S intersecting the
exceptional divisors are strict transforms of (—1)-curves on weak Del Pezzo surfaces of degree
two. Throughout this section, we make systematic use of the classification of all (—1)-curves
that meet the exceptional divisors, as described in the previous chapter.

9.1 Finding J-invariants for degree 1

A singularity on Du Val Del Pezzo surfaces of degree 1 such that % is nodal

Let X be a singular del Pezzo surface of degree 1 with an A singularity at point &2. Let € be
a curve in the pencil | — Kx| that contains %2 and it has a node in &. Then 85 (X) = 2.

Proof. Let S be the minimal resolution of singularities. Then § is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of % on S and E is the exceptional divisor. We have
—Ks~C+HE. Let P be apointon S.
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| 3]
3

Figure 9.1: Picture: (—Ks)? = 1, A1 singularity (nodal)

Suppose P € E. Then 1(E) = 1 and the Zariski decomposition of the divisor —Kg — vE ~
C+ (1 —v)E is given by:

P(y) = —Ks—VvEifve [0,1], N) = 0ifve [0,3],

—KS—VE—(ZV—I)CifVG[%,l]. (2v—1)Cifv€[%,l}.
Moreover,

1-2v%ifve [0,3], P(y)E = 2vifve [0,3],

V))? =
() 2(v—1)2ifve [L1]. 2(1-v)ifve [5,1].

We have Ss(E) = 3. Thus, 8p(S) <2 for P € E. Moreover, if P € E:

22 ifve [0,1],
h(v) = [ d 1
2v(1—v)ifve [5,1].

Thus, S(WE,;P) < § and We get 8p(S) = 2 for P € E. Which gives us 52 (X) = 2. O

A, singularity on Du Val Del Pezzo surfaces of degree 1 such that ¥ is cuspidal

Let X be a singular del Pezzo surface of degree 1 with an A; singularity at point &2. Let % be
9

a curve in the pencil | — Kx| that contains & and it has a cusp in &. Then 6»(X) = s.
Proof. Consider the blowup 7; : S; — X of X at & with the exceptional divisor E{ and C! is a
strict transform of €. Let my: S, — S be the blow up of the point C! N E| with the exceptional
divisor E3 and E?, C? are a strict transforms of E{, C! respectively. Let 73 : S3 — S be the blow
up of the point C>N EZ N E3 with the exceptional divisor E and E3, E3, C are a strict transforms
of EZ, E3, C? respectively. Then () o m o 73)*(—Kx) ~ C? + E} +2E5 +4E. Let 0: S3 — S
be the contraction of the curves E; and E3, let C = 6(C*) and E = 6(E).

Then P, = G(ES) is a quotient singular point of type %(1, 1) and P = 9(E13) is a quotient
singular point of type %(1, 1) and the intersections are given by:
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*J

E|-1

El-1/4)

Figure 9.2: Picture: (—Ks)? = 1, A singularity (cuspidal)

C | E
Cl -3 1
Fal 1
E| 1]|—3

Observe that —K5 is big. Then 7(E) = 4 and the Zariski decomposition of the divisor
0*(—Kx) —VvE ~ (4—v)E +C is given by

P(y) (4—v)E+Cifvel0,1], NG 0ifv e [0,1],
V)= V) =
(4—v)E+*2Cifve[l,4]. Cifv e [1,4).
Moreover
ZE) ity ¢ [0,1] _ | ritve(o,1]
P(v)* = M_ng P(v)-E = j_v.
- ifve([l,4]. o ifve[l,4].

So we have Ss(E) = 3 for P € E. Thus, Thus, 8p(S) < 2. Moreover, if P€ E\Cor PEENC

then
Yitvel0,1],

2
voitveo,1],
h(v) = (4-)? or h(v) = { 2

if ve[l,4]. ) ity e [1,4].

So S(WE,;0) = 5 or S(WE,;0) = 1. On the other hand:

9 Ag A (0)
op(S) > f ——£
p(S) = mm{S 5255(W.E.,0)
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where Az = 1P + 2P,. So we have

(3ifO=ENC,
Aza(0)  |3ifo=n,

S(WE,;0) 4if O =P,

\ 12 otherwise.

Thus, 8 (X) = 2. O

A, singularity on Du Val Del Pezzo surfaces of degree 1 such that % is nodal

Let X be a singular del Pezzo surface of degree 1 with an A, singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains & and it has a node in 2. Then §5(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of % on S and E| and E; are the exceptional divisors.
We have —Kg ~ C+ E| + E». Let P be a point on §.

Figure 9.3: Picture: (—Ks)? = 1, A, singularity (nodal)

Step 1. Suppose P € E; UE,. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Ks—VvE] ~C+ (1 —v)E| + E; is given by:

P(Y) —Ks—VE| — 3E ifve [0,3],
V)=

—Ks—VvE| — (2v—1)E; — (3v—2)Cifve [3,1].
YE,ifve [0,3],

N(v) = _
(2v—1)Ey+(3v-2)Cifve [$,1].

Moreover,

2 . .
_3%|fve[(),%], P()E = %vae[(),%],

V2:
(P() 3v—1)%ifve [3,1]. 3(1—v)ifve[3,1].
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We have Ss(E1) = 3. Thus, 8p(S) < £ for P € E;\E,. Moreover, for such points we have

2 ifve [0,2],
h(v) = 3(1-v)(v+1) . 2

2 ity e [5,1).

Thus, S(Was; P) < 14 < 3. We get 8p(S) = 2 for P € (E; UE>)\(E1 NEy).

Step 2. Suppose P = E| N E,. Consider the blowup o : S — S of S at P with the exceptional
divisor Ep. Suppose E, E, and C are strict transforma of E|,E; and Con S. Then t(Ep) =2
and the Zariski decomposition of the divisor 6* (—Ks) — vEp ~ C+E| 4+ E> + (2—v)Ep is given
by:

o*(—Ks) —vEp—$(E1 +E») ifve [0,3],

P(v) =
v) 0*(—Ks) —vEp — (v—1)(E| +Ey) — (2v—3)Cifve [3,2].
N(v) = YE +E)ifve [0,3], ~
(v—1)(E1 +E2)+(2v—3)Cifve [3,2].
Moreover,
. 1-2ifve [0,3], N Yitve [0,3],
PO = @—v2itve [3,2]. PR e 3,2]

%ifve [O,%],
Bty e [3,2].

Thus, S(WE;0) < 5. We get 8p(S) = 2 for P = E| N E;. Thus, 8 (X) = 2. O

A, singularity on Du Val Del Pezzo surfaces of degree 1 such that ¢ is cuspidal

Let X be a singular del Pezzo surface of degree 1 with an A, singularity at point &. Let % be
a curve in the pencil | — Kx| that contains &2 and it has a cusp in . Then §5(X) = 3.
Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. We have —Kg ~ C+E|+E>. Let Pbe apointon §. Let also ¢ : S — S be the blowup
ofapoint P=E NE,NC. Let 5, El and Ez be strict transforms of C, E; and E; on S.
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[ BV}
3
[

EH(-1)
Figure 9.4: Picture: (—Ks)? = 1, A, singularity (cuspidal)
Step 1. Suppose P € E; U E;. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Kg—VvE| ~C+ (1 —v)E| + E; is given by:
PO) —Ks—VE| - E,ifve [0,2],
V)=
—Ks—VvE, — (2v—1)E; — (3v—2)Cifve [3,1].

YE,ifve [0,3],

N(v) = o
(2v—1)E>+(3v—2)Cifve [5,1].
Moreover,
1—-2ifve [0,2], Fifve [0,3],
(P(V))ZZ 2 v [ 3] P(V)-E: 2 1Ty [ 3]
3v—1)2ifve [3,1]. 3(1—v)ifve [3,1].

We have Ss(E1) = 3. Thus, 8p(S) < % for P € E|\E». Moreover, for such points we have

%2 ifve [0,2],
h(v) = 3(1-v)(v+1) . 2

2 ity e [5,1].

Thus, S(WE;P) < 1 < 3. We get 8p(S) = 2 for P € (Ey UE>)\(E1 NEy).

Step 2. Suppose P = E; N E;. Consider the blowup o : S — S of S at P with the exceptional
divisor Ep. Suppose El, EZ and C are strict transforma of E|,E;and Con S. Then t(Ep) =3
and the Zariski decomposition of the divisor 6* (—Ks) — vEp ~ C+E| 4+ E> + (3 —v)Ep is given
by:

P( ) G*(—Ks)—VEP—§(El+Ez) ifVE[O,l],

V)= ~ ~ ~
o*(—Ks) —vEp— (v—1)(E1 + E») — Y2 Cifv € [1,3].

$(E1+Ey)ifve 0,1,

NG = 2jved .
(V— 1)(E1 +E2)+VTC ifve [1,3].
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Moreover,

2
1-%itvelo1], Lifv e [0,1],
=] 3 EO gy g, 5TV El0]
B ity € [1,3). 3=vifyel,3).

We have SSN(EP) = %. Thus, 8p(S) < % = 3 for P = E| NE,NC. Moreover, if O € Ep\(E UE>)
if O € Ep\C we have:

2 2
= ifvel0,1], Y ifve0,1],
h(v) < g—v)(Sv—3) . or h(v) < (63—v)(v+1) .

Thus, S(WEE;0) < 1 < 2 or S(WE2;0) < 3 < 2. We get 8p(S) = 3 for P = E; NE,.
Thus, 82 (X) = 3. O

Aj singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A3 singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains . Then 84 (X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of 4 on S and E;, E; and E3 are the exceptional
divisors with the following intersection:

1 E, 3
C

Figure 9.5: Dual graph: (—Ks)? = 1, A3 singularity

We have —Kg ~ C+E; + E> + E3. Let P be a pointon S.
Step 1. Suppose P € E;. Then t(E;) = 1 and the Zariski decomposition of the divisor —Kg —
vEy ~C+E|+ (1 —v)E; + E3 is given by:

P(v) = —Ks — vE2 — 2 (Ey + E3) and N(v) = » (E1 + E3) it v € [0,1],

Moreover,
(P(v))*> = (1—=v)(1+v)and P(v)-E; =vifve [0,1].

We have Ss(E;) = 3. Thus, 8p(S) < 3 for P € E,. Moreover, for such points we have h(v) <
v if v € [0,1]. Thus, S(Wa3;P) < 2. We get 8p(S) = 3 for P € E,.

Step 2. Suppose P € E; U E3. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
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—Ks—VvE| ~C+ (1 —v)E| + E> + E3 is given by:

—Ks—VE1 —3(2E, +E3) ifv € [0,3],

P(v) =
—Kg—VE| — (2v—1)E; — (3v—2)E3 — (4v—=3)Cifve [3,1
1
: 3
NE) = Y(2E,+E3)ifve [0,3],
2w—1)E,+ (3v—2)E;+ (4v—3)Cifve [3,1].
4
Moreover,
42 3 4y 3
(P())? = —%”\/6[051}7 PO Ey = ?Vlfve[O,ﬂ,
4v—1)2ifve [3,1]. 4(1—-v)ifve [2,1].

We have Ss(E) = 3. Thus, 8p(S) < 2 for P € E;\E>. Moreover, for such points we have

8 ifve [0,3],

h(v) = .
4(1-v)(2v—1)ifve [3,1].

Thus, S(Wa'd;P) < 5 < 5. We get 8p(S) = 12 for P € (E{ UE3)\E,. Thus, §»(X) =3. O

A4 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A4 singularity at point &. Let % be

a curve in the pencil | — Kx/| that contains 2. Then 85 (X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of ¥ on S and E|, E», E3 and E,4 are the exceptional

c

divisors with the intersection:

Figure 9.6: Dual graph: (—Ks)? = 1, A4 singularity

We have —Kg ~ C+ E{+ E> + E;+ E4. Let P be a point on S. Consider a linear system
2 =|—2Ks— (E\ +2Ey+2E3+ E4)|. Using Riemann-Roch for surfaces we get dim |.Z’| = 1.
Thus there is a unique element L € |.Z| such that it contains the intersection point of E, and
E3. Moreoverwe have L-E; =L-E4=0,L-E; =L-E3=1and L> =0.

Step 1. Suppose P = E, N E3. Consider the blowup o : S — S of S at P with the exceptional
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divisor Ep. Suppose l:fl I:fz, 53, 54, L and C are strict transforms of E, E>, E5, E4, Land C on
S. Then 7(Ep) = 5 2 and the Zariski decomposition of the divisor

% 5 1~ =~ 3~ 3 - _
o (—KS)—VEPN <§—V)EP+—L+E1+—E2+§E3+E4

2 2
is given by:
P(v)— G*(—Ks)—vEp—g(E]+2§2—|—2E3—|—E4) ifve [O 2]
G*(—Ks)—vEp—%(El+2gz—|—2g3+E4) ( )LIfVG [2 ]
N(v) _ %(Zi] —|—2€2—|—2€3 —I—E4) ifve [O 2]
Y(E1+2E, +2E3+ Eq) — (v—2)Lifve [2,3].
Moreover,
2
1% ifve(0,2], zifve0,2],
GO L P Ep= o 5
==L ifve [2,3]. 2(1-2)ifve [2,3].

We have Ss(Ep) = 3. Thus, 8p(S) < % = % for P = E» N E3. Moreover, if O € Ep\(E, UE3) f
O € Ep\L we have:

V2. v
—|fV€[O,2], mlfv€[0,2],
h(v) <20 or h(v) <
25-26v3) gy ¢ [2, 3], LM itve 23]

Thus, S(WEE;0) < § < 3 or S(WEE;0) < 11 < 3. We get 8p(S) = 5 for P=E;NE;.

Step 2. Suppose P € E, U E5. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form one of the following dual graphs:

A
A2§\ 2.4
Az
o\ o
C)Az,l
A24A25 E1 Eg
A A s
2,2 .
e N\ | / . c
A2’1 2,3

a)_Eg E. Ago o |
Ey B9
G Ay B

C

Figure 9.7: Dual graph: (—K
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c).
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e).

f).
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Then 1(E;) = g and the Zariski Decomposition of the divisor —Kg — vE; is:

P( ) —Ks—sz—%(3E1+4E3+2E4) ifVE[O,l],
V)=
—Ks—VEy — {(3E1 +4E3 +2E4) — (v—1)(A21 +A22 + Az 3+ Ara +Ass) it v e [1,8].
N Y (3E) + 45+ 2Ey) it v € [0, 1],
%(3E1 +4E3+2E4) + (v— 1)(A271 +Ap+A23+Ar4 +A275) ifve [1, g]
P( ) —Ks—sz—%(3E1+4E3+2E4) ifVE[O,]],
V)=
—Kg—VvE, — %(3E1 +4F; —|—2E4) — (V— 1)(2142,1 + B, —|—A2,2 +A2,3 +A2’4) ifve [l,g] .
N( ) %(3E1 —|-4E3—|—2E4) ifve [0,1],
V)=
Y(3E1 +4E3+2E4) + (v—1)(2A2,1 + B+ Agp +Az3 +Ana) ifv € [1,€].
P( ) —Ks—sz—%(3E1+4E3 +2E4) ifve [0,1},
V)=
—Ks¢—VvE, — %(3E1 +4FE;3 +2E4) — (V* 1)(2A271 +Bz71 +2A2’2 +Bz’2 +A273) if ve [1, g] .
Y (3E) + 45+ 2E4) if v € [0, 1],
N(v) =
Y(3E) +4E3+2E4) + (v—1)(2As1 + B21 + 2425+ Bap +Az3) if v e [1,8].
P( ) —Ks—sz—%(3E1+4E3 —|—2E4) ifve [0,1],
V)=
—Kg—VvE, — %(3E1 +4E3 —|—2E4) — (V— 1)(314271 +2B, + & —|—2A2_’2 +A2,3) if ve [l,g] .
N( ) %(3E1—|—4E3—|—2E4) ifVE[O,l],
V)=
Y(3E1 +4E3+2E4) + (v—1)(3A2,1 + 2By + Co + Ay p + As3) if v € [1,8].
P( ) —Ks—sz—%(3E1+4E3 +2E4) ifve [0,1],
V)=
—Ks—vE, — %(3E1 +4E; +2E4) - (v— 1)(3142’1 +2Bz71 +C +2A2’2 +Bz72) ifve [1, g] .
Y (3E) + 45+ 2Ey) if v € [0, 1],
N(v) =
Y(3E| +4E3+2E4) + (v—1)(3A2,1 + 2B +Coy + 2425+ By ) ifve [1, 8],
P( ) —Ks—sz—%(3E1+4E3—|—2E4) ifVE[O,l],
V)=
—Kg—VvE, — %(3E1 +4F; —|—2E4) — (v— 1)(4142_]1 +3B, +2C, + D> —I—Az_’z) ifve [l,g] .
N( ) %(3E1—|—4E3—|—2E4) ifVE[O,l],
V)=
Y(3E1 +4E3+2E4) + (v—1)(4A2,1 + 3B, +2C, + Dy + Ay) if v € [1,8].
P( ) —KS—VEQ—%(3E1+4E3 +2E4) ifve [0,1],
V)=
—Ks—VvE, — %(3E1 +4E; +2E4) — (V* 1)(5A2 +4B> +3C,+2D» Jer) ifve [1, g] .
N Y (3E) + 45+ 2E4) it v € [0, 1],
Y(3E| +4E3+2E4) + (v—1)(5A2 +4B, +3C, + 2D, + F») if v € [1, 8],
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The Zariski Decomposition in part a). follows from

6 1
—Ks—VEz ~R (— —V>E2+—

5 5 (3E1 +4E3+2E4+ Az 1 +A2p+A23+ A2y +A2,5>-

A similar statement holds in other parts. Moreover,

|fv€01, ity e0,1],
(P(V))Q': (652 5v [ 6] P(v)-E, = 6 0,1] ]
€ [1,2]. 3(1—v)ifve [1,2].
We have Ss(E,) = 15 Thus, 8p(S) < 1—5 for P € E»\E3. Moreover, if P € E;NE; orif P € E»\E)
for such points we have

Ho) < 552 it v e [0,1], B < 22 ity e [0,1],
v) < ornyv)<

5(5v 6)7(219v 30) i ) 1,8]. 25(5v 763(6_7” ifve [1,%].
Thus, S(Wa3;P) < 2 < L or s(WJ3;P) 1 < 11 We get 8p(S) = 12 for P € (E| UE>)\(E1 NEy).
Step 3. Suppose P € E; UE4. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Kg—vE| ~C+ (1 —V)El + E> + E3 + E4 is given by:

—Kg—VvE| — £(3E2+2E3 —|—E4) ifve [0, %}7

P(v) =
—Ks—VvE — (2v—1)E; — (3v—2)E3 — (4v—3)E4 — (S5v—4)Cif v € [3,1].
Y(3Ey+2Es+E4) if v e [0,2],
N(V) _ 4( 2 3 4) |: 5]
(2v—1)Ex+ (3v—2)E3+ (4v—3)Es+ (Sv—4)Cif v € [3,1].
Moreover,
5112 H 4 S5v 4
—=ifve |0,z], >ifve |0,z],
(P(V))2 — 4 |: ij| P(V) 'El — 4 |: 5:| )
S(v—1)?ifve [3,1]. 5(1—v)ifve [3,1].

We have Ss(E1) = 2 Thus, 8p(S) < 3 for P € E1\E,. Moreover, for such points we have

W) 25” ifve[0,2],
V)=
%,f‘,e[ 1]

Thus, S(WELP) < 2 < 2. We get 8p(S) = 3 for P € (E| UE4)\(EyUE3). Thus, 8.5 (X) =
<5<53 3

WIS
]
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As singularity on Du Val Del Pezzo surfaces of degree 1
Let X be a singular del Pezzo surface of degree 1 with an A5 singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains 2. Then 8 (X) = &.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface
of degree 1. Suppose C is a strict transform of 4 on S and E;, E», E3, E4 and E5 are the
exceptional divisors with the intersection:

Fws

c

Figure 9.8: Dual graph: (—Ks)? = 1, As singularity

We have —Ks ~C+E|+E>+E3+ E4+ Es. Let P be a pointon S.

Step 1. Suppose P € Ej. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-
curves and (—2)-curves which form one of the following dual graphs:

Bs
Asq As o As
a) b) ‘
o——0 o—©0 .E .E o—0

E, E, E3 E4 F;s 1 s FE3 Ei Ejs

Figure 9.9: Dual graph: (—Ks)? = 1, A5 singularity, 8p(S) = ¢

Then ©(E3) = % and the Zariski Decomposition of the divisor —Kg — vE3 is:

a) P(v) B —Kg—vE3 — %(El +2E, +2E, +E5) ifve [0, 1],
—Kg—VvE3; — %(E] +2E,+2E4 —|—E5) — (V— 1)(A371 +A372) ifve [1,%}.
N(Y) = Y(E1+2E, +2E4+Es) ifv e [0,1],
Y(E\+2Ey+2E4+Es)+ (v—1)(A3 1 +Asp) ifve [1,3].
b) P(v) B —Ks—vE3—%(E1 +2E, +2FE4 +E5) ifve [0, 1],
—Ks—VE3 — 3(E1 +2E, + 2E4 + E5) — (v—1)(2A3+ B3) if v € [1,3].
N(v) = Y(E1 +2E)+2E4+ Es) ifv € [0,1],
Y(E\+2Ey +2Es+ Es) + (v—1)(2A3+ B3) if ve [1,3].

The Zariski Decomposition in part a). follows from

3 1
—Kg—vE3 ~p <§ — V)E3 + 5 (El +2E, +2E4+Ej5 +A3,1 +A372> .
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A similar statement holds in other parts. Moreover,

1-2ifve[0,1], ity e o, 1],
(3-2v)? o P(v)-E3=3° ol 3
P itve [1,3]. 2(1-3%)ifve [1,3].

2
(P(v))" =
We have Ss(E3) = %. Thus, 6p(S) < g for P € E5. Moreover, if P € E3N(E;UEy) or if P €
E3\(E2 UE4) we have

22 ifv e [0, 1], oY) < 22 ifv e [0, 1],
B2 ity e [1,3]. T B ey e [1,3).

h(v) <
Thus, S(We3;P) < I <2 or S(WS3:P) < 1 < 2. We get 8p(S) = & for P € Es.
Step 2. Suppose P € E, UE,. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form one of the following dual graphs:

Az e . Az Ay 2 Co

a) A ; \ / . ) Ap T B, °)
2,1
I A S e

e Op, O, O, 9 e

Figure 9.10: Dual graph: (—Ks)? = 1, A5 singularity, dp(S) = 2

Then T(E3) = 3 1 and the Zariski Decomposition of the divisor —Kg — vE, is:

) P( ) —KS—VEz—ﬁ(ZEl +3E3+2E4 —|—E5) ifve [0 1]
a). V)=

—Ks—VEy — (21 +3E3+2E4+ Es) — (v—1)(A2,1 +Azp +As3) if vE [1,3].

N(v) _ £(2E1 +3E3+2E4 +E5) ifve [O 1]
¥(2E1 +3E3+2E4+ Es) + (v—1)(Ay1 +Asp +Ar3) if v e [1,3].

b) P(V) B —Kg—VvE, — £(2E1 +3E34+2E4 +E5) ifve [O 1]
—Ks—VvEy — (2E) +3E3+2E4+Es) — (v—1)(2421 + By 1 +A2p) if v e [1,3].

N(v) _ £<2E1 +3E3+4+2E4 +E5) ifve [O 1]
¥(2E1 +3E3+2E4+Es) 4+ (v—1)(2A21 +Ba,1 +A2,) if v € [1,3].

—Kg—VvE, — §(2E1 +3E3 —|—2E4 +E5) ifve [O, 1],
c). P(v) = )
i

—Ks—VEy — %(2E) +3E3+2E4+ Es) — (v—1)(3A,+ B + ) if v € [1,3].
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N £(2E1+3E3—|—2E4+E5) if velo,1],
V) =

Y(2E1 +3E3+2E4+Es)+ (v—1)(3A2+ B, + o) if v € [1,3].
The Zariski Decomposition in part a). follows from

4 1
—Kg—vEy; ~p (— —V)Ez—l——

3 3 (2E1 +3E3+2E4+ E5 +A271 +A272 —I—A273> .

A similar statement holds in other parts. Moreover,

3v2- 3y -
2 — ifve[0,1], 0B ity e [0,1],
R 3V) itve [1,5]. P 3(1-3yifve [1,4].

We have Sg(E») = &. Thus, 8p(S) < 2 for P € E». Moreover, if P € E,NEj or if P € E»\(E| UE3)
we have

21v 92 .
|fV€[0 1] g”VG[O,l],
h(v) < or h(v) <
3(3v 4%&51/ 12) ity [1’%1] 9(3\}—4;)2(4—511) ity [1’43_1]

Thus, S(Wa3;P) < 23 < 1 or S(W3;P) < 1 < 1. We get 8p(S) = 2 for P € (E» UEs)\Es.
Step 3. Suppose P € E; UE5. Without Ioss of generality we can assume that P € E| since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Kg—VE| ~C+ (1 —v)E|+ Ey+ E3z+ E4 + Es is given by:

—Kg—vE| — %(4E2—|—3E3 +2E4 +E5) ifve [0, %},

P(v) =
—Ks—VvE;—(2v—1)E; — (3v—2)Es — (4v—3)E4 — (5v—4)E5s — (6v—5)Cif v € [%7 1].
L(4E, +3E3+2E4+ Es) ifve [0,2],
(20— 1)Ex + (3v—2)E3 + (4v — 3)E4 + (Sv— 4)Es + (6v—5)Cit v e [2,1].
Moreover,
6v? ; 5 6v 5
— X ifve O,—, = ifve 07_7

6(v—1)2ifve[g,1]. 6(1—v)ifve [2,1].

We have Ss(E) = 15. Thus, 8p(S) < & for P € E;\E,. Moreover, for such points we have

ISV ifve [0,2],
6(1—v)(3v—2) ifve [2,1].
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Thus, S(Wa'd;P) < 15 < L. We get 8p(S) = 18 for P € (E UEs)\(E2 UEy).
Thus, 8 (X) = &. O

Ag singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A¢ singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains 2. Then 54 (X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of € on S and E;, E», E3, E4, Eq and E7 are the
exceptional divisors with the intersection:

1 .Ez .E3 .E4 .E's

C

Figure 9.11: Dual graph: (—Ks)? = 1, Ag singularity

We have —Ks ~C+E;+E)+E3+ Ey4+ Es+ Eg. Let P be a point on S.

Step 1. Suppose P € E3 U E4. Without loss of generality we can assume that P € E3 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form the following dual graph:

o4, o4,

.. o0
E, E» E3 Ey E;5 Eg

Figure 9.12: Dual graph: (—Ks)? = 1, Ag singularity, 8p(S) = %
Then t(E3) = 3 and the Zariski Decomposition of the divisor —Ks — vEj is:

—Kg—VE3 — $5(4E1 +8E> +9E4 +6E5 +3Eg) if v € [0, 1],
P(v) = —Ks—vE3 — 5 (4E1 +8E» +9E4 +6Es + 3Eg) — (v— 1)As if v € [1,3],
—Ks—VvE3 — $(E1 +2E;) — (v—1)(3E4 + 2E5 + Eg +Az) — B3v—4)A4 if v € [3,3].
5(4E1 + 8E> +9E4 + 6Es + 3Eg) if v € [0, 1],
N(v) = { $5(4E| +8E> +9E4 + 6Es5 +3Eq) + (v— 1)As if v € [1,3],
Y(E\+2Ey) + (v—1)(3Es+2Es + Eg+A3) + (3v—4)As if v e [§,3].

i

The Zariski Decomposition in part a). follows from

3 1
~Ks— VE5 ~p (5 —v>E3—|— -

: <E1 4 2E) +3Ey+2Es + Eg + A3 +A4).
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Moreover,
—7—V2ifv€[0,1], Ivitve[0,1],
(P =42-20+5Citve [1,4], PO)-Es={1-%ifve [1,4],
%ﬁve[;—%%} a(1-3)itve [43]

We have Ss(E3) = 5. Thus, 8p(S) < 3 for P € E3. Moreover, if P € E3NAsz or if P € E3NE; or
if P e E3\(E2 UA3) we have

4;8%2 ifve [071]7 lgégz ifve [0’1]’

h(v) <  U2=0U0=12) gy, o 19 4] orh(v) < § UZSI1) 4 o 1y 4]
4(2v-3 4 3 8(2v-3 4 3
M ity € [4.3]. gty e [1.3).

1752 it v € [0, 1],

or h(v) < (12—5\/%&;3\24-12) ity e [1 %]

4(2v—33(5v—3) if v € [43_1 %}

(O8]

Thus, S(Wea;P) < £ < 8 or S(Wi3;P) < 2 < 8 or S(WJ3;P) < 5. We get 8p(S) = ¢ for
P € EsUEy.
Step 2. Suppose P € E, UE5. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form one of the following dual graphs:

B e bt e,

Figure 9.13: Dual graph: (—K;)* = 1, A singularity, 5p(S) = 35

Then ©(E,) = § and the Zariski Decomposition of the divisor —Ks — vE; is:

—Ks —vE; — {5(5E1 +8E3 + 6E4 +4E5 4 2E¢) if v € [0, 1],
a). P(v)={ —Ks—VvE,— 35(SE| +8E3+ 6E4+4Es5 +2Eg) — (v—1)(A21 +Azp) ifv € [1,3],
—Ks—VE; — 3Ey — (v—1)(4E3 + 3E4 + 2E5 + Eg+As 1 +Azp) — (4v—5)Asif v e [3,3].
15 (SE1 4+ 8E3 4+ 6E4 +4Es + 2Eg) if v € [0, 1],
N(v) =< &(5E| +8E3+6E4 +4Es +2Eq) + (v—1)(A21 +Az) if v e [1,3],
YEy+(v—1)(4E3 +3E4+2E5+ Eg+Ax 1 +Az)) + (4v—5)Asif v € [3,3].
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—Ks —VEy — {5(5E1 +8E3 + 6E4 +4E5 +2Es) if v € [0, 1],
b).  P(v)= 1 —Ks—VE;, — {5(5E| +8E3+6E4+4Es5+2Es) — (v—1)(24,+B,) if v € [1,2],
—Ks—VvE, — 5E; — (v—1)(4E3 4+ 3E4 + 2E5 + Eg + 2A; + By) — (v —5)As if v € [2,%].
+(SE1 4+ 8E3 + 6E4 +4Es +2Eg) if v € [0, 1],
(SE1 +8E3+6E4+4E5+2E¢) + (v—1)(242 +B,) if v € [1,3],
E1+ (v—1)(4E3 +3E4+2Es + Eg+2A2+ By) + (4v—5)As if v € [3,3].

N(v) =

|<

NI< 5
Sl

The Zariski Decomposition in part a). follows from

4 1
—Ks—sz ~R (— —V>E2+—

3 3 <2E1 +4E3+3E4+2E5+ Eg +A2,1 —|—A272 +A3> .

A similar statement holds in other parts. Moreover,

—itveo,1], ity e [0,1],
(P(v))?={3- 4v+13v ifve [1,3], POv)-Ea=q2-ifve[1,3],
et ive [3.4] 32-Y)itve [3.4]

We have Ss(E>) = 22. Thus, 8p(S) < 35 for P € E,. Moreover, if P € E;NE; orif P € E;\(EjU
E3) we have

121862 ifve [0 1] 4290‘6 ifve [O 1]

h(v) < (13v72§)3(()3v 20) ity e [1,%], or h(V) < (13v— 2(;)0(57\/ 20) fve [1 %]
3(3v—4)(Tv—12 3(3v—4
Sty [7,4] otloct ¢ [3,4).

Thus S(Wa3;P) < B < 2 or S(Wa2; P) < 2 < 2. We get p(S) = 35 for P € (E,UEs)\(EsU
E4>.

Step 3. Suppose P € E; UEg. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Ks—VvE; ~C+ (1 —V)El +E),+E3+Es+Es+ Eg is given by:

4>I
@I

P( ) {stEl —%(5E2+4E3—|—3E4+2E5—|—E6) ifve [O,g],
V)=

—Ks —VvE1 — (2v—1)Ey — (3v = 2)E3 — (4v —3)E4 — (Sv —4)Es — (6v — 5)Es — (Tv—6)Cif v e [§,1].
N Y (5E; +4E3 +3Eq +2E5 + Eg) if v e [0, 8],
V) =
(2v—1)E;+ (3v—2)E3+ (4v—3)E4+ (5v—4)Es+ (6v —5)E¢ + (7v—6)Cif v € [g, 1].
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Moreover,

2 6 Tv ; 6
y 2 —Tlf\/e[o,7}, D). _ FIfV€[0,7},
o= T(v—1)%ifve [§,1]. FE 7(1—v)ifve [$1].

We have Ss(E1) = 22. Thus, 8p(S) < 2L for P € E;\E,. Moreover, for such points we have

9% ity e [0, 9],
%uwe[ 1.

Thus S(WEL; P)
Thus, 6@(X) =

21 < 13. We get 8p(S) = 2L for P € (E1 UEq)\(E2 UE5).

A7 singularity & reducible ramification divisor on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A5 singularity at point &2. X can
be realized as the double cover X =5 P(1,1,2), which is ramified along a sextic curve R €
P(1,1,2). Suppose R is reducible. Let % be a curve in the pencil | — Kx| that contains &. Then
0x(X)=1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of ¢ on S and E|, E», E3, E4, E5, Eg and E7 are the
exceptional divisors with the intersection:

1 .E2 .E3 .E4 'Es .Ee

c

Figure 9.14: Dual graph: (—Ks)? = 1, A7 singularity (reducible ramification divisor)

We have —Kg ~C+E\+E,+Es+Es+Es+ Eg+ E7. Let P be a point on S. If the ramification
divisor R is reducible, then this implies the existence of a (—1)-curve A4 which intersects the
fundamental cycle only at E4 and this intersection is transversal.

Step 1. Suppose P € E,. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-
curves and (—2)-curves which form the following dual graph:

°A,

... ..Q
E, E;, E; Eiy Es FEs Ey

Figure 9.15: Dual graph: (—Ks)? = 1, A7 singularity, 8p(S) =
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Then 7(E4) = 2 and the Zariski Decomposition of the divisor —Kg — vEy is:

E\+2E;+3E3+3Es+2Eq+E7) if ve[0,1],
(v—1)Agifve[1,2].

—Ks—vEy— ¥
P(y) = :
1

—Kg—VvE4 — E1+2E2+3E3+3E5 —|—2E6+E7

( )
( )—
(El +2FEy+3FE3+3E5+2E¢ —I—E7) ifve [O 1]
( )

v
N(v)=<* _
£E1+2E2+3E3+3E5—|—2E6+E7 +(v—1Asifvel,2].

The Zariski Decomposition follows from
1
—Kg—vE4 ~p (2 - V)E4 + Z (E] +2E, +3E3+3E5+2E¢+ E7 —|—4A4) .
Moreover,

- ifve0,1], POy = Yitve[0,1],

V)=
(P(v)) @ifve[lﬂ]- 1—3)ifvell,2].

We have Ss(E4) = 1. Thus, 6p(S) < 1 for P € E4. Moreover, if P € E4N(E3UEs) orif P €
E4\(E3 UEs) we have

Thus S(Wa4; P) < 1 < 1 or (W4 P) < 1 < 1. We get 8p(S) = 1 for P € Ey.

Step 2. Suppose P € E3 U E5. Without loss of generality we can assume that P € E3 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form the following dual graph:

Ay

... 00
E, E;, Es;s Ey Es FE¢ FEy

Figure 9.16: Dual graph: (—Ks)? = 1, A7 singularity, 8p(S) = 1

Then 1(E3) = % and the Zariski Decomposition of the divisor —Kg — vE3 is:

P(Y) —Ks —VvE3 — %(SE| + 10E; + 12E4 + 9E5 + 6E¢ + 3E7) if v € [0,3],
V) =
—Ks —VE3 — $(E1 +2E;) — (v— 1)(4E4 + 3Es + 2Eg + E7) — (v —5)As if v € [2,3].
% (5E1 +10E; + 12E4 + 9Es + 6E¢ + 3E7) if v € [0,3],

N(v) =
Y(E\+2Ey) + (v—1)(4E4+3Es +2E¢ + E7) + (4v —5)As if v € [3,3].
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The Zariski Decomposition follows from

3 |
_Kg—vE; ~p (——V)E3—|——<E1 4 2E, +4E, + 3E; +2E6+E7+2A4>.

2 2
Moreover,
1-8ifveo,2], ity e [o,2],
(P(V))Z = 2(3_213)2 . [ 541 P(V> 'E3 - 15 o [ 4] 5 3
=5-ifve [3.3] 41-%)ifve [3,3]

We have Sg(E3) = —5 Thus, 6p(S)

IN

1 for P € E3. Moreover, if P € E3\E4 we have

1122 5
hv) < d 22 ifve [0,3],
T 3RSy e [3,3).

Thus, S(Wa2;P) < 2 < 11 We get 8p(S) = 12 for P € (E3 UEs)\E;.

Step 3. Suppose P € E, UEg. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form one of the following dual graphs:

N, e L @ e
° ° i, 2,

2,2

a) A b) i i
[ o0 © ) o . O . )
E, E; E; Ey E; Eg E; E, 'E; E; Ey E; Eg E;
Figure 9.17: Dual graph: (—Kjs)? = 1, A5 singularity, &p(S) = 2

Then 1(E;) = % and the Zariski Decomposition of the divisor —Kg — vE is:

P(v) = —Ks—VEy — £(3E1 + 5E3 +4E4 + 3Es + 2Eg + E7) if v € [0,1],
—Ks—VE; — §(3E| +5E3 +4E4+ 3E5+2Es + E7) — (v—1)(A21 +A2p) ifv € [17%}.
N(v) = Y(3E| +5E3+4E4+3Es + 2Eg+ E7) it v € [0, 1],
§BE| +5E3+4E4+3E5+2Es +E7) + (v —1)(A2,1 +A2p) ifv e [17%}.
pay = RsTvRT £(3E1 +5E3+4Ey +3Es +2Es + E7) if v € [0, 1],
—Ks—VE; — §(3E1 +5E3 +4E4 +3E5+2Es + E7) — (v—1)(2A2 + By) if v € [17%}.
N(v) = § (3E1 +5E3 +4E4 +3Es + 2E¢ + E7) it v € [0, 1],
L(3E +5E3 +4Ey +3Es + 2B+ E7) + (v— 1) (242 + By) if v € [1,3].
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The Zariski Decomposition follows from

3 1
—Kg—vEy ~p (E — V)Ez + Z <3E1 +5E3+4E4+3E5+2E¢+ E7 —{—2A271 +2A272> .

Moreover,
1— 224y 0, 1], ity e o, 1],
(P(v))* = (37232. | 3] P()-Ep={73 . [. ) .
= ifve [1,3]. 2(1-%)ifve [1,5].
We have Sg(E>) = 2. Thus, 8p(S) < & for P € E». Moreover, if P € E,NE; orif P € E»\(E; UE;
6 5
we have
2 ifv e [0, 1], 2 ifv e [0,1],
M) =9 v Or A(v) < 9 53 23
ity e [1,3). 2Bty e [1,3).

Thus S(Wa3;P) < 2 < 2 or S(Wa3;P) < 1 < 2. We get 8p(S) = & for P € (E2 UEq)\(E1 UE7).
Step 4. Suppose P € E; U E;. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor

—Ks —vE] is given by:

7

—Ks —VE) — (2v—1)Ey — (3v—2)E3 — (4v—3)E4 — (5v — 4)Es — (6v — 5)E¢ — (Tv — 6)E7 — (8v = 7)Cif v e [1,1].

o) {KSVE] — Y (6Ey + SEs +4Ey +3Es + 2B+ Er) it v e [0,1],
V)=

NG Y(6E, +5E3+4E4 +3Es + 2E + E7) if v e [0,{],
V)=
(2v—1)Ex+ (3v—2)E3 — (4v—3)E4 + (5v —4)Es + (6v—5)Es + (Tv—6)C if v € [§,1].

Moreover,

2, .
1-8itve [0,7], P(v)-Ey B itve [0,4],

v)? =
(P0)) 8(v—1)2ifve [§,1]. 8(1—v)ifve [g1].

We have Ss(E1) = 3. Thus, 8p(S) < £ for P € E;\E,. Moreover, for such points we have

T itve [0.],

8(1—v)(Bv—4)ifve [{,1]

h(v) =

Thus, S(We3; P) < 82 < 3. We get 8p(S) = & for P € (E1 UE7)\(E2UEs). Thus, 85 (X) = 1.
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A7 singularity & irreducible ramification divisor on Du Val Del Pezzo surfaces of degree
1

Let X be a singular del Pezzo surface of degree 1 with an A5 singularity at point &2. X can
be realized as the double cover X =5 P(1,1,2), which is ramified along a sextic curve R €
P(1,1,2). Suppose R is irreducible. Let € be a curve in the pencil | — Kx| that contains 2.
Then 84 (X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of ¥ on S and E1, E», E3, E4, Es5, Eg and E7 are the
exceptional divisors with the intersection: We have —Ks~C+E{+E>)+E3+E4+Es+ Eqg+ E7.

‘El .Ez .Eg .E4 .Es ‘E6 7

c

Figure 9.18: Dual graph: (—KS)2 =1, A7 singularity (irreducible ramification divisor)

Let P be a point on S. If the ramification divisor R is reducible, then this implies that there is no
(—1)-curve that intersects the fundamental cycle only at Ej.

Step 1. Suppose P € E,. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-
curves and (—2)-curves which form the following dual graph:

®4; I‘ls
.E'l .Ez Es .E4 E;5 .E6 .E'7

Figure 9.19: Dual graph: (—Ks)? = 1, A7 singularity, &p(S) = % (1)

Then 7(E4) = % and the Zariski Decomposition of the divisor —Kg — vE4 is:

P(v) = —KS_VE4—E(E1+2E2+3E3+3E5—|—2E6—}—E7) if v e [0’%}’
—Ks—VEy — (v—1)(E1 +2E> +3E3 +3E5 +2E¢ + E7) — (3v—4)As if v € [3,3].
E(E1+2E2+3E3+3E5+2E6+E7) if v e [0’%}’

N(v) =
(v—1)(E1 +2E> +3E3 +3E5 +2E¢ + E7) + (3v—4)As if v e [3,3].
The Zariski Decomposition follows from

3 |
—Kg—vE4 ~g (5 —V>E4-|- §<E1 2 +3E3 + 3Es + 2E; —|—E7+2A3).
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Moreover,

, J1-%itveo, Yitve [0,3],

—
a
—~
<
|

P(v) -E4 =

We have Ss(Es) = 1%. Thus, 8p(S) < 2 for P € E4. Moreover, if P € E4 we have

Zifve [0,4],

h(v) <
2(3—2v)vifve [%, %]

Thus S(W&2;P) < < 1Z. We get 8p(S) = 15 for P € Ey.

HE
B—w)?ifve [3,3]. 2(3-2v)ifve [3,3].

Step 2. Suppose P € E3z U E5. Without loss of generality we can assume that P € E3 since the

proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic

to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist

(—1)-curves and (—2)-curves which form the following dual graph:

oo el de

E;

Figure 9.20: Dual graph: (—Ks)? = 1, A7 singularity, 8p(S) = % (2)

Then t(E3) = 3 and the Zariski Decomposition of the divisor —Ks — vEj is:

—Ks —vE3 — 15 (5E1 4 10Ey + 12E4 + 9E5 4- 6E6 + 3E7) if v € [0, 1],
P(V) = —Ks—VE3

LS(SEl +10E, + 12E4 +9E5 + 6E¢ +3E7) ifve [O, 1],

—

N(v) = Q 3% (5E| + 10E; + 12E4 + 9Es5 + 6E¢ + 3E7) + (v— 1)Az if v € [1,3],
(v—1)(E1 +2E> +A3) + £ (4E4 +3Es +2Es + E7) + (2v—3)Ay if v € [3,3].

The Zariski Decomposition follows from

5 1
—Kg—vE3 ~p <§ —V)E3 —|—§(2E1 +4E, +2A3+4FE4+ 3E5+ 2E¢ +E7+2A2>.

1% (5E\ + 10E; + 12E4 + 9Es + 6E¢ + 3E7) — (v— 1Az if v € [1,3],
—Kg—VvE; — (V )(E1+2E2+A3)—§(4E4+3E5 —|—2E6+E7)—(2V—3)A2 ifve [%,%]
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Moreover,
—8—V2ifve[o 1], 8 ity e [0,1],
(P0)?=42-2w+ 2 ifve[1,3], P0)-Es={1-Lifve[1,3],
5-3 .
@.fve[m} 31— itve [3,3].

We have Ss(E3) = 1Z. Thus, 8p(S) < 15 for P € E5. Moreover, if P € E3NAs orif P € EsNE,

we have

22 ity e [0,1], L itveo,1],

h(v) < % ifve [1 %}, or h(v) < % [ %}
3(5—39) (v 3 5 3(5-3v)(11v—5) 35
(5‘}—3(‘})va€[§ g] % [7 5}

Thus S(Waa;P) < 3 < or S(WJ3P) < 31 < 17 We get 8p(S) = 18 for P € (E3 UEs)\Ex.

Step 3. Suppose P € E, U Eg. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 1(E;) = ‘3—‘ and the Zariski Decomposition of the divisor
—Ks—VvE; is:

—Ks —VvEy — §(3E1 +5E3 +4E4 +3E5 +2E6 + E7) if v e [0, 1],
P(v) = —Ks—VvEy — (3E1 +5E3 +4E4 +3Es + 2Eg + E7) — (v— DAy if ve [1, 8],
—Ks —VEy — 5E; — (v—1)(5E3 +4E4 + 3Es5 +2E¢ + E7 + A2) — (Sv—6)As if v e [£,4].
(3E1 +5E3+4E4+3Es+2E¢+ E7) if v € [0, 1],
(3E1 +5E3 +4E4+3Es+2E¢+E7) + (v— 1Ay if v € [1,8],
Ei+ (v—1)(5E3+4E4+3Es+2Es + E7 + A7) + (Sv—6)Az if v e [£,3].

N(v) =

Nz A= A=

Moreover,

1-2itvelo,1], ity eo,1],
(P =12—2v+%itve[1,8], PW)-Ex= 1—§ifve[1 6]
B3 ey e [8,4). 32-)ifve |

UlIO\ -

3

The Zariski Decomposition follows from

4 1
—Kg—VvEy ~p (g — V>E2 + g <2E1 + 5E3 +4E4 —|—3E5 + 2E6 + E5 +Ar + 2A3>.



9.1. Finding d-invariants for degree 1 218

We have Sg(E>) = 431_; Thus, 8p(S) < 45 for P € E». Moreover, if P € E;NE; orif P € E>\(E1U
E3) we have

S2ifve o, 1], 22 ifv e [0, 1],
h(v) < %if\/e[l,g}, or h(v) < WIWG[L%,

Th)us SWEP) <30 < 3 or S(WEs; P) < 13 < 31 We get 6p(S) = £ for P € (Ey UEg)\ (E3U
Es).

Step 4. Suppose P € E; U E5. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Ks—VvE| ~CH+E|+Ey+E3+Ey+ Es+ Eg+ E7 is given by:

—Ks—VE| — 5(6E; + 5E3 +4E4 + 3E5 + 2Es + E7) if v € [0, 4],
—Ks —VE{ — (2v—1)Es — (3v —2)E3 — (4v —3)Eq — (5v —4)Es — (6v — 5)Es — (Tv—6)E; — (8v—7)Cif ve [2,1].
NG {;(6E2—|—5E3+4E4+3E5+2E6+E7) ifve [0,%},
V)=

(2v—1)Es+ (3v—2)E3+ (4v—=3)Es+ (5v —4)Es + (6v—35)Ec+ (Tv—6)Cif v € [%, 1} .

Moreover,

Py = ~%itve [0,7], PO B ity e [0,7],

8(v—1)*ifve [£,1]. 8(1—v)ifve[Z1].

We have Ss(E1) = 3. Thus, 8p(S) < £ for P € E;\E,. Moreover, for such points we have

32V ifve[0,1],

h(v) =
8(1—v)(3v—4) ifve[L1]

Thus, S(Wed;P) < &2 < 3. We get 8p(S) = & for P € (Ey UE7)\(E2 UEs). Thus, 85 (X) =
18

17" =
Ag singularity on Du Val Del Pezzo surfaces of degree 1
Let X be a singular del Pezzo surface of degree 1 with an Ag singularity at point &2. Let % be

a curve in the pencil | — Kx| that contains &2. Then 64 (X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of ¢ on S and Ey, E», E3, E4, E5, E¢, E7 and Eg are
the exceptional divisors with the intersection:

We have — K¢ ~C+E|+Ey+E3+ Eys+ Es+ Eg+ E7+ Eg. Let P be a pointon S.
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o~ o2 pez) P pui pe] e

Figure 9.21: Dual graph: (— ) =1, Ag singularity

Step 1. Suppose P € E4UE5. Without loss of generality we can assume that P € E,4 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form the following dual graph:

. o o——© o——©0
E,. E, Es E4, Es FE¢ E; Eg

Figure 9.22: Dual graph: (—Ks)? = 1, Ag singularity, 5p(S) =

Then t(E4) = 3 and the Zariski Decomposition of the divisor —Ks — vE; is:

~Ks —VEs — 35 (5E1 + 10E, + 15E3 + 16Es + 12E¢ + 8E7 + 4Esg) if v € [0, %],

P(v) =
—Ks—VEs— (v—1)(E\ +2E, +3E3) — L(4E5+ 3E¢ + 2E7 + Eg) — (3v —4)As if v € [4,3].

55 (SE1 + 10E; + 15E3 + 16Es + 12E¢ + 8E; +4Eg) if v € [0,3],

N(v) =
(v—1)(E1 +2Ey+3E3) + £ (4Es +3Es + 2E7 + Eg) + (3v—4)As if v € [5,3].

The Zariski Decomposition follows from

5 1
—Ks—vE,; ~p (— —v>E4 +3 (2151 4 AE, + 6E3 + 4Es +3E¢ + 2E7 + Ey +3A3>.

3
Moreover,
(P = 1-2itve [0,4], P(y)-Es — s itve[0,3],
557 e [4,3). 32- ) itve 4.3

We have Sg(E4) = 1. Thus, 0p(S) < 1 for P € E4. Moreover, if P € E4NEs orif P € E4\Es5 we
have

36912 4 3512 4
ifve|0,5], ifve|0,3],
h(v) < ﬁ?ﬁlsxv_lsg . is OTH) < 9?33_5><5_7VE 3 ‘s
30 ifve[3.3]. 30 ifve [3,3]



9.1. Finding d-invariants for degree 1 220

Thus, S(WE2;P) < 1. We get 8p(S) = 1 for P € E4 UEs.

Step 2. Suppose P € E3 U E5. Without loss of generality we can assume that P € E3 since the
proof is similar in other cases. Then 7(E3) = 2 and the Zariski Decomposition of the divisor
—Kg—vVvE3 is:

W) —Ks —VE3 — §(2E1 +4E> + 5E4 +4E5 +3E6 +2E7 + Eg) if v € [0, 1],
V)=
—Ks—vE3—%(2E1—I—4E2—|—5E4—|—4E5—|—3E6+2E7—|—E8)—(V—1)A3 ifVG[l,z].
N(Y) = Y(2E\ +4Ey +5E4 +4Es +3Eg +2E7 + Eg) if v € [0, 1],
%(ZEl+4E2—|—5E4—|—4E5—|—3E6+2E7—|—E8)—|—(V—1)A3 ifvell,2].

The Zariski Decomposition follows from

|
—Ks—VE: ~g (2= V)Es+ 3 (2151 A, + 5E4 +4Es +3Eq + 27 +Eg) +As.
Moreover,

1—2ifvelo,1],

Yifvelo,1],
CONER I P(v) Es=1

Bty e [1,2). 1-Yifve[l,2].

We have Ss(E3) = 1. Thus, 8p(S) < 1 for P € E3. Moreover, if P € EsNE; orif P € E4\(Ex UEy)
we have

12 v
fvel0,1], < ifve 0,1},
CORS FH AR RS S U
%ﬁve[l,z]‘ (_V)STV_)WVG[IJ].

Thus, S(Wa;P) < 2 < 1or S(Was;P) < 1 < 1. We get 8p(S) = 1 for P € (E3UEg)\(E4 UEs).
Step 3. Suppose P € E; UE7. Then 1(E;) = ‘5‘ and the Zariski Decomposition of the divisor
—Kg—vE, is:

P(Y) —Ks—VE, — 3E| — X(6E3+ 5E4 +4Es +3E¢ +2E; + E7) if ve [0, 7],
V)=
—Ks—VE, — 3E; — (v—1)(6E3 + 5E4 + 4Es + 3E¢ + 2E, + E7) — (6v —T)Az if v € [2,3].

N@v) =

%El +%(6E3+5E4+4E5+3E6 +2E,+Eq7)ifve [0, %],
%El +(v—1)(6E3 +5E4+4Es+3E¢+2E7+E7)+ (6v—T)As if v € [%,%]

The Zariski Decomposition follows from

4 1
—Kg—vEy; ~p <§ —V)E2—|—§<2E1 +6E3+5E4+4FE5+3E¢+ 2E7 +E7+3A3>.
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Moreover,

We have Ss(E>) = 2. Thus, 8p(S) < & for P € E,. Moreover, if P € E;\E; we have

W itve [0,2],

h(v) <
3(3v74)é7v712) ity e [%,43_1}
Thus
7/6 207v? 4/33(3v—4)(Tv—12) 1 5
E.py<2 / d / dv)=-<=>
S(Wo7o’ )_ ( 0 392 v 7/6 3 V) 4 < 6

We get 8p(S) = & for P € (E; UE7)\(E3 UEs).

Step 4. Suppose P € E; UEg. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Ks—VvE] ~C+ (1 —v)E|\+ E>,+E3+ E4+ Es + Eg + E7 + Eg is given by:

P —Ks —VE| — §(TEy +6E3 + 5E4 +4Es5 + 3Eg +2E; + Eg) if v € [0, 3],
V)=
—Ks—VE; — (2v—1)Ey — (3v—2)E3 — (4v — 3)E4 — (5v —4)Es — (6v — 5)E¢ — (Tv— 6)E7 — (8v — T)Es — (9v—8)C if v € [&,1].

NG Y(7Ey+6E3 +SE4 +4Es + 3E +2E7 + Eg) if ve [0, 5],
V) =
(2v—1)E>+ (3v —2)E3 + (4v —3)E4 + (5v —4)E5 + (6v = 5)Eg + (Tv— 6)Es + (v —8)C if v € [§, 1].

Moreover,

2, .
— 2 ifve [0,5], PO Ey = Xifve[0,8],

V)2 =
(P(v)) 9v—1)2ifve [3,1]. 9(1—v)ifve [§,1].

We have Ss(E) = 2—7 Thus, 6p(S) < 27 for P € E|\E». Moreover, for such points we have

I’l(V): 8112v8 ifve [O }
T )

Thus, S(Wa4; P) < 19 < 17 We get 8p(S) = 2L for P € (Ey UEs)\(E2 UE7).
Thus, §»(X) = 1. O
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D4 singularity on Du Val Del Pezzo surfaces of degree 1
Let X be a singular del Pezzo surface of degree 1 with an D4 singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains &2. Then 62 (X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of € on S and E, E, E; and E3 are the exceptional
divisors with the intersection:

Figure 9.23: Dual graph: (—Ks)? = 1, D4 singularity

We have —Ks5 ~ C+2E + E| + E> + E3. Let P be a point on S.

Step 1. Suppose P € E. Then 17(E) = 2 and the Zariski decomposition of the divisor —Kg —
VE ~ (2—V)E4+E| +E,+E3+Cis:

P(v): —Ks—vE—§(E1—|—E2+E3)ifV€[0,1],
—Ks—VE —3(E\ +E2+E3) — (v—1)Cifve [1,2].
V(Ey+Ey+E3) ifve [0,1],
N(v) = 5(E1 + B+ E3) [0,1]
Y(Ey+Ex+E3)+(v—1)Cifvel,2].
Moreover,
2 ., .
(P())? = 1-%ifvelo,1], PO)E = yiftve[0,1],
- ] -
2 ity e [1,2). 1—Lifve[l,2).

We have Ss(E) = 1 Thus, 6p(S) < 1 for P € E. Moreover, if P € EN(E;UE,UE3) orif P €
E\(E1 UE, UE3) we have

2ifveo,1],

2
M) < A ifve(0,1],
w ifve[1,2).

T &2ty e 1,2,

orh(v) <
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Thus, S(WE,;P) < 3 < 1or S(WE,;P) <} < 1.We get 8p(S) = 1 for P € E.
3

o0

Step 2. Suppose P € E; UE, UE3. Without loss of generality we can assume that P € E since
the proof is similar in other cases. Then 7(E;) = 1 and the Zariski decomposition of the divisor
—Ks—VvE| ~C+2E+ (1 —v)E| + E, + E3 is given by:

P(v) = —Kg—VvE; — §(2E+E1 +Ep) and N(v) = g(ZE +E1+E) ifve|0,1].

Moreover,
(v )) (1—v)(I+v)and P(v)-E; =vifve[0,1].

(P
We have Ss(E;) = 2. Thus, 8p(S) < 3 for P e E,. Moreover, for El\E such points we have
h(v) < % ifv e [0,1]. Thus, S(WELP) < L < 2. We get 8p(S) = 3 for P € (Ey UEy UE3)\E.
Thus, 8. (X) = 1. -

D5 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D5 singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains 2. Then 84 (X) = §.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface
of degree 1. Suppose C is a strict transform of ¥ on S and E, E|, E», E3 and E4 are the
exceptional divisors with the intersection:

o— 0 O
E E Ey

1
E; C

4

Figure 9.24: Dual graph: (—Kjs)? = 1, D5 singularity

We have —Kg ~C+ E|+E>,+2E +2E3+Ey4. Let P be a pointon S.
Step 1. Suppose P € E. Then 7(E) = 2 and the Zariski decomposition of the divisor —Kg —
VE ~ (2—V)E4+E|+Ey;+2E3+E4+Cis:

—Kg—VE —

Y(3E| +3E, +4E; +2Ey) ifv e [0,3],
—Ks—VE—%

P(v) =
E\+Ey)—(v—1)(2E3+E4) — (2v—3)Cifve [3,2].
3E| +3E, +4E; +2E,) ifve [0,3],

N(v) = 6
Y(Er+E)+(v—1)2E3+E4)+ (2v=3)Cifve [3,2].
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Moreover,

2
1-%ifve[0,3], Yifve [0,
(P(v))zz 3 [ 2} P(V)'E: 3 [
2-v)?ifve [3,2]. 2—vifve
We have Ss(E) = . Thus, 8p(S) < § for P € E. Moreover, if P € EN(E|UE) or if P €
E\(E|UE;) we have

3 52 3
K < 2% 4t e [0,3], orh(v) <4 19 ifve[0,3],
2—vitve [3,2]. BB ey € [3,2].

Thus, S(WE,;P) < 3 < Zor S(WE,;P) <1< . We get 5p(S) =S forPEE.

Step 2. Suppose P € E; UE,. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form one of the following dual graphs:

Figure 9.25: Dual graph: (—Ks)? = 1, Ds singularity, 8p(S) =

wl-l;

Then 7(E;) = % and the Zariski Decomposition of the divisor —Kg — vE| is:

) P( ) —Ks—VEl—%(6E—|—3E2—|—4E3—|—2E4) ifVE[O,l],
a). V)=
—Ks—VE) — (6E +3E, +4E3+2E4) — (v—1)(A11 + A2+ A1 3+A4) ifve [1,3].
N(v) = L(6E +3Ey +4E3 +2E,) ifv e [0,1],
Y(6E+3E,+4E3+2E4) + (v—1)(A11 +A1o+A13+A14) ifv e [1,3].

6F +3E; +4E3 +2E,) if v e [0,1],

6E +3E, +4E3 +2E;) — (v—1)(2A11 + B + A1 2+ A 3) ifve [1,3].

—Ks—VvE; — %
b P)={ =~ = 3
—Ks—vE| — %

(
(
(6E +3E, +4Es3+2Ey) ifv € [0,1],
(

v
N ="
Y(6E +3Ey +4E3+2E4) + (v—1)(2A1,1 +B1 + A1 2 +A13) ifv e [1,3].
) P( ) —Kg—VvE| — §(6E—|—3E2 +4E3 +2E4) ifve [0, 1],
C). V)=
—Ks—VE; — Y(6E +3E, +4E3+2E4) — (v—1)(2A11 +B1 1 + A1, + B o) ifve [1,3].
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N %(6E+3E2+4E3 +2Ey) ifv e [0,1],
V) =

%(6E+3E2 +4E3+42E4) + (v— 1)(2A1’1 +Bi1+Ap —I-Bl_g) ifve [1, %]
6F +3E, +4E; —|—2E4) ifve [0,1],

@, Pry={ TS
. V)=
— L(6E +3E,+4E3+2E4) — (v—1)(3A1,1 + 2B, +C + A1) ifve [1,3].

(
(
N = L(6E +3E; +4E3+2Ey4) if v € [0, 1],
Y(6E +3E,+4E3+2E4) + (v—1)(3A1,1 +2B1 +C + A1) ifve [1,3].

6F +3E; +4E3 +2E,) if v e [0,1],

) () ST
e). Pv) =
6F +3E, +4FE3 +2E4)—(V—l)(4A171—|-3Bl+2C1+D1) ifve [1,%].

v
5
—Ks—VE| — 3

(
(
N — L(6F +3Ey +4E5 4 2Ey) it v € [0, 1],
L(6E +3E; +4E3+2E4) + (v—1)(4A1,1 +3B1 +2C1 + Dy ) ifve [1,3].

The Zariski Decomposition in part a). follows from

5 1
—Kg—vE| ~p <Z — V)El + Z <6E +3E,+4FE3+2E4 —|—A171 +A172 +A173 +A174>.

A similar statement holds in other parts. Moreover,

— 2 ifvelo,1], ity e [0,1],

W2 = V) -Ef =
(POD™=1 s_ap 4V) fve 1] P(v)-E =2 itve 1,3

We have Ss(E1) = 2. Thus, 8p(S) < 3 for P € E;. Moreover, if P € E;\E we have

82 ifv € [0, 1],

I3 ity e [1,3].

h(v) <

Thus, S(Wed;P) < 8 < 3. We get 8p(S) = 2 for P € (E{ UE»)\E.
Step 3. Suppose P € E3. Then t(E3) = 2 and the Zariski decomposition of the divisor —Kg —
VE3s ~C+E|+Ey+2E+ (2—v)Es+E4is:

P) = —Ks—vE; — 5(E4+2E+E  +E)) ifve [0,1],
—Ks—VvE3 — 5(E4+2E+E |+ Ey))— (v—1)Cifv e [1,2].

) = Y(Es+2E+E +Ey)ifve0,1],
Y(E4+2E+E +E)+(v—1)Cifve[l,2].
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Moreover,

2
1-%ifvelo,1], > ifvel0,1],
=] 2O gy LA E 0
H—ifve[l,2]. 1—3ifve(l,2].
Now we apply the computation from Section 9.1 (Step 1.) and get that dp(S) = 1 for P € E3\E.
Step 4. Suppose P € E4. Then t(E4) = 1 and the Zariski decomposition of the divisor —Kg —

VE4 ~C+E|+Ey+2E+2E3+ (1 —V)E4 is given by:
P(v) = —Ks— vEs — %(2153 +2E +E +E) and N(v) = §(2E3 F2E+E +E)ifve0,1].
Moreover,
(P(v))?> = (1—v)(1+v)and P(v)-E4 =vifve [0,1].
Now we apply the computation from Section 9.1 (Step 2.) and get that 6p(S) = % for P € E4\F3.

Thus, 82 (X) = §. O

D¢ singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D¢ singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains . Then 85 (X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface
of degree 1. Suppose C is a strict transform of € on S and E, E|, E», E3, E4 and E5 are the
exceptional divisors with the intersection:

Figure 9.26: Dual graph: (—Kjs)? = 1, D¢ singularity

We have —Kg ~ C+ E; + Ey +2E +2E3+2E4+ Es. Let P be a point on S.
Step 1. Suppose P € E. Then 7(E) = 2 and the Zariski decomposition of the divisor —Kg —
VE ~C+E;+E>+ (2—V)E +2E3+2E4 + Es is given by:

P(v) = —Ks—vE — 2(2151 +2E, +3E5+2E4+Es) if v € [0,2].

N) = 2(251 +2E, +3E3+2E4+Es) if ve [0,2].

Moreover,

(P(v))? = WP(V) E = 2 and if v € [0,2].
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We have Ss(E) = %. Thus, 8p(S) < 3 for P € E. Moreover, for such points we have h(v) <
22 itv € [0,2]. Thus, S(WE,;P) < I < 4. We get 8p(S) = 3 for P € E.

Step 2. Suppose P € E; U E;. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form one of the following dual graphs:

A, A, J BlI B,@® [
a) O & @) >‘E1 £ 9,° bA HIT'WK b)As ] T‘@l
A1,1 3 Al, 5 s s

5 5

5 5

N

Figure 9.27: Dual graph: (—Ks)? = 1, D singularity, 8p(S) = &

Then 7(E;) = % and the Zariski Decomposition of the divisor —Kg — vE| is:

—I(S—VEl—Z 4E+2E2+3E3+2E4+E5 ifve 0,1 ,
a,a). P(v)= :
—Ks—VE| — 3(4E + 2E; + 3E3 +2E4 + Es) — (v—1)(A11 + A1) if v e [1,3].
%(4E+2E2—|—3E3+2E4+E5) if velo,1],
N(v) =
Y(4E +2E, +3E3+2E4+ Es) + (v—1)(A1 1 +A12) if v e [1,3].
b, b) P(v) B —Kg—VvE| — %(4E+2E2+3E3+2E4 +E5) ifve [0, 1],
’ —Kg—VE| — $(4E + 2, + 3E3 + 2E4 + Es) — (v— 1)(2A,1 + By ) if v e [1,3].
N(v) = Y(4E +2E; +3E3+2E4+ Es) if v e [0,1],
Y(4E +2E,+3E3+2E4+ Es) + (v—1)(2A11 +By) ifv e [1,3].

The Zariski Decomposition in part a). follows from

3 |
—Ks—vE) ~g (E — V)El +5 <4E +2Ey + 3B + 2B+ Es + A +A1,2).

A similar statement holds in other parts. Moreover,

22 2
— 3 ifvel0,1], 2 ifv e [0,1],
0 SR NN et
(3—2v)” . 3 2V 3
S ifve [1,3). 2(1—-%)ifve [1,5].

We have Ss(E) = 2. Thus, 8p(S) < g for P € E|. Moreover, if P € E1\E we have

2 ifv e [0,1],

h(v) <
2233 ity e [1,3].
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Thus, S(Wed;P) < 1 < 2. We get 8p(S) = & for P € (E{ UE»)\E.
Step 3. Suppose P € E3. Then 7(E3) = 2 and the Zariski decomposition of the divisor Zariski
decomposition of the divisor —Kg —vE3 ~C+E|+E, +2E + (2—v)E3+2E4+ Es is:

o) - —Ks— VE3 — L(3E1 + 3E; + 6E +4E4 +2Es) if v e [0,3],
—Ks—VE3 —3(2E+E1+Ey) — (v—1)(2E4+ Es) — (2v—3)Cifv e [3,2].
: 3
N — Y(3E) +3E, +6E +4E4 + 2Es) if v e [0,3],
SQE+Ei+Ey)+(v—1)(2Es+Es)+ (2v=3)Cifv e [3,2].
Moreover,
1-%ifve [0,3], Lifve [0,3],
(P())” = O py.g = e 03]
v2itve [3,2]. 2—vifve [3,2]

Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = g for P € E3\E.
Step 4. Suppose P € E4. Then 7(E4) = 2 and the Zariski decomposition of the divisor Zariski
decomposition of the divisor —Ks —vE4 ~ C+E| +E; +2E +2FE3+ (2—v)E4+ Es is:

PO) —Ks—VE4 — 3(2E3+2E +E| +E») +Es) if v e [0,1],
V)=
—Ks—VE4—%(2E3—|—2E—|—E]+E2—|—E5) (V—l)CifVE[l,Z].
N %(2E3+2E+E1+E2+E5) if velo,1],
V)=
Y(2E3+2E+E  +Ey+Es)+ (v—1)Cifve [1,2].
Moreover,
1-2Zifvelo,1], Yify e [o,1],
G0 SR ON-ES LA
2 ity e [1,2]. 1—2ifve[l,2).

Now we apply the computation from Section 9.1 (Step 1.) and get 6p(S) = 1 for P € E4\E3.
Step 5. Suppose P € Es. Then 7(Es5) = 1 and the Zariski decomposition of the divisor Zariski
decomposition of the divisor —Kg —vEs ~ C+E| + E» +2E +2E3+2E4+ (1 —v)Es is given

by:
P(v) = —Kg—VEs — §(2E4+2E3 +2E+E +E)ifvelo1].

Y (QE4+2E3+2E +Ey + ) ifve [0,1].

N =2

Moreover,
(P())?=(1—=v)(1+v)and P(v)-Es =vifv e [0,1].
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Now we apply the computation from Section 9.1 (Step 2.) and get that 5p(S) = 2 for P € E5\ E;.
Thus, 82 (X) = 3. O

D7 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D7 singularity at point &. Let % be
a curve in the pencil | — Kx| that contains 2. Then 8 (X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of ¥ on S and E, E|, E;, E3, E4, E5 and Eg are the
exceptional divisors with the intersection:

Figure 9.28: Dual graph: (—KS)2 =1, Dy singularity

We have —Ks ~ C+E;+ E> +2E +2E3+2E4+ 2E5+ E¢. Let P be a point on S.

Step 1. Suppose P € E. If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
Ay and A; which form the dual graph above with the rest of the curves. Then T(E) = % and the
Zariski decomposition of the divisor Zariski Decomposition of the divisor —Kg — vE is:

P( ) —Kg—vE — %(El —|—E2) —%(4E3—|—3E4—|—2E5 +E6) ifve [0,2],
V) =
—Ks—VvE — (v—1)(E1 + E») — £(4E3 + 3E4 + 2E5 + E¢) — (v —2) (A1 + Az) if v € [2,3].

%(El —|—E2) +§(4E3 +3E4+2FE5 +E6) ifve [0,2],

N(v) =
) (v—1)(E1+E2)+§(4E3+3E4+2E5 +Eg)+(v—2)(A1+Ay)ifve [2,%].

The Zariski Decomposition follows from

5 |
—Kg—VE ~p (5 —V)E+ 5 <3E1 4 3Ey +4E;+3E,+2Es + Eg+ A, +A2>.

Moreover,

tifvel0,2],
2ty e [2,3). 2(1-2)ifve [2,3].
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We have Ss(E) = % Thus, dp(S) < % for P € E. Moreover, if P € ENE3 if P € E\E3 we have

92 . 32 .
W if 0.2 37 if 0.2
h(v) < joslzvf[s’ J or h(v) < 6255'56[’}’
—(*;)S(H)ifve[z,g}. V(zgv)ifve[z,g}.

Thus S(WE,;P) < % < 3 or S(WE,; P) < 35 < 3. We get 8p(S) = 3 for P € E.

Step 2. Suppose P € E| UE,. ithout loss of generality we can assume that P € E; since the
proof is similar in other cases. Then t(Ej) = 3 and the Zariski decomposition of the divisor
Zariski decomposition of the divisor —Kg — vE3 is the following:

—Kg—VvE| — 2(10E +5E, + 8E;5 + 6F4 —|—4E5 —|—2E6) if ve [0 1]
10E +5E; + 8E3 + 6E4 + 4E5 + 2E¢) — (v— 1A if v e [1, 1],

—Ks—VvE; — (v—1)(10E + 8E3 + 6E4 +4E5 + 2Eg + A1) — (5v— 6)Ex — (Sv—T)Ay if v € [, 3].

7
P(v) =4 —Ks—vE| — %(
10E +5E, + 8E3 + 6E4 +4E;5 +2E6) ifve [0 1]

10E + 5E; + 8E3 + 6E4 +4E5 + 2E¢) + (v— 1Ay if v e [1, 1],
(v—1)(10E 4 8E3 4+ 6E4 + 4E5s + 2Eg + A1) + (Sv— 6)Ex + (Sv—T)Ay if v € [, 3].

7(
N(v) = q 5(

Then 7(E;) = 5 3 and the Zariski Decomposition follows from

3 |
—Kg—vE| ~p (— —v)E1 +§<2A2+3E2+5E+4E3 3, +2Fs + Eq +A1>.

2
Moreover,
— 2 ity eo,1], ity e 0, 1],
(P(V)>2= 2— 2v+3v |fv€[l,%} P(v)-E| = —%ifve[l,%},
3—2v)?ifve [,3]. 23-2v)ifve [£,3]

We have Ss(E3) = 1. Thus, 8p(S) < i for P € E;. Moreover, if P € E1\E we have

& ifveo,1],
h(v) < %ﬁve [1’%}7

2(3-2v)(2—v)ifve [£,3].

Thus, S(Was; P) < 35 < 5. We get 8p(S) = 1 for P € (E| UE)\E.
Step 3. Suppose P € E3. Then t(E3) = 2 and the Zariski decomposition of the divisor —Kg —
vEs~C+E|+E +2F + (2 — V)E3 —|—2E4 +2E5 +E6 is given by:

P(v) = —Ksg—VvE3 — E(ZEI +2E; +4E +3E4+2Es + Eg) if v € [0,2].
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N(v) = 7(2E1 + 2B, +4E +3E4 + 25 + ) ifv € 0,2].

Moreover,
2—=v)(2+V)

(P())* = ———— and P(v)-E3 = 2 if v e [0,2].
Now we apply the computation from Section 9.1 (Step 1.) and get that 5p(S) = % for P € E5\E.
Step 4. Suppose P € E4. Then t(E4) = 2 and the Zariski decomposition of the divisor —Kg —
VE4 ~C+E|+E)+2E+2FE3+ (2—Vv)Es+2E5 + Eg is:

P(y) —Ks—VE4 — L(3E1 +3E, +6E +6E3 +4Es +2Eq) if v € [0,3],
—Ks—VEy—5(E1 + E2 +2E +2E3) — (v—1)(2Es + Eg) — (2v—3)Cifv € [%’2]'
N — Y(3E) +3Ey +6E + 63 +4Es + 2E¢) if v € [0,3],
S(E1+Ey+2E +2E3) + (v—1)(2Es + Eg) + (2v—3)Cif v € [3,2].
Moreover,
1-%itvelo,3 yitve[0,3
(P()) = O g {31 E 0
v2ifve [3,2]. 2—vifve [3,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that p(S) = % for P € E4\E3.
Step 5. Suppose P € Es. Then t(Es) = 2 and the Zariski decomposition of the divisor —Kg —
VEs ~C+E|+E)+2E +2FE3+2E4+ (2—v)Es + Eg is:

—Kg—VvEs— ¥
P(v) = > 2
—Ks—VEs —%

(2E4+2E3+2E+E| + Ey+ Eg) ifve [0,1],
(2E4+2E3+2E+E| +Ey+Eg)— (v—1)Cifv e [l,2].
( )

( )+

2E4+2E3+2E—|—E1 +E, + Eq if ve [O 1]

2E4+2E3+2E+E{+E>+ Eq

N@v) = 2
y (v—1)Cifve][l,2].

Moreover,

2
1—2ifvelo,1], ity e[0,1],
=g i O ey g 2R
2 ity e [1,2]. 1—Lifve[l,2).

Now we apply the computation from Section 9.1 (Step 1.) and get that 8p(S) = 1 for P € Es5\E4.
Step 6. Suppose P € Eg. Then t(Eg) = 1 and the Zariski decomposition of the divisor —Kg —
VEg~CH+E|+Ey+2E+2E3+2E4+2E5+ (1 — V)E6 is given by:

P(v) = —Ks — vEg — §(2E5+2E4+2E3 F2E+E +E)ifveo,1].
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N(v) = £(2E5+2E4+2E3 +2E+E| +E)ifvelo1].

Moreover,
(P(v))?> = (1—v)(1+v) and P(v)-Es =vifve[0,1].

Now we apply the computation from Section 9.1 (Step 2.) and get that 5p(S) = 2 for P € Eg\Es.
Thus, 8 (X) = 3. O

Dy singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an Dg singularity at point &2. Let % be
a curve in the pencil | — Kx| that contains 2. Then 8 (X) = 2.
Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of € on S and E, E|, E;, E3, E4, Es, Eg and E; are
the exceptional divisors with the intersection:

Ay Eq E IE2

Es
Iy
Es

Fe C
o

Figure 9.29: Dual graph: (—Ks)? = 1, Dg singularity

We have —Ks ~C+E| + E>, +2E +2E3+2E4+2E5+ 2Eq + E7. Let P be a point on S.

Step 1. Suppose P € E.If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist a (—1)-curve
A1 which form the dual graph above with the rest of the curves. Then the corresponding Zariski
Decomposition of the divisor —Kg — vE is:

—Kg—vE — %(3E1 +3E,+5E3 +4E4+3E5+2E6+E7) ifve [072],
—Kg—vE — (V— I)El —%(3E2—|—5E3+4E4+3E5 —|—2E6—|—E7) - (V—2)A1 ifve [2,3].

P(v)=

¢(3E| +3Ey +5E3 +4E4+ 3E5 4 2Eg + E7) if v € [0,2],
(v—=1)E1+ §(BEy +5E3 +4E4 +3E5+2Es +E7) + (v—2)A; if v € [2,3].

N(v) =

Then 7(E) = 3 and the Zariski Decomposition follows from

|
—Kg—VE ~p (3—v)E+§<4E1 4 3Ey + 5E3y +4E4 +3Es +2E +E7+2A1).
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Moreover,

2
1—Zitvel0,2), ity e [0,2],
=] ey g Jelvelna]
B ity e [2,3]. 1—2ifve[2,3).

We have Ss(E) = 3. Thus, 8p(S) < 2 for P € E. Moreover, if P € ENE; if P € E\E; we have

2, 2,
h) < - itve [0,2], or h(v) < L ifv e [0,2],

e ey, B o 3)

Thus, S(WE,;P) <1< 3 or S(WE,;P) <3 < 3. We get 6p(S) =2 for PEE.
Step 2. Suppose P € Ej. Then t(E;) = 2 and the Zariski decomposition of the divisor —Kg —

vE| is:
PO) —Kg—VE| — (6E +3E; +5E3 +4E4 +3E5 + 2Ec + E7) if v € [0, 1],
V)=
—KS—VEI—%(6E+3E2+5E3+4E4+3E5—|—2E6+E7)—(V—I)Al ifvell,?2].
N(v) = 3(6E +3Ey 4 5E3 +4E4+3E5 +2Es + E7) if v € [0, 1],
%(6E+3E2+5E3—|—4E4+3E5—|—2E6+E7)—|—(V—I)Al ifvell,2].

The Zariski Decomposition follows from
1
—Kg—VE) ~p (2—V)E) + 5(615+3E2+5E3 " 4E, +3Es + 2E + Er +2A1).
Moreover,

2
1-Yifvelo,1], Yify e [o,1],
Po)P={, 2" 01 pyg = 2 e

By e [1,2). 1-Yifve[l,2].

Now we apply the computation from Section 9.1 (Step 1.) and get 8p(S) =1 for P € E|\E.
Step 3. Suppose P € E,. Then 1(E) = % and the Zariski decomposition of the divisor —Kg —
vE; is the following:

—Ks—VE, — %(6E + 3E| + SE3 +4E4 +3Es + 2Eg + E7) if v € [0,3],

P(v) =
—Ks—VE, — (v—1)(6E +5E3 +4E4 +3Es + 2E¢ + E7) — (6v—T7)E; — (6v—8)A; if v € [5,3].

Y(6E +3E; +5E3 +4E4 +3Es +2E¢ + E7) if v [0,%],

N(v) =
(V— 1)(6E—|—5E3 +4E4—|-3E5+2E6—|-E7)+(6V—7>E1 +(6V_8)A1 ifve [%7%}
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The Zariski Decomposition follows from

3
—Ks—VEz ~R <§ —V>E2+ <6E+5E3 —|—4E4—|—3E5+2E6 + E5 —|—4E1 +2A1>

Moreover,

HE pifve [0,3],
(3—2v ifve[3,3]. 23-2w)ifve [3,3].

We have Ss(E») = % Thus, 6p(S) < % for P € E,. Moreover, if P € E;\E| we have:

2itve [0,4],

h(v) <
2(3—2v)%ifve [4,3].

Thus, S(We3;P) < 2 < 11 We get p(S )_ 15 for P € E5\E.
Step 4. Suppose P € E3. Then 7(E3) =3 2 and the Zariski decomposition of the divisor —Kg —
vE3 is the following:

—Kg—vE3 — %(2E—|—E1 —I—Ez) — (4E3—|—3E4—|—2E5 +E6) ifve [0,2],

v
P(v) = >
—Ks—VvE3; — (v—1)(2E + E) — £(4E3 +3E4 + 2E5 + Eg) — (2v—3)E; — (2v—4)A, ifv € [2,3].

%(ZE +E|+Ey)+ t(4E3+3E4+2E5+ Eg) if v € [0,2],

14
N(v) = s
(v—1)(2E + E3) + £(4E3+3E4 + 2E5s + Eg) + (2v—3)E1 + (2v—4)A  if v € [2,3].

The Zariski Decomposition follows from

5
—Ks—VE3 ~R <— —V>E3+ <6E+3E2 —|—4E3 —|—3E4+2E5 +E6 —|—4E1 +2A1>

2
Moreover,
2
1-%ifve(0,2], tifve0,2],
(P(v))2: (5-2v)? 5 P(v)-Es = X 20y 5
==L ifve [2,3]. 2(1-2)ifve [2,3].

Now we apply the computation from Section 9.1 (Step 1.) and get that 5p(S) = 2 for P € E3\E.
Step 5. Suppose P € E4. Then 7(E4) = 2 and the Zariski decomposition of the divisor —Kg —
VEy ~C+E|+Ey+2E+2FE3+ (2—v)E4+2E5 + 2Eg + E7 is given by:

P(v) = —Ks — vE4 — 2(2}51 4 2E, + 4E + 4E3 + 3E4 + 2E5 + Eg) if v € [0,2].

N(v) = ~ (2E) +2E> +4E +4E5 + 3E4 +2E5 + Eg) if v € [0,2].

4
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Moreover,
2—v)(24V)

(P())? = === and P(v)-E4 = 2 ifve[0,2].
Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = % for P € E4\E3.
Step 6. Suppose P € Es. Then t(Es) = 2 and the Zariski decomposition of the divisor —Kg —
VEs ~C+E|+Ey+2E +2FE3+2E4+ (2—v)Es + 2E¢ + E7 is:

P(Y) —Ks—VEs — 2(3E| +3E + 6E + 6E3 + 6E4 +4E¢ +2E7) if v € [0,3],
V) =
—Ks—VEs — 3(E1 + Ey +2E +2E3+2E4) — (v— 1) (2Es + E7) — (2v—3)Cif v € [3,2].
NO) Y(3E| +3E, +6E + 6E3 + 6E4 +4Eq +2E7) if v € [0,3],
V) =
Y(E1 + By +2E +2E5+2E4) + (v—1)(2Es + E7) + (2v—3)Cif v e [3,2].
Moreover,
1——|fv€ 0,3 Yifve[o,3
(P(v))* = O g {3 E 0
3 3
v2itve [3,2]. 2—vifve [3,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = % for P € Es\E;.
Step 7. Suppose P € E. Then t(Eg) = 2 and the Zariski decomposition of the divisor —Kg —
VEg~C+E|+Ey+2E+2E3+2E4+2Es+ (2—v)Eg+ E7 is:

P(v) B —Kg—VvEg— %(2E5—|—2E4—{—2E3 +2E+E+E> —|—E6) ifve [0 l]
—Ks—VEg— 5(2Es +2E4+2E3+2E+E | +E, + Eg) — (v—1)Cifv e [1,2].
N(v) = $(2Es+2E4+2E3+2E+E |+ Ex+Eg) if v e [0,1],
3(2Es +2E4+2E3+2E+E1 +E; +Eg)+ (v—1)Cif v e [1,2].
Moreover,
2
1-%ifvelo,1], yifve0,1],
0V AR A LA
2 ity e [1,2]. 1-Lifve(l,2).

Now we apply the computation from Section 9.1 (Step 1.) and get that 8p(S) = 1 for P € Eg\Es.
Step 8. Suppose P € E7. Then t(E7) = 1 and the Zariski decomposition of the divisor —Kg —
VE7 ~C+E|+E)+2E +2FE3+2E4+2Es +2E¢ + (1 — v)E7 is given by:

P(v) = —Ks —VvE7 — %(2E6+2E5+2E4+2E3 12E+E +E)ifvel0,1].

Y (2E¢ +2Es + 2E4 + 2E5 +2E + E, + Ey) it v € [0, 1].

N(v):2
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Moreover,
(P(v))?> = (1—v)(1+v)and P(v)-E; =vifve [0,1].

Now we apply the computation from Section 9.1 (Step 2.) and get that 5p(S) = 2 for P € E7\ Eg.
Thus, 8 (X) = 2. O

[£¢ singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an [E¢ singularity at point &2. Let % be
a curve in the pencil | — Kx| that contains 2. Then 8 (X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface
of degree 1. Suppose C is a strict transform of € on S and E, E|, E», E3, E4 and E5 are the
exceptional divisors with the intersection:

.El 'Ez 3 .E4 .Es
E
C

Figure 9.30: Dual graph: (—Ks)? = 1, E¢ singularity

We have —Kg ~C+ E|+2E,+3E3+2E4+ Es+2E. Let P be a pointon S.
Step 1. Suppose P € E3. Then 7(E3) = 3 and the Zariski decomposition of the divisor —Kg —
VE3 ~C+E|+2E;+ (3—v)E3+2E4+ Es + 2F is the following:

P() —Ks—VE3—%(E1+2E2-I-2E4+E5) % IfVG[O 2]
V)=
—KS—VE3—%(E1+2E2—|—2E4+E5) ( ) —(V—2)CifV€[2,3].
NOY) Y(E\+2Ey+2E4+Es)+3Eifve[0,2],
V)=
Y(E1 +2Ey +2E4+ Es) + (v— 1)E + (v—2)Cif v € [2,3].
Moreover,
1—2ifvel0,2], Yify e [0,2],
(PO =1 5 6o 02 oy gy = Ve
if vel[2,3]. 1-gifve (23]

Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = % for P € E;.
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Step 2. Suppose P € E, UE4. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. Then 7(E;) = 2 and the Zariski decomposition of the divisor
—Kg—VvE; ~C+E 4+ (2—Vv)Ey+3E3+2E4+Es+2is:

—Ks—VvE, — 5E; — $(3E + 6E3 +4E4 + 2Es) if v € [0,3],

P(v) = —Ks—VEy — 3E — (v—1)(3E3 +2E4 + Es) — (3v—4)E — (3v—5)Cifve [3,2].
M) — SE) +L(3E +6E; +4E,+2Es) ifv e [0,3],
YEi+(v—1)(3E3+2E4+Es)+ (3v—4)E + (3v—5)Cifv e [3,2].
Moreover,
(P(v))* = 302 ) vae[(s)’%} P(v)-E» = %vaELO,g},
—lfve[g,z] (1—3%)ifve[3,2]

We have Ss(E,) = 4. Thus, 8p(S) < §; for P € E,. Moreover, if P € E;\E3 we have

39,2 . 5
h(V) < 2012) ifve [0’ §] ’
T A=A gy e [3)2].

Thus, S(Wa3;P) < & < 1L We get 8p(S) = 2 for P € (Ey UEy)\E.

Step 3. Suppose P € E; UEs5. Without loss of generality we can assume that P € E; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic
to a weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist
(—1)-curves and (—2)-curves which form one of the following dual graphs:

Az
A,

A2)2 —————@ A2

/ \ . A B, ©)

2, 97, O, ElvaS E, E; |Es E; FEs E, E, |Es E; Ej

B E E

a) A,%

Figure 9.31: Dual graph: (—Ks)? = 1, E¢ singularity, 5p(S) = 2

Then the corresponding Zariski Decomposition of the divisor —Kg — vE] is:

—Kg—VvE| — 5E2—|—6E3—|—4E4+2E5—|—3E) ifVE[O,l],
a. P =

(
(SEy+6E3+4E4+2E5+3E) — (v—1)(A2,1 +Asp +Ar3) if v e [1,%].
(
(

-Jk\< -Jk\<

—KS—VE1
) = Y(5Ey+6E3 +4E4+2Es+3E) if v € [0,1],
Y(SEy+6E3+4E4+2Es+3E) + (v—1)(A21 +Asp +Az3) ifv e [1,3].
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P( ) —KS—VEl—%(5E2+6E3+4E4+2E5+3E) ifve[O,l],
V)=
—Ks—VE| — $(5E; 4+ 6E3 +4E4 +2E5 +3E) — (v—1)(2A2,1 + Bo,1 +Az) if v € [1,3].
N(v) _ %(5E2+6E3 +4E4+2E5+3E) ifve [0, 1],
Y(SEy+6E3+4E4+2E5+3E) + (v—1)(2A21 + B2 +Azp) ifv e [1,3].
o P(y) = —Ks—VE| — §(5E, + 6E3 + 4E4 4+ 2E5 + 3E) if v € [0, 1],
—Ks—VE| — §(SE, + 6E3+4E4 +2E5+3E) — (v—1)(34, + B, + G2 if v € [1,3].
N £(5E2+6E3 +4E4+2Es+3E) ifve [0,1],
v pr
%(5E2+6E3+4E4+2E5+3E)+(V—1)(3A2+32+C2) ifve [1,%].

Then 7(E;) = % and the Zariski Decomposition in part a). follows from

4 1
—Kg—VvE| ~pr <§ — v)El + § <5E2 +6E3+4E4+2E5+ 3E —I—A271 —|—A272 —|—A273> .
A similar statement holds in other parts. Moreover,

(P = 14—3% tvelo], o ity e 0,1,
Sty e [1,3]. 3(1-)ifve [1,3].
We apply the computation from Section 9.1 (Step 2.) and get dp(S) = % if Pe (E;UEs)\(E,U
E4).
Step 4. Suppose P € E. Then 17(E) = 2 and the Zariski decomposition of the divisor —Kg —
VE ~C+E|+2Ey+3E3+2E4+Es+ (2—v)E is:

P(v) —KS—VE—%(E1+2E2—|—3E3—|—2E4+E5) if ve[0,1],
V)=
—Ks—vE—%(E1+2E2+3E3+2E4—|—E5)—(V—1)C ifvell,?2].
N( ) %(E1+2E2—|—3E3—|—2E4+E5) ifvE[O,l],
V)=
%(E1+2E2+3E3+2E4+E5)+(v—1)C ifvell,2].
Moreover,
2
1—-%ifve[0,1] sifve[0,1]
2 ’ ) ) )
GOV PoyE={2""
TIfVE[l,Z]. 1—%va€[1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = 1 for P € E\Ej3.
Thus, 84 (X) = 2. O
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[£7 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an [E; singularity at point &2. Let € be

a curve in the pencil | — Kx| that contains . Then 84 (X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of € on S and E, E|, E,, E3, E4, E5 and E¢ are the
exceptional divisors with the intersection:

SR A
E

Figure 9.32: Dual graph: (—Kjs)? = 1, E; singularity

We have —Kg ~ C+2E| +3E, +4E3+3E4+2E5+ E¢ + 2E. Let P be a point on S.
Step 1. Suppose P € E3. Then t(E3) = 4 and the Zariski decomposition of the divisor —Kg —
VE3 ~ C+2E| +3Ey + (4 —v)E3 +3E4+ 2E5 + Eg + 2E is the following:

P( ) —Ks—VE3—%(2E—|—3E4+2E5+E6>—§(E1—|—2E2) ifve [0,3],
V)=
—Ks—VEg,—£(2E+3E4—|—2E5+E6)—(V—1)E1—(V—2)E2—(V—3)Cifl/‘€[3,4].
N ) 1(2E +3E4+2E5 +Eg) — 3 (E1 +2E>) if v € [0,3],
V) =
4—‘;(2E+3E4—|—2E5+E6)+ v—1E; +(v=2)E,+ (v—=3)Cifve[3,4].
Moreover,
2
1-5ifvel0,3], = ifve|0,3],
P =q Py gy g0
B iy € [3,4]. 1—2ifve[3,4].

We have Ss(E3) = 1. Thus, 8p(S) < 3 for P € E3. Moreover, if P € EsN(EUE,) if P € E3\(EU
E4) we have

192 . 172
fve[o,3], fve[o,3],
h(v) < 2428'5"4[ } or h(v) < 2428'7"4[ }
BB ity e [3,4] B ity e [3,4]

Thus, S(Wea; P) < 1 < Tor S(Wa3;P) < 3 < 1. We get 8p(S) = 3 for P € Es.
Step 2. Suppose P € E;. Then 7(E,) = 3 and the Zariski decomposition of the divisor —Kg —
VEy ~ C+2E| + (3 —V)Ey +4E3 +3E4+2E5 + Eg + 2F is the following:

—Kg—vE, — (2E—|—4E3 +3E4+2E5 +E6) — %El ifve [0,2],

P(v) = 3
—Kg—vE, — %(2E+4E3—|—3E4—|—2E5 +Es)—(v—1)E; —(v=2)Cifve[2,3]
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N %(2E+4E3+3E4+2E5+E6)+%E1 if ve[0,2],
V) =

%(2E+4E3 +3E4+2Es+Eg)+(v—1)E; + (v=2)Cifv e [2,3].
Moreover,

2
1-%ifvel0,2], zifv e |0,2],
() SRR R LAy
B ity e [2,3]. 1—2ifve[2,3].
Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = % for P € E»\E3.

Step 3. Suppose P € E;. Then 7(E;) = 2 and the Zariski decomposition of the divisor —Kg —
VE| ~C+ (2—V)E| +3Ey)+4E3+3E4+2E5+ Eg + 2E is:

W) —Kg—VE| — 5(2E 4 3E; +4E3 4 3E4 +2E5 4 Eg) if v € [0, 1],
V)=
—Ks—VE| — 3(2E +3E, +4E3 + 3E4 + 2E5 + Eg) — (v—1)Cif v € [1,2].
N ) 3(2E +3Ey +4E3 +3E4+2E5 + Eg) if v € [0, 1],
V)=
%(2E+3E2+4E3—|—3E4+2E5—|—E6) (v=1)Cifvell,2].
Moreover,
1-Zifvelo,1], Yify e [0, 1],
(PONP =14 oy ol P(v)-Er=1"? o
S—ifve[1,2]. 1—3ifvell,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = 1 for P € E|\E,.
Step 4. Suppose P € E. Then 7(E) = 2 and the Zariski decomposition of the divisor —Kg —
VE ~ C+2E|+3E)+4E3+3E4+2E5+ Eg+ (2—Vv)E is:

\4

p(y) — | ~KSTVE— §(4E+8E> + 1285+ 9F4 + 6E5 +3Eq) it v € [0, 7],
—Ks—VE — (4v—7)C— (4v—6)E; — (4v—5)E; — (v — 1)(4E3+ 3E4 + 2E5 + Eg) if v € [7,2].

N(v) = L(4E1 4 8E, + 12E3 +9E4 + 6Es + 3E) if v € [0, 1],
(4v )C+(4v—6)E1 +(4v—5)E2+(v— 1)(4E3+3E4+2E5+E6) ifye [411’2].

Moreover,

~2itve[0,7], VB = Zitye[o,1],
2(2-v)?ifve [1,2]. 2(2—v)ifve [1.2].
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We have Ss(E) = 3. Thus, 5p(S) < 2 for P € E. Moreover, if P € E\E3 we have

2 ifve[0,7],

h(v) <
2(v—2)%ifve [1,2].

Thus S(We3;P) < L < 3. We get 8p(S) = £ for P € E\Es.
Step 5. Suppose P € E4. Then t(E4) = 3 and the Zariski decomposition of the divisor —Kg —
vE4 ~C+2E| +3E, +4E5+ (3 — V)E4—|—2E5 + E¢+2F is:

P(Y) —Ks—VE4 — ¥(2E| +4E, 4+ 6E3 4+ 3E) — 5(2Es + Eo) if v € [0,3],
V)=
—Ks—VE4— (2v—5)C— (2v—4)E; — (2v—3)E; — (2v—2)E3 — (v—1)E — ¥(2Es + E¢) if v € [3,3].

NG) = Y(2E, +4E, 4+ 6E3+3E) — §(2Es + Eg) if v € [0,3],
(2v=5)C+ (2v—4)E; + (2v—3)E, + (2v—2)E3+ (v— 1)E + 3(2Es + Eq) if v € [3,3].

Moreover,

2V if 0,32
P(V)'E4: 1 IVE[,Z},

(PO’ =1 450 s
007 iy e [3,3]. 2(1- ) ifve [3,3].

We have Ss(Es) = 1. Thus, 8p(S) < & for P € E4. Moreover, if P € E4\E3 we have

Bsitve [0.3],

h(v) < 2(3—v)(v+3) - 5
90 ity e [3,3].

Thus, S(Wad;P) < % < 1L We get 8p(S) = & for P € E4\E.

Step 6. Suppose P € Es. Then 7(E5) = 2 and the Zariski decomposition of the divisor —Kg —

VEs ~ C+2E| +3Ey +4E3+3E4+ (2—v)Es + E¢ + 2E is given by:

P(v) = —Ks — vEs — 2(2}:1 F4E, +6E3 + SEs +3E +2Eg) if v € [0,2].

N(v) = 2(2E1 +4E) +6E3 + 5E4 + 3E + 2Eg) if v € [0,2].
Moreover,
2—v)(2
(P(v))? = (VZJ and P(v) - Es = 2 ifve[0,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that 5p(S) = 3 for P € Es\ E4.
Step 7. Suppose P € Eg. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-
curves and (—2)-curves which form one of the following dual graphs:
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Hﬂ+¢71<: b) ‘%+0+'B6

Figure 9.33: Dual graph: (—K;)* = 1, E; singularity, 8p(S) = ¢

Then ©(Eg) = 5 3 and the Zariski Decomposition of the divisor —Kg — vEj is:

2. P)= —Ks—vEs — ¥ (2E| +4E> + 6E3 + 5E4 +4Es +3E) if v € [0,1],
—Ks —VEg — §(2E| +4E, + 6E3 + 5E4 +4E5 +3E) — (v—1)(Ae1 +Aq2) if v € [1,
N(Y) = 3(2E1 +4E> + 6E3 +5E4 +4E5 +3E) if v € [0,1],
Y(2E| +4Ey +6E3+5E4+4Es +3E) + (v—1)(A1 1 +A ) ifv € [1,
b P()— —Ks—VvEe — 5 (2E| +4E> +6E3+ 5E4 +4Es +3E) if v € [0,1],
—Ks —VEg — §(2E) +4E, +6E3 4+ 5E4 +4Es + 3E) — (v—1)(2A¢ + Be) if v € [1,
N(v) = 3(2E1 +4E> +6E3 +5E4 +4Es +3E) if v € [0,1],
Y(2E\ +4E, +6E3+ 5E4+4Es +3E) + (v—1)(2A¢ + Be) if v € [1,

The Zariski Decomposition in part a). follows from

3 1
—Kg—vEg ~p (E — V>E6 + 5 <2E1 +4E, +6FE3 +5E4+4E5+ 3E —|—A671 —|—A6’2) .

A similar statement holds in other parts. Moreover,

—2ifveo,1], o) ity e [o,1],

(P(v))* = I
B2ty e [1,3]. 2(1-2)itve [1,3].

Now we apply the computation from Section 9.1 (Step 2.) and get that p(S) = g for P € Eg\FEs.
Thus, 85 (X) = 3. O

[Eg singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an [Eg singularity at point &. Let € be
3

a curve in the pencil | — Kx| that contains &. Then 65 (X) = 7.
Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of
degree 1. Suppose C is a strict transform of € on S and E, E|, E», E3, E4, E5, Eg and E7 are
the exceptional divisors with the intersection:

[\S]198]
P

[\S]198]
P

NS1[O8)
P

NS1[ON]

.
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o o IE3 o o o o
E

Figure 9.34: Dual graph: (—Kjs)? = 1, Eg singularity

We have —Kg ~ C+2E| +4Ey+6E3+5E4+4E5+3Eg+ 2E7 + 3E.
Step 1. Suppose P € E3. Then 7(E3) = 6 and the Zariski decomposition of the divisor —Kg —
vE3 ~ C+2E|+4E, + (6 — V)E3 +5E4+4Es+ 3E¢ + 2E7 + 3E is the following:

(E1+2E;) — £(4E4+3Es +2E¢+ E7) if v € [0,5],
(El —|—2E2) (V— 1)E4—(V—2)E5 — (V—3)E6—(V—4)E7— (V—S)C ifve [5,6]

TfJ
L»JR: w\<:

_KS - VE3 -

N(v) = %E %(El+2E2)+§(4E4+3E5+2E6+E7)ifve[0,5]7
Moreover,
2
1 -5 ifvel0,5], Xifvel0,5
(= L El0Sh e Py el03)
O ifve[s,6]. 1—2ifve[s,6].

We have Ss(E3) = 4. Thus, 8p(S) < 13—1 for P € E3. Moreover, if P € E3sN(EUEy) if P €

E3\(EUE2) we have

412 e, e 10, 5 492 ¢, € 10,5
< W0V E DI g < s e 09
Ev)TvE6) ity e [5,6). EU6) ity € [5, 6.

Thus, S(Waa;P) < 3 < Lor S(Wa3;P) <3 < 1L We get 8p(S) = 2 for P € Es.
Step 2. Suppose P E E2 Then t(E,;) = 4 and the Zariski decomposition of the divisor —Kg —
VEy ~C+2E| + (4 —v)E, +6E3 +5Ey+4Es +3Eq+ 2E7 + 3E is:

—Kg —VvE, — — Y(S5E + 10E3 + 8E4 + 6Es + 4Eq + 2E7) if v € [0, 7],
—KS—sz—f —(v=1)E—(2v—2)E3 — (2v—3)E4— (2v—4)Es — (2v—5)Eg — (2v—6)E; — (2v—T7)Cif v € [],4].

N YE| + %(5E + 10E3 + 8E4 + 6Es -+ 4Eq + 2E7) if v € [0,1],
V)=
YEi+(v—1)E+(2v—2)E3+ (2v—3)Es+ (2v—4)Es + (2v—5)E¢ + (2v—6)E7 4+ (2v—T7)Cif v € [],4].

Moreover,
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We have Ss(E;) = 3. Thus, 8p(S) < % for P € E,. Moreover, if P € E;\ E3 we have

Sy itve [0.3],

BEW) ity € [1,4].

h(v) <

Thus, S(WE2;P) < 3 < 3. We get 5p(S) = % for P € E;\E3.
Step 3. Suppose P € E;. Then 7(E;) = 2 and the Zariski decomposition of the divisor —Kg —
VE| ~C+ (2—V)E| +4E>+6E3+5E4 +4Es + 3E¢ + 2E7 + 3E is given by:

P(v) = —Ks—vE| — E(SE +7E> + 10E3 + 8E4 + 6Es + 4Eg + 2E7) if v € [0,2].

N(v) = E(SE +7E> + 10E; + 8E4 + 6Es + 4E¢ +2E5) if v € [0,2].

Moreover,

(P(v))? = W and P(v)-E| = 2 if vel0,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that 5p(S) = 3 for P € E;\ E».
Step 4. Suppose P € E. Then 7(E) = 3 and the Zariski decomposition of the divisor —Kg —
VE ~C+2E|+4E,+6E3+5E4+4E5+3Eq+2E7 + (3 —V)E is:

P(v) {—KS—vE—;(5E1+10E2+15E3+12E4+9E5 +6Eq+3E7) ifve [0,8
V)=

N(v) =
) {(v1)(E1+2E2+3E3)+(3v4)E4+(3v5)E5+(3v6 Es+(Bv—TE7+(3v—8)Cifve [%,3].

Moreover,

P(v)-E =

v))? =
(P(v)) (3_‘))2”‘)6[%73]_ 3—vifve

1-¥itve[0,3], vifve [0,8
[

We have Ss(E) = 4. Thus, 8p(S) < 5 for P € E. Moreover, if P € E\E3 we have

2
M) < s ifve[0,3],
i JE=0E - 8
TvaE |fV€[§,3}

Thus, S(WE,;P) < § < . We get 8p(S) = 5 for P € E\E3.
Step 5. Suppose P € E4. Then t(E4) =5 and the Zariski decomposition of the divisor —Kg —
VEy ~ C+2E| +4E;+6E3+ (5—v)Ey+4FE5+ 3Eg + 2E7 + 3E is the following:

PW) —KS—VE4—§(2E1 +4E, 4+ 6E3 + 3E) —%(3E5+2E6+E7) if ve[0,4],
V)=
—Ks—VE4—%(2E1 +4E,+6E3+3E)— (v—1)Es — (v—2)Es— (v—=3)E7; — (v—4)Cif v € [4,5].
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N(v) B %(ZEl +4E2+6E3+3E) +£(3E5+2E6+E7) ifve [0,4],
%(2E1+4E2+6E3+3E)+(V—1)E5+(V—2)E6+(v—3)E7+(V—4)CifvE[4,5].
Moreover,
2
=2 ifvelo4] ity e[0,4],
o[BI g e

“ifve4,5). 1-Lifve4,5).

5

We have Ss(E4) = 3. Thus, 8p(S) < 1 for P € E4. Moreover, if P € E4\E3 we have

302 .
=aq ifv e |0,4],
TORR A
CO3) ity ¢ [4,5].
Thus, S(Wad;P) < 7 < 3. We get 8p(S) = 3 for P € E4\Ej.
Step 6. Suppose P € Es. Then t(Es) = 4 and the Zariski decomposition of the divisor —Kg —
VEs ~ C+2E| +4E + 6E3+5E4+ (4 —v)Es + 3E¢ + 2E7 + 3E is the following:

P( ) —Kg—vEs5 — £(2E1 +4FE, + 6FE; —|—5E4—|—3E) - %(2E6 +E7) ifve [0,3],
V)=
—Ks—vE5—£(2E1 —|—4E2+6E3 +5E4—|—3E) — (V— 1)E6— (V—Z)E7 — (V—3)C ifve [3,4]
N 7‘;(2E1 +4FE; 4+ 6E3 +5E4+3E) — %(2E6 +E7) ifve|0,3],
V)=
;‘;(2E1 +4FE; 4+ 6E3 +5E4+3E)+ (v—1)Eg+ (v—2)E7+ (v—3)Cif v € [3,4].
Moreover,
2
1 -5 ifvel0,3], % ifve[0,3],
ey ={ 2 Py Es= {12
TIfV€[3,4]. 1—%va€[3,4].

Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = % for P € Es\E;.
Step 7. Suppose P € Eg. Then 7(Eg) = 3 and the Zariski decomposition of the divisor —Kg —
VEg ~ C+2E| +4E; + 6E3+5E4+4Es+ (3 —v)Eg + 2E7 + 3E is the following:

—Kg—vEq— %(2E1 +4E, + 6E3 +5E4+4E5+ 3E

5 —3E7ifv e 0,2],
—Kg—VvEg— %(ZEl +4E, +6FE3 +5E4+4E5+3E) —
(
(

P(v) = .
(v—=1)E;—(v=2)Cifve[2,3].

VE; ifve[0,2],
(v—1)E;+ (v=2)Cifve[2,3].

2E| +4FE>, +6E3+5E4+4E5+3E

2E| +4E, +6E3+5E4+4E5+3E

)
)
N = :
)

+
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Moreover,
2
1-%ifvel0,2], zifv e [0,2],
Py =] ey, ifveloa

B ity e [2,3]. 1—2ifve[2,3].
Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = % for P € Eg\FEs.
Step 8. Suppose P € E7. Then 7(E7) = 2 and the Zariski decomposition of the divisor —Kg —
VE7 ~ C+2E| +4Ey+6E3+5E4+4Es+3E¢+ (2—v)E7+ 3E is:

W) —Ks —vE7 — 3 (2E| +4E> + 6E3 + 5SE4 +4Es +3E¢ +3E) if v € [0, 1],
V)=
—Ks—vE7—%(2E1+4E2—|—6E3—|—5E4+4E5+3E6—|—3E)—(V—l)C if ve [1,2].
N = %(2E1 +4FE, +6E3+5E4+4FE5+3Eq+3E) if ve [0,1],
%(2E1+4E2—|—6E3—|—5E4+4E5—|—3E6—|—3E)+(V—I)C ifve [1,2].
Moreover,
2
1-%ifve[0,1] zifve|0,1]
2 b 2 y Ly
(PO =14 o pp P(v)-E; = |
5 IfVG[l,Z]. 1—%va€[1,2].

Now we apply the computation from Section 9.1 (Step 1.) and get that 6p(S) = 1 for P € E7\ Es.
Thus, 82 (X) = . O
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Chapter 10

First Examples of K-stable Fano
Threefolds

In this chapter, we discuss the immediate applications of the results described in Part I.

10.1 K-stable Fano Surfaces

Let X be a del Pezzo surface of degree 2 with at most Du Val singularities. Let S be a weak
resolution of X. We will call an image on X of a (—1)-curve in S a line as was done in Cheltsov
and Prokhorov (2021). The immediate corollaries from Main Theorem of Part | are:

Corollary 10.1.1. Let X be a Du Val del Pezzo surface of degree 4 with at most A singularities
then X is K-semi-stable.

Proof. For such X have 6(X) > 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem
1.59). O

Corollary 10.1.2. Let X be a Du Val del Pezzo surface of degree 3 with at most A, singularities
then X is K -semi-stable.

Proof. For such X have 6(X) > 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem
1.59). O

Corollary 10.1.3 (Odaka et al. (2016), Cheltsov and Prokhorov (2021)). Let X be a Du Val del
Pezzo surface of degree 3 with at most A singularities then X is K -stable. Moreover, Aut(X)
is finite.

Proof. For such X have §(X) > 1. Thus, X is K-stable. X is K-stable so by (Blum & Xu, 2019,
Corollary 1.3) Aut(X) is finite. O

Corollary 10.1.4. Let X be a Du Val del Pezzo surface of degree 2 with at most A3 singularities
then X is K-semi-stable.

Proof. For such X have §(X) > 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem
1.59). 0

248
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Corollary 10.1.5 (Ghigi and Kollar (2007); Odaka et al. (2016), Cheltsov and Prokhorov
(2021)). Let X be a Du Val del Pezzo surface of degree 2 with at most A, singularities then X
is K -stable. Moreover, Aut(X) is finite.

Proof. For such X have 0(X) > 1. Thus, X is K-stable. This was studied in Ghigi and Kollar
(2007). X is K-stable so by (Blum & Xu, 2019, Corollary 1.3) Aut(X) is finite O
Corollary 10.1.6 (Odaka et al. (2016)). Let X be a Du Val del Pezzo surface of degree 2 with
at least one A3 singularity. Then X is K -polystable if it has two Az singularities and X is strictly
K-semi-stable otherwise.

Proof. Suppose X has at least one A3 singularity. By Cheltsov and Prokhorov (2021) only
surfaces of types 2A3 and 2A3 4+ A; have infinite automorphism groups. Suppose X has
exactly two Aj singularities, G = Aut(X). Then there are no G-invariant points that belong
to lines on X and for all G-invariant points we have dp(X) > 1 so by (Zhuang, 2021, Corollary
4.14) X is K-polystable. Any X with exactly one Aj3-singularity deforms isotrivially to this case.
Thus, if X has exactly one Ajs-singularity it is strictly K-semi-stable by (Araujo et al., 2023,
Corollary 1.13). Suppose now that X is of type 2A3A; and G = Aut(X) then the only G-
invariant points that belong to lines on X is a unique A point so for all G-invariant points we
have 8p(X) > 1 and by (Zhuang, 2021, Corollary 4.14) X is K-polystable. O

Corollary 10.1.7. Let X be a Du Val del Pezzo surface of degree 1 with A, (n < 8) or Dy
singularities then X is K-semi-stable.

Proof. For such X have 6(X) > 1. Thus, X is K-semi-stable by (Araujo et al., 2023, Theorem
1.59). O

Corollary 10.1.8 (Odaka et al. (2016), Cheltsov and Prokhorov (2021)). Let X be a Du Val
del Pezzo surface of degree 1 with at most Ag singularities or a Du Val del Pezzo surface of
degree 1 with A7 singularity and irreducible ramification divisor R then X is K -stable. Moreover,
Aut(X) is finite.

Proof. For such X have §(X) > 1. Thus, X is K-stable. By (Blum & Xu, 2019, Corollary 1.3)
Aut(X) is finite for K-stable X. O

10.2 First examples of K-stable Fano Threefolds

There are also applications in the case of Fano threefolds. Smooth Fano threefolds over C were
classified in Iskovskikh (1997, 1998) and Mori and Mukai (1981, 2003) into 105 families. The
detailed description of these families can be found in Araujo et al. (2023) where the problem
to find all K-polystable smooth Fano threefolds in each family was posed. The output of this
paper, give some alternative proofs for this problem as well as some proofs in case of singular
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Fano threefolds. We know (Fujita (2019); Li (2017)) that the Fano threefold X is K-stable if and
only if for every prime divisor E over X we have

B(E) = Ax(E) — Sx(E) > 0,

where Ax(E) is the log discrepancy of the divisor E and Sx (E) = ﬁ Jvol(—Kx —uE)du.
0

To show this, we fix a prime divisor E over X. Then we set Z = Cx(E). Let Q be a general
point in Z. Following Abban and Zhuang (2022); Araujo et al. (2023) denote

- Ax (F) .. Ax(F)
XWX)= inf —XT) _ and §y(X) = inf
So(X, We.o) F)x S(WXF) and 8(X) FX  Sx(F)’
QeCx(F) ' QeCx(F)

where the first infimum is taken by all prime divisors F' over the surface X whose center on X
contains Q and the second infimum is taken by all prime divisors F over the threefold X whose
center on X contains Q. Moreover, it follows from (Araujo et al., 2023, Theorem 1.95) that

8o(X) > min{ So(X: W) }.

o
Sx(X)’

10.2.1 Family N¢1.13 (Del Pezzo Threefolds of degree 3)

Let V be a Fano threefold with canonical Gorenstein singularities such that —Ky ~ 2H for
some H € Pic(V) with H> = 3. Then V is a cubic hypersurface in P* and a del Pezzo threefold
of degree 3. A general element in |H| is a Du Val del Pezzo surface of degree 3 and if V has
isolated singularities then a general surface in |H| is a smooth.

Remark 10.2.1. Every smooth element in Family Ne1.13. is known to be K-stable by Araujo et
al. (2023).

Main Theorem gives the following corollary:

COROLLARY 1. Suppose that for any point Q on V there exists an element X € |H| such that
Q € X and X is smooth then V is K-stable.

Proof. Suppose X is an irreducible element of |H| then Sy(X) < 1. As explained above we
fix a prime divisor E over V. Then we set Z = Cy(E) and if B(E) < 0, then 8p(X,W.X,) < 1.
Let Q be a general point in Z, Let X be the general element of |H| that contains Q. The
divisor —Ky —uX is nef if and only if u < 2 and the Zariski Decomposition is given by by
P(u) = —Ky —uX ~ (2—u)X and N(u) = 0 for u € [0,2]. By (Araujo et al., 2023, Corollary
1.110) for any divisor F such that O € Cx(F) over X we get:

S(WeiF) =
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:ﬁ</0f (P(u)?-X) - ordQ ()] du—i—/ / vol (P —vF)dvdu) =

3 (7 [
:ﬁ/ / vol (P ‘X—VF)dvdu—24/ _u3/0 vol( — Kx — wF)dwdu =
3 2
8/ / Vol(—KX—wF)dw>du:§/0 (2—u)3SX(F)dM:

= ESX(F)

\./

2—u)?
3Ax(F
280(x)

We get that 5p(V) > 28,(X). For smooth X we have 6Q( ) > 3. If Q is a singular point

Ax(E)
Sx(E) >m1n{ X 5Q(X W,,)}
from (Araujo et al., 2023, Corollary 1.108.) and otherwise we choose X with dp(X) > i so

and there exists an element X of |H| with 6p(X) = 3

0o(V) > 1if X is smooth and the result follows. O

10.2.2 Family N°2.5

Let V be a Fano threefold with canonical Gorenstein singularities such that —Ky ~ 2H for
some H € Pic(V) with H> = 3. Then V is a cubic hypersurface in P* and a del Pezzo threefold

of degree 3. Let S| and S, be two distinct surfaces in the linear system
Suppose that the curve % is smooth. Then % is an elliptic curve by the adjunction formula. Let
7 : X — V be the blow up of the curve %, and let E be the m-exceptional surface. We have the

/\

______ ~ P!

following commutative diagram:

Where V --» P! is the rational map given by the pencil that is generated by S; and S5, and ¢
is a fibration into del Pezzo surfaces of degree 3.

Remark 10.2.2. Every smooth threefold in Family 2.5 such that there is no fiber of p; which
contains D5 or [Eg singularity in this family is known to be K-stable Cheltsov et al. (2024).

Main Theorem gives the following corollary:

COROLLARY 2. If every fiber X of ¢ at most A, singularities, then X is K-stable.

Proof. If X is an irreducible fiber of p; then we have Sx(X) < 1. We now fix a prime divisor E
over X. Then we set Z = Cx(E). Let Q be the point on Z. let X be the fiber of ¢ that passes
through Q. Then —Kx — uX is nef if and only if u < 2 and the Zariski Decomposition is given
by

Plu) = —Kx —uX ~2—u)X+Eifuec|0,1],
| —Kx—uX — (u—1)E ~ 2 —uw)m*(H) itue [1,2].
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0ifue0,1],
(u—1)Eifuec|l,2].

u)=

We apply Abban-Zhuang method to prove that Q ¢ E = % x P!. By (Araujo et al., 2023,
Corollary 1.110) for any divisor F such that Q € Cx(F) over X we get:
S(WeaiF) =
) ' 2 d d e dvd
= — P(u)“-X)-or (Nu >u—|—//V01Pu —VvF)dvdu | =
(—KX)3 /0 ( (u) ) 0 ()|X o Jo ( ()|X )
3 (7 [
= E/o /0 Vol(P(u)|X—vF)dvdu:
= — / / Vol(—Kx—vF)dvdu+/ / vol(— Ky — (u—1)E|x —vF)dvdu | =
12\ Jo Jo 1 Jo
3 * 2 3 [
=— / vol(—Kx—vF)dv+/ (2—u) / vol( — Ky —wF)dwdu | =
12\ Jo 1 0
_3 l/wvol(—Kx—vF)dv+/2(2—u)3.l/wvol(_[{x_wp)dwdu =
4\ 3 Jo 1 3o

= % (Sx(F)-I-;L-Sx(F)) = %Sx(F) < 1—22;(()};))

We see that §p(X) > {—QSQ(X). Thus, by Main Theorem if every fiber of p; has at most A,
singularities the result follows. O

10.2.3 Family N°2.2

Let R be a surface with isolated singularities of degree (2,4) in P! x P2, let £ : X — P! x P2
be a double cover ramified over the surface R. Let pr; : P! x P> — P! be the projection on the
first factor. Set p; = pri o m. Then p; is a fibration into del Pezzo surfaces of degree 2.

Remark 10.2.3. Every smooth element in Family Ne2.2. is known to be K-stable by Cheltsov
et al. (2024).
Main Theorem gives the following corollary:

COROLLARY 7. If every fiber X of p; has at most A3 singularities, then X is K-stable.

Proof. If X is an irreducible fiber of p; then arguing as in the proof of (Fujita, 2016, Theorem
10.1) we have Sx(X) < 1. The divisor —Kx — uX is nef if and only if u < 1 and the Zariski
Decomposition is given by P(u) = —Kx —uX and N(u) = 0 for u € [0, 1]. By (Araujo et al.,
2023, Corollary 1.110) for any divisor F such that Q € Cx(F') over X we get:

S(WeiF) =
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:ﬁ</0f (P(u)?-X) - ordQ ()] du—i—/ / vol (P —vF)dvdu) =

3 T [ 3 o0
:6/0/0Vol(P(u)‘X—vF)dvstZE/o/oVol(—Kx—vF)dvdu:

3 [ 1 [
:6/0 V01(—KX—VF)CIV=§/O Vol(—Kx—vF)dv:

Ax(F
So(X)

~—

=5 (F) <

We see that 6p(X) > Jp(X). Thus, by Main Theorem if every fiber of p; has at most A3
singularities, i.e. all the fibers are K-semi-stable, then 6( ) > 1 since if Q is a singular point
((E)) >rn1n{ S0 , 80 (X, W, ,)}from
(Araujo et al., 2023, Corollary 1.108.) and otherwise SQ( ) > 1 and the result follows. O

and X is a fiber containing Q, such that 6o (X) =

10.2.4 Family N*1.12 (Del Pezzo Threefolds of degree 2)

Lety:V — P? be the double cover branched along the reduced possibly reducible quartic
surface R. Set H = y*(0ps(1)). Then V is a del Pezzo threefold of degree 2. One can show
that a general surface in |H| is a smooth del Pezzo surface of degree 2.

Remark 10.2.4. Every smooth element in Family Ne1.12. is known to be K-stable by Araujo et
al. (2023) and Dervan (2016).

Singular Del Pezzo Threefolds of degree 2 were studied in Ascher et al. (2023). It follows from
Ascher et al. (2023); Shah (1981) that V is K-polystable if and only if the quartic surface R is
GIT-polystable with respect to natural action PGL(4) except for those of the form (xxz +x7 +
x%)2 +a -x‘31 for a € C. Main Theorem gives the following (slightly weaker) corollary:

COROLLARY 3. If R has A,,-singulalrities, then V is K-stable.

Proof. Suppose X is an irreducible element of |H| then Sy(X) < 1. As for Family Ne2.2 we
fix a prime divisor E over V. Then we set Z = Cy(E) and if B(E) < 0, then BQ(X,Wff,) < 1.
Let O be a general point in Z, Let X be the general element of |H| that contains Q. The
divisor —Ky — uX is nef if and only if u < 2 and the Zariski Decomposition is given by by
P(u) = —Ky —uX ~ (2—u)X and N(u) = 0 for u € [0,2]. By (Araujo et al., 2023, Corollary
1.110) for any divisor F such that Q € Cx(F') over X we get:

SWeaiF) =

ﬁ(/or (P(u)2 X)- ordQ ’X du+/ / vol (P —vF)dvdu> =
:13_6/(:/:\/01(P( —vF)dvdu— 16/ —u) /0 Vol( KX—WF)dwdu:
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2 ° 2
:% 0 (2—1/1)3(%/0 VOl(—KX—WF)dW)du:%/O (2_u)3SX(F)dI/{:
3 3Ax(F)
~2 = 35m)

We get that 6p(V) > %SQ(X). For X with at most A;-singularities we have &p(X) > % If

Ax(E)
Sx(B) >

min {#(X), 8o (X, WX,) } from (Araujo et al., 2023, Corollary 1.108.) and otherwise we choose

X with 8p(X) > 3 so 8p(V) > 1if X has at most A;-singularities. This is the case when R has

Q is a singular point and there exists an element X of |H| with 6p(X) = % then

A, -singularities and the result follows. O

10.2.5 Family N°2.3

Let w : V — IP? be the double cover branched along the reduced possibly reducible quartic
surface R. Set H = y*(0ps3(1)). Let S| and S, be two distinct surfaces in the linear system
|H|, and let € = S; N S,. Suppose that the curve % is smooth. Then % is an elliptic curve
by the adjunction formula. Let & : X — V be the blow up of the curve %, and let E be the
m-exceptional surface. We have the following commutative diagram:

a

V--—---- ~ P!

Where V --» P! is the rational map given by the pencil that is generated by S; and S,, and ¢
is a fibration into del Pezzo surfaces of degree 2.

Remark 10.2.5. Every smooth threefold in Family Ne2.3. is known to be K-stable by Cheltsov
et al. (2024).
Main Theorem gives the following corollary:

COROLLARY 4. If every fiber X of ¢ at most A3 singularities, then X is K-stable.

Proof. If X is an irreducible fiber of p; then arguing as in the proof of (Fujita, 2016, Theorem
10.1) we have Sx(X) < 1. As for Family Ne2.2 we fix a prime divisor E over X. Then we set
Z = Cx(E). Let Q be the point on Z. let X be the fiber of ¢ that passes through Q. Then
—Kx —uX is nef if and only if u < 2 and the Zariski Decomposition is given by

Plu) = —Kx —uX ~ 2—u)X+Eifuecl01],
| —Kx—uX — (u—1)E ~ 2 —w)m*(H) ifue [1,2].

0ifueo,1],
(u—1DEifuel,2].

N(u) =
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We apply Abban-Zhuang method to prove that Q & E = € x P!. By (Araujo et al., 2023,
Corollary 1.110) for any divisor F such that Q € Cx(F) over X we get:

SWeiF) =

:ﬁ</or (P(u)2 X)- ordQ ‘X du+/ / vol (P —vF)dvdu> =

= %/OT/OOOVOI(P(M)‘X —vF)dvdu =

L peo 2 oo
_3 / / Vol(—KX—vF)dvdu+/ / Vol(—KX—(u—l)E]X—vF)dva’u) =
8\ Jo Jo 1 Jo
3 o 2 .
=3 /Ovol(—KX—vF)dv+/l(2_u)3/0 vol( — Kx —wF)dwdu | =
l/mVOl(—KX—VF)dv+/2(2—u)3.l/wvol(—Kx—wF)dwdu —
2Jo 1 2 Jo

SX(F)+%.SX(F)> —%SX( ) < 12 ?Q(((;))'

We see that §p(X) > %SQ(X). Thus, by Main Theorem if every fiber of p; has at most A3

singularities the result follows. O

10.2.6 Family N¢1.11 (Del Pezzo Threefolds of degree 1)

Let V be a Fano threefold with canonical Gorenstein singularities such that —Ky ~ 2H for
some H € Pic(V) with H> = 1. Then V is a sextic hypersurface in P(1,1,1,2,3) and a del
Pezzo threefold of degree 1. A general element in |H| is a Du Val del Pezzo surface of degree
1 and if V has isolated singularities then a general surface in |H| is a smooth.

Remark 10.2.6. Every smooth element in Family Ne1.11. is K-stable by Araujo et al. (2023).

Main Theorem gives the following corollary:

COROLLARY 5. Suppose that for any point Q on V there exists an element X € |H| such that
Q € X and X has at most A, singularities then V is K-stable.

Proof. Suppose X is an irreducible element of |H| then Sy(X) < 1. As explained above we
fix a prime divisor E over V. Then we set Z = Cy(E) and if B(E) < 0, then 6Q(X,Wff,) < L

divisor —Ky — uX is nef if and only if u < 2 and the Zariski Decomposition is given by by
P(u) = —Ky —uX ~ (2—u)X and N(u) = 0 for u € [0,2]. By (Araujo et al., 2023, Corollary
1.110) for any divisor F such that Q € Cx(F') over X we get:

S(WeiF) =
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:ﬁ(/or (P(u)2 ) ordQ ‘X du—I—/ / Vol —vF)dvdu) =
:%/T/wvol (P(u)|y —vF)dvdu = 2/02(2—@3/0 vol( — Kx — wF)dwdu =

8/ —u) VOl(_KX_WF)dW>dM:%/02(2_”)3SX(F)du:
3A ( )
=302 35,0

We get that p(V) > %6Q(X). For X with at most A,-singularities we have &p(X ) > % If
Ax(E

Sx(E >

mln{ S0 ,00 (X W; ,)} from (Araujo et al., 2023, Corollary 1.108.) and otherwise we choose

X with p(X) > 5 so 8p(V) > 1if X has at most A,-singularities and the result follows. O

Q is a singular point and there exists an element X of |H| with §p(X) = % then

\_/\/

10.2.7 Family Ne2.1

Let V be a Fano threefold with canonical Gorenstein singularities such that —Ky ~ 2H for
some H € Pic(V) with H®> = 1. Then V is a sextic hypersurface in P(1,1,1,2,3) and a del
Pezzo threefold of degree 1. Let S| and $;

and let ¥ = S1 N S,. Suppose that the curve ¥ is smooth. Then % is an elliptic curve by the
adjunction formula. Let 7 : X — V be the blow up of the curve %, and let E be the m-exceptional
surface. We have the following commutative diagram:

7N
Vo————- ~ P!
Where V --» P! is the rational map given by the pencil that is generated by S; and S5, and ¢

is a fibration into del Pezzo surfaces of degree 1.

Remark 10.2.7. Every smooth Fano threefold in Family Ne2.1. is K-stable by Cheltsov et al.
(2024).

Main Theorem gives the following corollary:

COROLLARY 6. If every fiber X of ¢ at most D4 singularities, then X is K-stable.
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Proof. If X is an irreducible fiber of p; then we have Sx(X) < 1. We now fix a prime divisor E
over X. Then we set Z = Cx(E). Let Q be the point on Z. let X be the fiber of ¢ that passes
through Q. Then —Kx —uX is nef if and only if u < 2 and the Zariski Decomposition is given
by

P(u) = —Kx —uX ~(2—u)X+Eifuec0,1],
= _KX_MX—(M—I)EN(Z—M) (H)lfue[] 2]
0if u € [0,1],

(u—1Eifu€|l,2].

u) =

We apply Abban-Zhuang method to prove that Q & E = € x P'. By (Araujo et al., 2023,
Corollary 1.110) for any divisor F such that Q € Cx(F) over X we get:

SWEGF) =

e.0

- a7 </J<P<u>2 ) -ordg (N )+ [ [ vol(e ‘VF)‘M”>:

u X—vF)dvdu =

oo 2 oo
// Vol(—KX—vF)dvdu—l—// Vol(—KX—(u—1)E|X—vF)dvdu):
0o Jo 1 Jo

Ny
ﬁ
_ﬁ
<
=R
—

1w 1w 1w 1w

=) 2 oo
/ Vol(—KX—vF)dv+/ (2—u)3/ Vol(—KX—wF)dwdu> =
0 1 0

=) 2 oo
/ Vol(—KX—vF)dv—l—/ (2—u)3/ Vol(—KX—wF)a’wdu> =
0 1 0

Sx(F) +}L-SX(F)> _ %sx(m < 1—2‘2;8

We see that §p(X) > %SQ(X). Thus, by Main Theorem if every fiber of p; has at most Dy

singularities the result follows. O



Chapter 11

K-stability classification for Family N¢3.12

In this chapter we find all K-polystable smooth Fano threefolds that can be obtained as blowup
of P? along the disjoint union of a twisted cubic curve and a line. The results presented in this
chapter were published in Journal of London Mathematical Society (see Denisova (2024b)).

11.1 Calabi Problem for Family N¢3.12

By the works of Chen-Donaldson-Sun and Tian (see Chen et al. (2015) and Tian (2015)),
a Fano manifold admits a K&hler-Einstein metric if and only if it is K-polystable. For two-
dimensional Fano varieties (del Pezzo surfaces) Tian and Yau proved that a smooth del Pezzo
surface is K-polystable if and only if it is not a blow up of P? in one or two points (see
Tian (1990); Tian and Yau (1987)). For three-dimensional Fano varieties the situation is more
challenging. Smooth Fano threefolds over the field C have been classified in Iskovskikh (1997,
1998); Mori and Mukai (1981, 2003) into 105 families. The detailed description of these families
can be found in Araujo et al. (2023) where the following problem was posed:

Calabi Problem. Find all K -polystable smooth Fano threefolds in each family.

In this chapter, we will solve the Calabi problem completely for Family Ne3.12, by using Abban—
Zhuang theory (see Abban and Zhuang (2022)), combined with previous partial results on this
family presented in (Araujo et al., 2023, §5.18)

Suppose X is a member of Family Ne3.12. Then we describe X as the blowup 7 : X — P3 of P3
at a twisted cubic C and line L that is disjoint from C (see Section 11.3 for an explicit description
of all members of this family). The deformation Family Ne3.12 contains a unique smooth Fano
threefold with an infinite automorphism group. It was proven in Araujo et al. (2023) that this
smooth Fano threefold is K-polystable (the proof heavily relies on the automorphism group of
this threefold). Using this, the authors of Araujo et al. (2023) described a strictly K-semistable
smooth Fano threefold in this family. Moreover, it has been conjectured in Araujo et al. (2023)
that all other smooth Fano threefolds in the deformation Family N¢3.12 are K-stable. In this
article we proved this conjecture. This completely solves the K-stability problem for smooth
Fano threefolds in the deformation Family Ne3.12.

258
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MAIN THEOREM 3. All the smooth threefolds except one in Family N¢3.12 are K-polystable.

Hence, all smooth Fano threefolds in Family Ne3.12 except one described in (Araujo et al.,
2023, §7.7) admit a Kahler—Einstein metric.

11.2 Preliminary results

Let X be a Fano variety with Kawamata log terminal singularities, let G be a reductive subgroup
in Aut(X), let f: X — X be a G-equivariant birational morphism, let F be a G-invariant prime
divisor in X, and let n = dim(X).

Definition 11.2.1. We say that F' is a G-invariant prime divisor over the Fano variety X.
If F is f-exceptional, we say that F' is an exceptional G-invariant prime divisor over X. We
will denotes the subvariety f(F) by Cx(F).

Let
Lo
S (F) = (—KX)"/o vol(f*(—Ky) — uF)du,

where T = 7(F) is the pseudo-effective threshold of F with respect to —Kx, i.e. we have

T(F) = sup{u € Qoo | f1(—Kx) —uF is big}. (11.2.2)

Let B(F) = Ax(F) —Sx(F), where Ax (F) is the log discrepancy of the divisor F.
Theorem 11.2.3 (Corollary 4.14 in Zhuang (2021)). Suppose that B(F) > 0 for every G-

invariant prime divisor F over X. Then X is K-polystable.

Theorem 11.2.4 (Theorem 10.1 in Fujita (2016)). Let X be any smooth Fano threefold that is
not contained in the following 41 deformation families:
Ne1.17, Ne2.23, Ne2.26, Ne2.28, Ne2.30, Ne2.31, Ne2.33, Ne2.34, Ne2.35, Ne2.36,
Ne3.9, Ne3.14, Ne3.16, Ne3.18, Ne3.19, Ne3.21, Ne3.22, Ne3.23, Ne3.24, Ne3.25,
Ne3.26, Ne3.28, Ne3.29, Ne3.30, Ne3.31, Ne4.2, Ne4.4, Ne4.5, Ne4.7, Ne4.8, Ne4.9,
Ne4.10, Ne4.11, Ne4.12, Ne5.2, Ne5.3, Ne6.1, Ne7.1, Ne8.1, Ne9.1, Ne10.1.
Then Sx(Y) < 1 for every irreducible surface Y C X, i.e. X is divisorially stable.

Theorem 11.2.5 (Collolary 1.110 in Araujo et al. (2023)). Let X be a smooth Fano threefold,
letY be an irreducible normal surface in the threefold X, let Z be an irreducible curve in Y, and
let F be a prime divisor over the threefold X such that Cx(F) = Z. Then

. 1 1
Sx (F) > min { Sx (1)’ S(W,Y,;Z) } (11.2.6)

and



11.2. Preliminary results 260
3 T
/ (P()? ) -ordz (N ()] ) du+
0

(—Kx)?
30 [T
‘f‘m/o /() VOl(P(M)‘Y—VZ)dVdI/l,

S(WeuiZ) =

where P(u) is the positive part of the Zariski decomposition of the divisor —Kx — uY, and N (u)
is its negative part.

Lemma 11.2.7 (Lemma 1.44 in Araujo et al. (2023)). Let X be a smooth Fano variety, Z
be a proper irreducible subvariety in X with dim(Z) > 1. Let f: X — X be an arbitrary G-
equivariant birational morphism, let F be a G-invariant prime divisor in X such that Z C f(F),
and let T(F) satisfy (11.2.2). Then

Ax(F) n+1
SX(F)> n G.z(X),

where

0 z(X) = sup {A €Q

the pair (X,AD) is log canonical at general point of Z for any}

effective G-invariant Q-divisor D on X such that D ~g —Ky

Lemma 11.2.8 (Corollary A.13 in Araujo et al. (2023)). Suppose X =P and By ~q —AKx
for some rational number A < %. Let Z be the union of one-dimensional components of
NKIt(X,Bx). Then Op3(1)-Z < 1. In particular, if Z # 0, then Z is a line.

Lemma 11.2.9 (Corollary A.15 in Araujo et al. (2023)). Suppose that X is a smooth Fano
threefold, Bx ~q —AKx for some rational number A < 1, and there exists a surjective
morphism with connected fibers ¢ : X — P!. Set H = ¢* (01 (1)). Let Z be the union of one-
dimensional components of Nklt(X,ABx). Then H - Z < 1.

11.3 Geometry of Fano Threefolds in Family N¢3.12

11.3.1 Basic properties

Let C be the smooth twisted cubic curve in P3 that is the image of the map P! < P3 given by

3 :xzy:xy21y3]

be:y] =[x
let L be a line in P3 that is disjoint from C, and let 7 : X — P> be the blow up of P? along C and
L. Then X is a Fano threefold in Family Ne3.12 and all threefolds in this family can be obtained

this way. Note that there exists the following commutative diagram:
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Where:

* @ is the blowup of a line L,

+ 9 is the blowup of a curve C,

* ¢ is the blowup of a curve ¥*L,

* 0 is the blowup of a curve ¢*C,

« the left dashed arrow is the linear projection from the line L,

« the right dashed arrow is given by the linear system of quadrics that contain C,

« £isaP!-bundle,

« vis a P>-bundle,

* 0 is a non-standard conic bundle,

+ 7 is a fibration into the del Pezzo surfaces of degree 6,

« { is the contraction of the proper transforms of the quartic surface in IP? that is spanned
by the secants of the curve C that intersect L,

* pr; and pr, are projections to the first and the second factors, respectively.

Let H be a plane in P?, E; be the exceptional surface of 7 that is mapped to L, E¢ be the
exceptional surface of & that is mapped to C, R be {-exceptional surface. Then

R ~Q J'E*<4H) —2EC —Ep,

and
—Kx ~Q T (4H) —Ec—Ey.



11.3. Geometry of Fano Threefolds in Family N¢3.12 262

11.3.2 Construction of R

Consider the commutative diagram:

Where & is a P!-bundle given by the linear system |9*(2H) — E¢|, ¥ is the blowup of C and
the dashed arrow is given by the linear system of quadrics containing C, ¢ is the blowup of
®*L. Denote L = ¥*L. What is the image of L in P2? We have that

L-(9*(2H)—Ec)=2

which means that §(Z) is a conic. The preimage of this conic on V is spanned by strict
transforms of secants of C which intersect L. Therefore, 7(R) is spanned by secants of C
that intersect L. Note that the class of the preimage is

E¥(0p2(2)) = 29" (2H) — Ec) = 9" (4H) — 2Ec.

Moreover & (L) is a smooth conic and & is a P'-bundle thus the preimage of & (L) is a smooth
surface so it is smooth along L thus the class of R in 3 is given by

R ~Q 7lf*<4H) - 2EC —E;.
11.3.3 Z/27 x 7Z./27 - action on X
Note that Aut(X) =2 Aut(P3,C +L). On the other hand, we have
Aut(P?,C) = PGL,(C),

where Aut(P3,C) is the group of automorphisms of P* which fix C as a set.
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Types of threefolds in Family 3.12

We look at the projection from the line L which is disjoint from C to P':
or P - P!,

which gives a 3-cover of P!:
¢L|C :C ﬂ> P].

By Riemann-Hurwitz we have that the degree of the ramification divisor is 4. The multiplicity in
each ramification point is either 2 or 3 so we have three options:

+ there are two ramification points both of multiplicity 3,
+ there is one ramification point of multiplicity 3 and two ramification points of multiplicity 2,

* there are four ramification points of multiplicity 2.

We see that there are at least two ramification points on C. By acting on C by the PGL(2,C)
we can make these points to be p; = [1:0], p» = [0: 1] on C. Now we look at the line L. It is
the intersection of 2 planes which are tangent to C at points p; and p, (note that these planes
are different since the plane intersects the cubic C in three points, so the same plane cannot
be tangent to C at two points) so it is given by the equations:

I Xp0 = rixi,
X3 = Xxo.

We have 3 cases:
1. r; = r, =0 so L is given by the equations:

xo =0,
L: 0
X3:0.

Here we have two ramification points of multiplicity 3. This case was described in Araujo et al.
(2023). The corresponding threefold X is K-polystable in this case.
2. r; =0, rp # 0 (which is symmetric to the case r| # 0, r, = 0) so L is given by the equations:

XOZOa

X3 = 1Xxo.
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Using the action of C* by the matrix which fixes C:

1 0 0 O
0 rnp 0 O
00 5 0
00 0 n
We can assume that L is given by
L: %0 =0,
X3 = X3.

Here we have one ramification point of multiplicity 3 and two ramification points of multiplicity 2.
This case was described in Araujo et al. (2023) where it was proven that X is not K-polystable.
3. r1 #0, r, # 0 so L is given by the equations

X0 = Xy,
L:

X3 = 1MX).

Using the action of C* by the matrix which fixes C:

10 0 0
0A 0 O
00 A2 o[’
00 0 A3

where A satisfies 1% = % We can assume that L is given by

L X0 = rxy,

X3 = FrXp.

Note that:

 r # 0 since otherwise we are in case 1.

» r # %1 since otherwise L intersects C which is prohibited,

« r # 1£3 since otherwise there exists a plane containing L which is tangent to C with
multiplicity 3 (it is a plane given by x3 4+ 3x3 +3x; +xo = 0 in case r = —3 and a plane
—x3 + 3x3 —3x1 +x9 = 0 in case r = 3) so this case is projectively isomorphic to the
case 2.
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Now the involution on P? given by [xo : x; : X2 : x3] — [x3 : x2 1 X1 @ xg] fixes C an L. We can
construct a similar involution for any pair of four ramification points on C =2 P!, This gives the
action of Z /27 x 7 /27Z. More precisely this group is generated by the involutions viewed on

P!
_rP=5tg)
0 1 and 21 2(r2—3+q)
1 0 r’+3+q |

4r

where g is any root of the equation r* — 1072 4-9. The action on P3 is given by the map induced
by [x:y] — [x* 1 x2y 1 xy? 1 y?).

Z]27 x 7./ 2 - fixed points on X

From now on we assume until the end of this section that we are in case 3 of the previous
part and G = Z /27 x 7Z./27. In particular, Aut(X) is finite (see Cheltsov, Przyjalkowski, and
Shramov (2019)).

Lemma 11.3.1. There are no G-invariant planes on P>

Proof. Note that G — Aut(C) since C is a spatial curve. If there exists a G-invariant plane I1
consider the intersection of IT with C. There are three points in IINC counted with multiplicities.
Thus, since the order of G is 4 then there is a G-fixed point on C = P!, which is a contradiction.

O

Corollary 11.3.2. There are no G-fixed points on P3.

Corollary 11.3.3. The threefold X does not contain G-invariant points.

727 x 7./ 27 - invariant Quadrics Containing C

Let ./ be the linear system of quadrics on P3 that contain the curve C.

Lemma 11.3.4. The linear system .# is 3-dimensional, it contains exactly 3 G-invariant
surfaces, and these surfaces are smooth.

Proof. Note that this statement does not depend on the equivariant choice of coordinates
because PGL;(C) contains a unique subgroup isomorphic to Z /27 x 7. /27 up to conjugation.
So we can choose coordinates such that the generators of our group will look like:

T eyl = [yead,

T fxiy] = [x =yl

This gives us the action on P? by:

’L']Z[X()ZX] :)C2ZX3]—>[X3ZX2:)C1 ZX()],



11.3. Geometry of Fano Threefolds in Family N¢3.12 266

Ty [xo X1 txp i x3] = [xor —xp i xp  —x3).

The linear system .# is clearly 3-dimensional. We can provide the equations for 3 G-invariant
quadrics containing C:

. _ L2 2 .2 2
Q1 :xpx3 =x1x2, Q21 x7+x5 =x0x2 +x1x3, (3 :X] —X) = XpX2 — X]X3.

Note that (71, 7;) acts on the equation of:

Q) by multiplying it by (1,—1),

« 0> by multiplying it by (1, 1),

* Q3 by multiplying it by (—1,1).
Thus, since the action is pairwise distinct and .# is 3-dimensional there are exactly 3 G-
invariant quadrics which we listed above. Note that these quadrics are smooth. O

Now take a G-invariant quadric Q € .# and look at the intersection of it with L. Note that L ¢ Q
since L does not intersect C. The intersection Q N L cannot cannot consist of only one point
since we do not have G-fixed points thus QN L consists of two distinct points. These two points
do not belong to the same curve of bidegree (1,0) or (0, 1) (since these curves are the lines
on Q and we know that L ¢ Q). Now we see that the blowup 0 — Q at these points is a del
Pezzo surface of degree 6.

Z7./27 x 7./27 - invariant lines

Let us describe G-invariant lines in P3. Assume G is generated by 7; and 1>, as in the proof of
Lemma 11.3.4. In this case all G-invariant lines are of the form:

AX() + Hxy = 0,
Ax3+ px; = 0.

where [ : u] € P!. All such lines do not intersect each other and lie on the quadric Q4 given
by x1x9 = xx3. We see that P3 contains infinitely many G-invariant lines and all of them are
contained in Q4. Among them there are 3 lines that intersect C. We can describe them explicitly.
The intersection of this quadric with C consists exactly of 6 points which are:

P=1[0:1]=[0:0:0:1],
P,=[1:0]=[1:0:0:0],
Py=[1:1]=[1:1:1:1],

5o
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here in the third column are given the corresponding coordinates on C C P3. Note that T
exchanges P; and P>, 7» exchanges P; and P4, as well as 7, exchanges Ps and Fs. Each pair
of points belongs to the same line which is different for each point. We denote these lines L1,
L34, Ls¢, Wwhere L;; is the line connecting points P and P;.

Lemma 11.3.5. Suppose that Z is a G-invariant irreducible curve on X, (Z) is its image on
IP? and 7(Z) is a line different from L, L1, L34, Ls¢ then Z ¢ R.

Proof. Suppose Z is contained in R. Consider the following commutative diagram from section
11.3.2:

Where the bottom dashed arrow is given by the linear system of quadrics containing C. Using
the equations of quadrics which form the basis of the linear system .# defined in Section
11.3.3 we get the explicit map:

P3 > P? where [xo : X1 : X3 1 X3] == [X0X3 — X1 X3 : XT — X0X2 © X3 — X1 x3].
We know that & o ¢ (R) is a conic. Let’s write its equation in P? with coordinates [x: y : z]:
2 2 2 _
arx” +axxy +asxz+asy” +asyz+aez” = 0.

We want to look at the preimage of this equation in P> which will give the equation for 7(R).
Substituting [xox3 — x1x2 : X7 — xox2 : X3 — x1x3] into the defining equation of £ o ¢ (R) we get:

2.2 2 2.2 2
T(R) : a1X3x5 — arXoX3xg + asx5x3 + apxaxox] — 2a4x2x0X7 + arx3xox] +
2 2
+ (—2ay + as)xax3x0X] — a3xX3X0X] + A3X3X3%0 — a5x%x0 + a4x‘11' — azx?xz - a5x3x‘;’ +

+ (a1 +as )x%x% + a3x2xyc% + a@c%x% — a3x%x1 — 2a6x%X3x1 + a6x‘21 =0.
Recall from section 11.3.3 that all G-invariant lines are of the form

Axo+ Uxy =0,
Axs+ ux; =0.
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where [A : u] € P'. Now L is given by

Xo+sx =0,
L=L;: for some s € C.

x3+sx; =0.

Note that s # 0 since otherwise X would have an infinite group of automorphisms. Similarly
n(Z) is given by

Xg+1txy =0,
n(Z)=L;: fort € C.
x3+tx; =0.

By our assumption L; is contained in (R). This gives
{ay=—1/s,a0=0,a3=0, ag =1, as = (s> +1)/s, ag = 1}.
So that (R) is given by

T (R) : X3x3s — x3x5 — 2xax0xTs + (57 + 3)xox3xox; + (—s° — 1)x3x0 + sxj+

+ (—s2 — 1)X3x% + szx%x% + x%x%s — 2x%xyc1s + sx‘zl =0.

Similarly since L, is contained in 7(R) we get

—t* —dts+ (2 +3)2 + 5% =0,
s+ (—s>—1)t+12s=0.

and the solution to this system is s = ¢ which means that Ly = L and L, = n(Z) coincide
contradicting the assumption on Z. O

11.3.4 Mori Cone NE(X)

Let I, Ic, I be the general fibers of the natural projections E;, — L, Ec — C, R — o(R).
Observe that we can contract any of two rays R>o[l], R>ollc], R>o[lr]. Indeed Ic and I, are
contracted by 7 : X — P3, Iz and I; are contracted by ¢ : X — P2, I and ¢ are contracted by
n : X — P'. Thus, these curves generate 3 extreme rays R[], Rxo[lc], R>o[lg] of the Mori
cone NE(X).




11.3. Geometry of Fano Threefolds in Family N¢3.12 269

11.3.5 Cone of Effective Divisors Eff(X)

Lemma 11.3.6. Suppose S is a surface in X then
S~a(n*(H)—EL) +b(2n*(H) — Ec) +cR+eEp + fEc,
fora,b,c,e, f € Z>.
Proof. Suppose 7(S) C IP3 is the surface of degree d in 3. Then we have
S~dn*(H)—mpEL —mcEc,

where my is the multiplicity of 7(S) in L, m¢ is the multiplicity of z(S) in C. Suppose that
S#Ec, S# Er and S # R for all n. Now let’s intersect S with three extreme rays [, Ic, Ig
correspondingto L, C, R:

'ﬂ*(H)-lCZO, 'EL-ZC:O, ‘Ec~lC:—1,
‘J'C*(H)-ZLZO, e £yl = —1, 'Ec-lLZO,
’ﬂ*(H)~lR:1, ‘EL-ZRZI, 'Ec-lez.

So we have that:
Sle=mec>20, Slp=mp >0, S-lg=d—mp—2mc >0.

Moreover if [ is the general line intersecting L, [, is the general secant of C then we get strict
inequalities:
S-li=d—mp >0, S-Ih=d-—2mc>0.

Now we want to find the integer positive solutions for:
drn*(H) —mpEL —mcEc = a(n*(H) — EL) +b(2n* (H) — Ec) + cR+ eEp + fEc.
Comparing the coefficients we get:
d=a+2b+4c, mc=b+2c—f, mp=a+c—e.

The non-negative solution to this system can be given by

(

a=d—2mc,
b =mc,
c=0,

e=d—mp—2mc,

|f=0.
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Thus, the cone of effective divisors over Z is generated by n*(H) — Er, 2n*(H) — Ec, R, EL,
Ec. O
Corollary 11.3.7. The cone of effective divisors of X is generated over Q by n*(H) — EL, R,
Er, Ec. More precisely, suppose S is a surface in X then

S ~Q Cl(ﬂ'*(H) —EL) +CR+€EL+fEc,

for unique a,c,e, f € Q.

11.4 Proof of the Main Theorem (Family N23.12)

Suppose X is a member of Family Ne3.12 such that Z/27 x 7Z/27 C Aut(X). In this section
we will prove that X is K-polystable. Then we describe X as the blowup 7 : X — P3 of P3 at a
twisted cubic C and line L that is disjoint from C. If X is not K-polystable then it follows from
(Zhuang, 2021, Corollary 4.14) that there exists a G-invariant prime divisor F' over X such that
B(F) =Ax(F)—Sx(F) < 0. Let Z be the center of F on X. Then Z is not a point since X
has no G-fixed points, and Z is not a surface by (Fujita, 2016, Theorem 10.1), so that Z is
a G-invariant irreducible curve.

Lemma 11.4.1. Suppose that n(Z) # L then w(Z) is not one of the G-invariant lines which
does not intersect C.

Proof. Let’s take a G-invariant line m(Z) that does not intersect C and consider a general
plane H which contains this line. It intersects a line L in one point and a twisted cubic C at
three points. Let S be the proper transform of H on X. In this case we have that the induced
map n|s : S — H is the blowup of a plane H in 4 points by = HNL, by,b3,by = HNC. We
now need to check that these points are in general position to conclude that S is a del Pezzo
surface of degree 5.

To prove that we need to show that the points in {b;,b,,b3,b4} are in general position which
means that no three of them belong to the same line. Note that b,,b3,b4 = HNC do not belong
to the same line, because C is an intersection of quadrics. So the only option is that »; and two
points from the set {b,,b3,b4} belong to the same line. Suppose H is a general plane and b,
and 2 points among {b,,b3,b4} are contained in one line ¢. From Section 11.3.2 we know that
7 (R) is spanned by secants of C that intersect L, so H contains such secant ¢. Moreover, (Z)
intersects ¢, so we see that w(Z) intersects a general secant of C that is contained in 7(R).
Then Z C R which contradicts Lemma 11.3.5. So we can choose the hyperplane H in such a
way that the points in {by,b,,b3,b4} are in general position. Thus, S is a del Pezzo surface of
degree 5. Let E|, E», E3, E4 be the exceptional divisors corresponding to points by,b,,b3,b4
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’ HZ\El\Ez\Es\E4Hle\L13\L14\L23\L24\L34\

Z 1] 0 0 0 0 1 1 1 1 1 1
Ei |0} =1 O 0 0 1 1 1 0 0 0
E, 0] O -1 0 0 1 0 0 1 1 0
E; ||O0] O 0 -1 0 0 1 0 1 0 1
Ey || O] O 0 0 —1 0 0 1 0 1 1
Lp || 1 1 1 0 0 —1| 0 0 0 0 1
Liz || 1 1 0 1 0 0 -1 0 0 1 0
Lig || 1 1 0 0 1 0 0 — 1 0 0
Ly | 1| O 1 1 0 0 0 1 -1 0 0
Lysf] 11 O 1 0 1 0 1 0 0 -1 0
Ly ] 11 O 0 1 1 1 0 0 0 0 —1

Table 11.1: Intersections on S - del Pezzo 5

respectively, and L;; be the preimages of lines connecting b; and b; for i € {1,...,4}. Recall

that Ey, E», E3, E4 and L;; generate the Mori Cone NE(S). We have that
—KX ~ 717*(4H) — EC — EL,

R~ 7'L'*<4H) —2Ec—EL,

and moreover
n*(H)|s~S|s~Z, ELls~Ei, Ec|s~E)+E3+E;.

The intersections are given by:

By Theorem 11.2.4, we have Sx(S) < 1. By Corollary 11.2.5 we have S(WE,;Z) > 1. Let us
compute S(W7,;Z). Take u € Rx(. Observe that

—Kx —uS~g (1—u/3)R+u/3(n*(H)—EL)+ (1 —2u/3)Ec,
which implies that —Kx — uS is pseudo-effective if and only if u < % since C.(—Kx —uS) is
a divisor of degree (/3,1 —2u/3) on P! x P2, which implies that —Ky — uS is not pseudo-
effective for u > 3/2. Let P(u) = P(—Kx — uS) be a positive part of Zariski decomposition and
N(u) = N(—Kx — uS) be a negative part of Zariski decomposition. Here we use the notations
introduced in Theorem 11.2.5.

Ky —uSif0<u<l, 0if0<u<l,
P(u) = 3 and N(u) =
< -,

3
—KX—uS—(u—l)Riflgu\2 (u—l)Riflgugi.

Then take any v € R>. Suppose P(u,v) is a positive part of the Zariski decomposition of
(—Kx — uS)|s —vZ and N(u,v) is a negative part of the Zariski decomposition of (—Kx —

uS)|s — vZ. The intersections of P(u,v) with the generators of NE(S) above are:
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P(u,v)
[0,1] [1,7/5] [7/5,3/2]
0.2—u] | [0,3—2u] | [3—2u,25"] | [0,3—2u] | [3—2u,6—4u]
E| 1 2—u 11 —7u—3v 2—u 11 —7u—3v
Er, E3, Ey 1 3—2u 6—4u—v 3—2u 6—4u—v
Lip,Liz, Lig || 2—u—v |3—2u—v 0 3—2u—v 0
L23,L24,L34 2—u—v 2—u—v 5—3u—2v 2—u—v 5—3u—2v

Table 11.2: Zariski Decomposition of (—Kx — uS)|s — vZ for S - del Pezzo 5

So we obtain:

«ifue|0,1]and v € [0,2 —u| then:
P(u,v)=(4—u—v)Z—(E1+Ey+E3+E4) and N(u,v) =0.
«ifue(l,3/2]and v € [0,3 —2u| then

P(u,v) = (8—5u—v)Z+ (2u—3)(Ey+E3+E4)+ (u—2)E; and N(u,v)=0.

- ifue(l,7/5 andv € [3—2u, 23] oru € [7/5,3/2] and v € [3 —2u,6 — 4u] then:

P(u,v)=(8—5u—v)Z+ 2u—3)(Ey+E3+E4)+(u—2)E;1+(3—2u—v)(Lia+Li3+L),

N(u,v) = Qu+v—3)(Lia+Liz+Lia).

Corollary 11.2.5 gives us

3 3/2 3 3/2 poo
SWeaz :—/ P(u)*-S) -ord (N u )du+—/ / vol(P(u)|—vZ)dvdu.
( ) (—Kx)3 Jo (P(u)®-S)-ordz ( N( )|s (=Kx)3Jo o (P( )‘s )
Note that ordz (N(u)‘s> = 0 because Z ¢ R. So we are only left with the second part of the

integral which equals:

2— u
W.S., 28/ / 4—u—v) Z—(E1+E2+E3+E4))2dvdu—|—

3/2 r3-2u )
+2—8/ / (8= 5u—v)Z+ (2u—3)(Es + Es +Ea) + (u—2)E; ) dvdut
5— 3u

7/5
28/ /3 8 5M—V)Z+(2u—3)<E2—|—E3+E4)+(u_z)E1)+

(3 —2u— v) (L12 + L3 —|—L14))2dvdu—|—
3/2

6—4u
7/5/3 ((8 = Su—v)Z+ (2u—3)(Es+ Es + E4) + (u— 2)Ey )+

+(3—=2u—v)(Lia+L3 +L14))2dvdu =
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3 1 r2—u
:%/0/0 ((4—u—v)*—4)dvdu+

3 32 [2u-3
+%/ / (1202 + 10uy +2 — 40u — 16v+ 33 ) dvdu-+
1 0

3 15 "
4+ — / / (24u2 +22uv + 42 — T6u — 34y + 60) dvdu-+
28 Ji 3—2u

2 /7/5/64M (24u* +22uv + 4v* — T6u — 34v + 60)dvd P
— — — vdu = —— .
8N o e ! ’ 1120

The obtained contradiction completes the proof of the lemma. O

Lemma 11.4.2. One hasZ ¢ E;.

Proof. Suppose that Z C E;. Observe that E; = P! x P!. Let s be the section of the natural
projection E; — L such that s> = 0, and 1 be a fiber of this projection. The intersections are

given by: Then

s|| 0] 1
110

Table 11.3: Intersections on E; = P! x P!

Erlg, ~—s+1 n*(H)|g, ~1, R|g, ~s+3l,

By Theorem 11.2.4, we have Sx(E;) < 1. Thus, we conclude that S(Wf&;Z) > 1 by Corol-
lary 11.2.5. Let us compute S(Wfﬁ;Z). Take u € R>. Observe that

1 3
~Kx —uEL ~5 SR+2(x"(H) ~ E1) + (5 - u) Ey,

which implies that —Kx — uE; is pseudo-effective if and only if u < % since C.(—Kx —uS) is a

divisor of degree (2,3/2 —u) on P! x P2, which implies that —Kx — uS is not pseudo-effective
for u >3/2. Let P(u) = P(—Kx —uEr) and N(u) = N(—Kx —uEL). Then

—KX—uELfor0<u< 1,

3
(8—4u)n*(H)— (3—2u)Ec —2Ep for 1 <u < >
and

0for0 <u<l,
N(u) = 3
(u—1)Rfor1 <u< X
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Then take any v € R>(. Suppose P(u,v) is a positive part of the Zariski decomposition
of (—Kx — uEr)|g, —vZ, N(u,v) is a negative part of the Zariski decomposition of
(—Kx—I/tEL)|EL—VZ.

1| Suppose that Z # R|g, and Z ~ as + bl. Note that a > 1 since P? does not contain
G-fixed points. Then using the convexity of volume we get the inequality we obtain

3 3o
E
S(W,5:Z) 28/ / vol v(as+bl)>dvdu<2—8/() /0 vol(P(u)‘EL—vs>dvdu.

so it is enough to show that the last integral is less than 1 to deduce a contradiction. So
suppose Z ~ s. We have that:

(I+u—v)s+B3—u)lforO<u<l,

P(u)|EL — VS ~VR
(2—v)s+ (6 —4u)lfor 1 <u<3/2.

The intersections of P(u,v) with the generators of NE(S) are: Then Corollary 11.2.5 gives

P(u,v)
u [0,1] [1,3/2]
v || [0,144] [0,2]
S 3—u 6—4u
1| 14u—v| 2—v

Table 11.4: Zariski Decomposition of (—Kx — uEy)|g, —vZ for EL = P! x P! (case 1)

S W,Eﬁ,s 28/ / Vol —vs)dvdu:

3 1+M23 1 dvd 32 24 2 2u)dvd 13 1.
%/0/0 (3—u)( +u—v)vu+ﬁ/1 /0 (v—=2)(—3+42u)dvdu = 1_6<

Hence, for any G-invariant curve Z C Er such that Z # R|z, we have S(W[L:Z) < 1 so by
Corollary 11.2.5 we obtain the desired contradiction.

Suppose Z = R|g, ~ s+ 3l. Take any v € R>( then we have:

(I+u—v)s+(B3—u—3v), for0<u<1,

P(u)|g, —vZ ~r
(2—v)s+ (6 —4u—3v)l, for 1 <u<3/2.

The intersections of P(u,v) with the generators of NE(S) are: Hence, if Z = R|g,, then
Corollary 11.2.5 gives
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P(u,v)
u [0,1] [1,3/2]
4 [073%”] [0’%]
s||3—u—3v|6—4u—3v
1 14+u—v 2—v

Table 11.5: Zariski Decomposition of (—Kx — uEy)|g, —vZ for Ep = P! x P! (case 2)

3

S(WiZ) = 23—8/12@— DEL- (8 —4u)m*(H) — (3—2u)Ec — 2EL)2du+

33
+ﬁ/0 /0 V01<P(u)|EL—vZ>dvdu:

313 31
:—/24(u—1)(6—4u)du+—/ / ’ 2(1+u—v)(3—u—3v)dvdu+
28 1 28 Jo Jo
6—

+3/§/34u2(2 (6 — du— 3v)dvdu = = < 1
28] 0 1% u VVM—56 .

Hence, by Corollary 11.2.5 we obtain the desired contradiction which completes the proof of
the lemma. ]

Lemma 11.4.3. Let.” be a G-invariant surface in |n*(2H) — Ec|. ThenZ ¢ ..

Proof. Suppose that Z C .. Note that (.¥) is a G-invariant quadric that contains C. Recall
that it is smooth. Let’s seek for a contradiction. Let us identify 7(.#) = P! x P! such that C
is a curve in (.7 of degree (1,2). Then 7 induces a birational morphism ¢: . — P! x P!
that is a blow up of two intersection points 7()NL = {A|,A,}, which are not contained
in the curve C. Moreover, the surface . is a smooth del Pezzo surface of degree 6,
because the points of the intersection 7(.#’) N L are not contained in one line in 7(.%’) since
otherwise this line would be L. But L is not contained in m(.#) which is a contradiction. By
Theorem 11.2.4, we have Sx () < 1. Let's show that S(W,;,;Z) < 1.

Take u € R>. Then

—Kx —u¥ ~p 277:*(H) —Er+ (1 - M)(Zﬁ*(H) —Ec),
which implies that —Kx — u.” is nef for every u € [0, 1]. On the other hand, we have
—Kx —u ~p (4 — 2u) (71'* (H) — EL) + (3 — ZM)EL —+ (l/l — I)Ec,

so that the divisor —Kx — uS is pseudo-effective <= u € |0, %} . We denote P(u) = P(—Kx —
u.) and N(u) = N(—Kx —u.¥). Then we have

—Kxy —ufor0<u<l, OforO<u<l,
p(u) — 3 and N(u) =

(4—2u)7r*(H)—ELfor1<u<2. (u—1)Ecfor 1 <u<

| W
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Suppose ¢ : .# — P! x P! is the blowup at points A, A, with e¢; and e, the exceptional
curves of ¢ which correspond to points A, A, respectively. We denote by ¢; and ¢, the proper
transforms on .7 of general curves k; and k, in P! x P! of degrees (1,0) and (0,1),
respectively. The intersections are given by: Then

L 4[] e [e]
G0 1] 0] 0
L1000
e 0] 0 [[=1] 0
e [0 0] 0 [ =

Table 11.6: Intersections on . - del Pezzo 6 (pic. 1)

' (H)|.y ~l+ 1, EL|» ~e1+e, Ec|ly ~ 1 +205.
We let Fi1, Fi2, F21, Fo; be the (—1)-curves on . such that
Fii~tli—ey, Fio~ {1 —ep, oy ~ Uy —ey, Fop ~ ) —e.

We have NE(.¥) =< ey, ez, F11, F12,F21, F2; > with the intersections:

Suppose Z # E¢|.», then ¢(Z) is a curve since since Z # e¢; and Z # e;, because neither
e1 nor e; is G-invariant. Now we have that ¢(Z) ~ ak; + bk, and so

Z ~aly+bly —mie; —mper,
where m is the multiplicity of ¢(Z) at point A}, m;, is the multiplicity of ¢(Z) at point A,. Note
that G exchanges A; and A, and Z is a G-invariant curve thus m; = my =: m. We know that
Z ¢ {F1,Fi2,F>1,F»} since the Fj; are not G-invariant for any i, j. Thus:

0<Z Fi1 = (aly+bly —miey —mper)(ly—e1) =b—m=b >m,

0<Z -Fp= (a€1+b€2—mlel—mzez)(ﬁz—ez) =a—m=a=m.

| e f[e [Fi]FRo| B o

el -1 0 1 0 1 0
e 0 — 0 1 0 1
138 1 0 -1 0 0 1
Fip 0 1 0 —1 1 0
F 1 0 0 1 -1 O
Frl| O 1 1 0 0 -1

Table 11.7: Intersections on . - del Pezzo 6 (pic. 2)
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Now we have that
Z~ali+bly—m(e;+ep) =

(a—b)li+ m (b1+ly—e;—er)+ (b—m)(l1+1;), fora > b,
—— ~—~ ——
_J >0 >0 >0
(b—a)ly+ m ({1+ly—e;—er)+(a—m)(l1+13), forb > a.
~—— ~~ ——
>0 >0 >0

So we can decompose each curve Z as the sum of {1, {5, {1 + ¢, — e; — e> with non-negative
coefficients, i.e. Z ~ c14) + coly + c3(01 + € — e1 — e3) for some ¢y, ¢2, ¢3 € Z>¢. Note if for
example c; > 1 then using the convexity of volume we get the inequality:

S(WsZ) 28/ / vol
3 3
<ﬁ/0 /0 Vol(P(u)‘y—vﬁ)dvdu.

and similarly for c; and c3. So itis enough to get S (W 5;Z) < 1for Z~ €1, Z~ by, Z~ 01+, —
e1 — ey to deduce a contradiction. Take any v € R>q. Suppose P(u,v) and N(u,v) are positive

(lel + by +C3(€1 + by —ey — ez))>dvdu <

and negative parts part of the Zariski decomposition of (—Kx — u.?’)| » — vZ respectively.
Case 1. Suppose Z ~ ¢ then the intersections of P(u,v) with the generators of NE(.&) above
are given in the following table: So we obtain:

P(u,v)

u [0,1] [1,3/2]

v 0,2—u] | 2—u,3—u] | [0,3—2u] | [3—2u,6—4u]
el, e 1 3—u—v 1 4—2u—v
Fi1, F1p 1 3—u—v 3—2u 6—4u—v
i, Fop || 2—u—v 0 3—2u—v 0

Table 11.8: Zariski Decomposition of (—Kx — u.?)| & — vZ for . - del Pezzo 6 (case 1)

« ifu € [0,1] then:
(3—1/!—\/)614-262—(81—1-62) forO0<v<2—u,
P(u,v) =
B—u—v)(ly+lr—e—ey)for2—u<v<3—u

and

N(u.v) OforO<v<2—u,
u,v) =
(u+v—2)20—e;—er) for2—u<v<3—u
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« ifue[1,3/2] then:

(4—=2u—v)l1+ (4 —2u)lry — (e1 +e2) for 0 < v < 3 —2u,
P(u,v) =

(4—2u—v)(ly—e;—ep)+ (10 —6u—2v)l; for 3 —2u < v < 6 —4u.

and

N(uv) OforO<v<3—2u,
u,v) =
(3—2u—v)(20ly—e;—ep) for3—2u <v<6—4u.

Corollary 11.2.5 gives us:

S(W:2) 28/ / vol (P(w)|, — ve ) dvdu =

2—u
1 4 —4 —u—v)?
28// 0—4u vdvdv+28//2 u—v)-dvdu+

3—-2u
+—/2/ 8u2+4uv—32u—8v—|—30>dvdu+
28 J1 Jo

6—4u
// 2(4—2u—v)(6—4u—v)dvdu =
28 3

Hence, by Corollary 11.2.5 we obtain the desired contradiction.

109
112

Case 2. Suppose Z ~ ¢, then the intersections of P(u,v) with the generators of NE(.¥) are

given in the following table: So, we obtain:

P(u,v)
[0,1] [1,3/2]

[0,1] | [1,2 [0,3—2u] | [3—2u,6—4u]
er, e 1 2—v 1 4—2u—v
FllaFIZ 1—v 0 3—2u—v 0
By, Fpl||2—u|3—u—v 3—2u 6—4u—v

Table 11.9: Zariski Decomposition of (—Kx — u.¥)| & — vZ for .7 - del Pezzo 6 (case 2)

« ifu € [0, 1] then:

B—u)li+2—v)lp—(e1+ey)forO<v< 1,
P(u,v) =

(v—2)(e1+ex)+(5—u—2v)l; +(2—v)lyfor 1 <v<2.

and

Nw) Ofor0<v <,
u,v) =
(1—v)(2€1—e1—e2) for1 <v<2.
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« ifue[1,3/2] then:

P (4—2u)l;+(4—2u—v)ly—(e; +e) for 0 < v < 3—2u,
u,v) =
(4—2u—v)(ly—e;—ep)+ (10 —6u—2v)¢) for 3 —2u <v < 6—4u.

and

N(u) OforO0<v<3—2u,
u,v) =
(3—2u—v)(20;—e;—ep) for3—2u <v<6—4u.

Corollary 11.2.5 gives us:

S(W:2) %/’/xd )| = via ) dvdu =
3 g2
::zgl;l; mw—4u—6v+4o)mdv+§§[;A'my—zxv—3+uyhdw+

3 3 [3-
—l—%// 8u2+4uv—32u—8v+30)dvdu+

6—4u 89
28//3 2(4— 2u—v)(6—4u—v)dvdu:m<1.

Hence, by Corollary 11.2.5 we obtain the desired contradiction.
Case 3. Suppose Z ~ (| + ¢, — e; — e then the intersections of P(u,v) the generators of

NE(.¥) are given in the following table: So we obtain:

P(u,v)
u [0,1] [1,3/2]
v 0,1] | [1,2] [0,1] | [1,4—24]
el, e 1—v 0 1—v 0
F115F12 1 2—v 3—2u | 4—2u—v
B, | 2—u |3—u—v |3—2u|4—2u—v

Table 11.10: Zariski Decomposition of (—Kx — u.)|.» — vZ for . - del Pezzo 6 (case 3)
« ifu €[0,1] then:

(v=1)(e1+e) +B—u—v)l1+(2—v)lrafor0<v< 1,
P(u,v) =

B—u—v)l1+(2—v)lyfor1 <v<2.

and

N(.v) OforO<v<,
u,v) =
(1—=v)(e;+ez) for 1 <v < 2.
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« ifue[1,3/2] then:

P(u,v) (v—=1)(e1+er)+(4—2u—v)(l1+ ) for0 <v < 1,
u,v) =
(4—2u—v)(ly+4) for 1 <v<4—2u.

and

M) 0for0<v<1,
u,v) =
(1—v)(e1+ez) for 1 <v<4—2u.

Corollary 11.2.5 gives us:

28/ / Vol —vZ)dvdu:

/ <2uv—4u—6v+10>dvdu+28/ / 2(v—=2)(u+v—3)dvdu+

7) =
3
28 Jo

% 2(2 2u+2v—5))dvd 0 4)*dvd
28// u—)(u+v—))vu—|—28// (Qu+v—4)“dvdu =

13
_ B
6 =

Hence, by Corollary 11.2.5 we obtain the desired contradiction. Thus, for any G-invariant curve
Z C .7 such that Z # Ec| » we have S(W.%,;Z) < 1 which is impossible by Corollary 11.2.5.
Suppose Z = E¢| » ~ {1 +2¢, then using the convexity of volume we get the inequality:

S ,,, 28/ Y)ordz< (u) du+28/ / Vol —vZ)dvdu:
2 2
—1 (4—2u)n*(H)—EL)" - (27" (H —E — 1 P
28/u u)m () — EL) - (2x* (H) cdu+28/0/ovo
— 2u) l —vZ =
28/ u—1)(2(4— u)? du—|—28/ / VO % )dvdu

2
= — _ — <
224+28/ / Vol P(u) v(£1+2€2))dvdu\

224 28/ / Vol —v€1>dvdu:

+109 223><1
T 224 112 224 '

u)| gy — vZ> dvdu =

Hence, by Corollary 11.2.5 we obtain the desired contradiction which completes the proof of
the lemma. ]

Corollary 11.4.4. The curve n(Z) is not a line that intersects C.

Proof. Recall from Section 11.3.3 that there are exactly 3 G-invariant lines in IP? that intersect
the curve C. These are the lines Ly, L34, Lsg. We have that L1, C 02N 03, L34 C Q1N Oy,
L34 C Q1N Q3. Thus, the lemma above gives us the result. O
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By Lemma 11.2.7, one has og z(X) < %. Thus, by lemma (Araujo et al., 2023, Lemma 1.42)
and its proof, there is a G-invariant effective Q-divisor D on the threefold X such that D ~g
—Ky and Z C NKlt(X, AD) for some positive rational number A < 3.

Lemma 11.4.5. Let S be an irreducible surface in X. Suppose that S C Nklt(X,AD). Then
either S € |n*(2H) — Ec| and S is G-invariant or S = E..

Proof. Consider a G-irreducible surface T such that S is its component. Note that T €
Nklt(X,AD) and is G-invariant. We have D ~q 47*(H) — Ec — E and A < 3. By assumption
we have D = aT + A where a € Q such that a > % > % and A is an effective QQ divisor on X
whose support does not contain 7. If T = E¢ we get

71'*(4H)—Ec—EL ~Q aEc—l—A:>ANQ ﬂ*(4H>—(1—|—a)Ec—EL:R—(a—l)Ec,

which gives a contradiction.
Assume T # E;, T # Ec then nt(T) C P3 is the surface of some degree d. We have that:

4H ~gan(T)+n(A)=4>ad =d=1o0rd =2.

The latter holds since a > ‘3—‘. Since P? does not contain G-invariant points, it contains no G-
invariant lines, so 7(7T') is a quadric. Then T is given by

T ~2n*(H)—mpErL —mcEc,

where my, and m¢ are multiplicities of 7(7') at general points of the curves L and C respectively.
By Corollary 11.3.7 the cone of effective divisors over Q is generated by E;, Ec, R ~4n*(H) —
2Ec —Ep and n*(H) — Ef, so for some ay,a;,a3,as € Q= we have

A~D—aT ~ alEL+a2EC+a3(471'*(H) —2Ec—Ep) +a4(7t*(H) —Ep).
It follows that

(4—2a)r*(H)+ (amp — 1)Ep + (ame — 1)E¢ ~
~aEp +arEc —}—03(471'*(1‘1) —2E¢ —EL) —|—a4(7r*(H) —EL).

By comparing coefficients we get a linear system

4—2a=4a3+ ay,
ay+aqs—ay=1—amg,

2a3 —ay =1—amc,

a; >20,a,>0,a3>0,a4>0,a>4/3.
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If T is reducible (union of 2 planes), then m¢ = 0, my € {0,1,2}. Suppose m¢ = 0 then this
system above gives us a contradiction:

2>4—-2a=4as+as >4a3 =2(14+ap) > 2.

Thus, T is irreducible. Then m; = 0 and m¢c = 1, because L and C are disjoint. We see that
the only options are S € |n*(2H) — E¢| and S is G-invariant or S = EJ. O
Corollary 11.4.6. One has Z ¢ Ec.

Proof. Suppose that Z C Ec. Observe that 7(Z) is not a point, since IP? does not have G-fixed
points by Lemma 11.3.1. Hence, we see that 7(Z) is the twisted cubic C.
Let S be a general fiber of 1. Then §-Z > 3, which contradicts Lemma 11.2.9. O

Lemma 11.4.7. The curve nt(Z) is a line.

Proof. Let D = nt(D), Z = n(Z). We see that Z is a G-invariant curve in IP? such that such that
Z is not contained in a G-invariant surface in |2n*(H) — Ec|, Z ¢ Er, and Z ¢ E¢ (by Lemmas
11.4.3 , 11.4.2, and 11.4.6 respectively). Then Z C (IP>,AD) and Z is not contained in any
surface contained in Nklt(P3,AD) by Lemma 11.4.5. Now we apply Lemma 11.2.8 and get
that Ops(1)-Z < 1. Thus Ops(1)-Z =1 so n(Z) is a line. O

REMARK It is important to mention that Corollary 4.7 and Lemma 4.8 follow the exact same
proof strategy as in (Araujo et al., 2023, Lemma 5.90) and (Araujo et al., 2023, Lemma 5.91).

MAIN THEOREM 3. All the smooth threefolds except one in Family N¢3.12 are K-polystable.

Proof. By Lemma 11.4.7 we know that 7(Z) is a line. We have that ©(Z) # L (by Lemma
11.4.2), m(Z) is not one of the G-invariant lines which does not intersect C (by Lemma 11.4.1)
and n(Z) is not one of the G-invariant lines which intersect C (by Corollary 11.4.4). So an
irreducible curve Z described in Section 11.3.1 does not exist and we came to a contradiction.
This argument, alongside (Araujo et al., 2023, §5.18) complete the proof of the Main Theorem.

O



Chapter 12

K-stability in Family N¢3.5

In this chapter we prove K-stability of smooth Fano threefolds in Family Ne3.5 that satisfy very
explicit generality condition. The results presented in this chapter were published in Annali
dell’'Universita di Ferrara (see Denisova (2024a)).

12.1 Calabi Problem for Family N¢3.5

Let S = P! x P!, let C be a smooth curve in S of degree (5,1), and let €: C — P! be
the morphism induced by the projection S — P! to the first factor. Then € is a finite morphism of
degree five, and we may assume that the points ([1:0],[0: 1]) and ([0: 1],[1 : 0]) are among
its ramifications points. This assumption implies that the curve C is given by

u (X +arxty + ay? + asx*y?) = v(y +bixy* + bax?y? + byx’y?)

for some aj, ay, as, by, by, b3, where ([u: v],[x:y]) are coordinates on S. Note that
the ramification index of the point ([1: 0],[0: 1]) can be computed as follows:

(2if az #0,
3ifa3:0anda27é0,
4ifa3:a2:Oanda17éO,

| Sifaz=a;=a; =0.

Likewise, we can compute the ramification index of the point ([0 : 1],[1 : 0]). We may
assume that

* ([1:0],[0:1]) has the largest ramification index among ramifications points of €
« the ramification index of the point ([0 : 1],[1 : 0]) is the second largest index.

If both these indices are 5, then ay = a» = a3 = by = by = b3 = 0, the morphism & does not
have other ramification points, and the equation of the curve C simplifies as

ux’ = vy5 .

283
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In this case, we have Aut(S,C) = C* x Z/2Z. In all other cases, this group is finite (Cheltsov
et al., 2019, Corollary 2.7). Now, we consider embedding S — P! x P? given by

([u:v],[x:y]) — ([u:v],[xz:xy:yz]),

and identify S and C with their images in P! x P2. Let : X — P! x P? be the blow up of
the curve C. Then X is a smooth Fano threefold in the deformation family Ne 3.5 in the Mori—
Mukai list and every smooth member of this family can be obtained in this way. We know from
(Araujo et al., 2023, Section 5.14), that

* X is K-stable if the numbers ay, a», as, by, b, bz are general enough,

* X is K-polystable if a; =a, = a3z = by = by = b3 =0.
However, for some ay, ay, a3, by, by, b3, the threefold X is not K-polystable.
Example 12.1.1. If (a;,a;,a3) = (0,0,0) # (by,b2,b3), then X is not K-polystable (Araujo et
al., 2023, Lemma 7.6).
Note also that it follows from the proof of (Cheltsov et al., 2019, Lemma 8.7) that
Aut(X) = Aut(S,C). In particular, we conclude the group Aut(X) is finite if and only if
(a1,az,a3,b1,by,b3) # (0,0,0,0,0,0). In this case, the threefold X is K-polystable if and only
if it is K-stable. Moreover, we have
Conjecture 12.1.2 (Araujo et al. (2023)). The Fano threefold X is K-stable if and only if
(a1,az,a3) # (0,0,0).
Geometrically, this conjecture says that the following two conditions are equivalent:

1. the threefold X is K-stable,
2. the morphism €: C — P! does not have ramification points of ramification index five.

The goal of this paper is to prove the following (slightly weaker) result:

MAIN THEOREM 4. If all ramification points of € have ramification index two, then X is K-
stable.

Let pr, : P! x P> — P! be the projection to the first factor and ¢; = pr; o 7. Then ¢, is a
fibration into del Pezzo surfaces of degree four, and every singular fiber of this fibration has Du
Val singular points of types A, A, Az or A4, and we have the following possibilities for the
singularities of a given singular fiber

1. one singular point of type Ay,

two singular points of type Ay,

one singular point of type A,

one singular point of type A and one singular point of type A,
one singular point of type Aj3,

o 0 s LN

one singular point of type A4.
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Note that ¢; has at most two singular fibers that have singular points of type A4. Moreover, if ¢;
has two singular fibers with singular points of type A4 then all numbers a; and b; vanish, so that
X is K-polystable. Vice versa, if ¢; has exactly one singular fiber with a point type A1, then the
authors of Araujo et al. (2023) proved that X is not K-polystable. Moreover, they conjectured
that X is K-stable in all remaining cases. Now Main Theorem and Conjecture 12.1.2 can be
restated as follows:

MAIN THEOREM 4. If every singular fiber of ¢; has only singular points of type A1, then X is
K-stable.

Conjecture 12.1.3. The Fano threefold X is K-stable if and only if every singular fiber of ¢,
has only singular points of type A, Ay or Aj.

12.2 Proof of the Main Theorem (Family N¢3.5)

Suppose that each singular fiber of the fibration ¢; has one or two singular points of type A;.
Note that this fiber is a del Pezzo surface of degree 4 with Du Val singularities. The Fano
threefold X is K-stable if and only if for every prime divisor F over X we have

B(F)=Ax(F)—Sx(F)>0

where Ax (F) is the log discrepancy of the divisor F, and

Sx (F) =

1 oo

1(—Kx —uF)du.
% 3/V0
(—Kx)*J

To show this, we fix a prime divisor F over X. Then we set Z = Cx(F). If Z is an
irreducible surface, then it follows from Fujita (2016) that B(F) > 0, see also (Araujo et al.,
2023, Theorem 3.17). Therefore, we may assume that

« either Z is an irreducible curve in X,
* or Zis apointin X.

In both cases, we fix a point O € Z. Let T be the fiber of ¢; which contains O. Then T is a del
Pezzo surface with at most Du Val singularities. Set

(T) = sup{u € R-o| the divisor — Kx — uT is pseudo—effective}
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For u € [0,7(T)] let P(u) be the positive part of the Zariski decomposition of the divisor
—Kyx —uT, and let N(u) be its negative part. We denote S to be the proper transform on
X of the surface S. Then we have

0 ifu e 0,1],

iy |~ Kx T ifue 0,1
) (u—1)S ifuel,2).

| =Ky —uT —(u—1)S ifuel,2).

and N(u) = {

which gives

o 69
Sx(T) = %/P(u)%zu = <1

Now, for every prime divisor F over the surface T, we set

T

SOiF) = (s | rar ) Pl s | [vol(Pe =)
0 0

Then, following Abban and Zhuang (2022); Araujo et al. (2023), we let

50(T,W.T.): inf —AT(F)
! FIT S(WI,F)
0€Cr(F)

Y

where the infimum is taken by all prime divisors over the surface T whose center on T contains
0. Then it follows from Abban and Zhuang (2022); Araujo et al. (2023) that

Ax (F) : 1 — T
Sx (F) >mm{Sx( )760(T W.Y;,)}-

Therefore, if B(F) < 0, then 8o(T, Wz.) < 1.

Let's prove that 8o(T,W/,) > 1. To estimate 8o (T, W/,), we set D = P(u)|;. We have

5 —KT Ifbte[o,l],
—Ky—(u—1)Cy ifue(l,2].

where C := S| Then D is ample for u € [0,2), and

—,  [4ifue]o1],
5—u® ifuecl,2).

By (Araujo et al., 2023, Lemma 5.68) and (Araujo et al., 2023, Lemma 5.69) we have
Lemma 12.2.1. /fO € S then §p(X) > 1.
Lemma 12.2.2. If T is smooth then §p(X) > 1.
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Thus, to prove Main Theorem, we may assume that O ¢ Sand T is singular. Recall that

o . AR(F)

60(T,D) = .

o(T.D) FT Sp(F)
0€CH(F)

where the infimum is taken by all prime divisors over T whose center on T contain O, and
S5(F) = # Jvol(D —vF)dv. Usually 8o(T,—Kz) is denoted by 8o(T).
0

Note that since O ¢ S then for any divisor F over T then we get

SW]:F) =
— ﬁ(/or (P(u)2 T)- ordo du+/ / vol(P —vF)a’vdu) =
= ;—O/T/WVOI(P(MHT—VF)dvdu =

:23_0 //Vol K7 —VvF dvdu+//v01 u—l)Cz—vF)dvdu>:

:23—0 /Vol( K7 —VF dv+/ vol( — K¢ (u—l)Cz—vF)d)
0

3 ) (o)
:% /Ovol(—KT—vF)dv—f—/O Vol(—KT—vF)dv):

e o~ 6 6 Ap(F
:E /0 VOI(—KT—VF)dV> =§<%/0 VOl(—KT—vF)dV> :§ST(F)§§~ 5;"((7))

Thus, if 60(T) > 6/5, then 8o(T, W,T,) > 1. To estimate 8o (T, W, ) in the case when 8o (T) <
6/5, we define the following positive continuous function on |1, ]

15 —3u?
16+ 3u — 9u? +2u3
15 —3u?
11—u

if ue[l,a,
fu) =
it u € [a,2].

where a is a root of 3u® — 9u? +3u+5 on [1,2]. More precisely, a € [1.355,1.356]. In the
appendlx we prove that for each O such that 8o(T) < ¢ 2 we have 8o(T,D) > f(u) for every
€ [1,2].
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So we obtain

2 S 1 [
3
S(W.Tj.QF) = (_KX)31/O/V01(P(u)|T—vF)dvdu—|— _KX)3O/O/VOI(P(M)‘T—VF)dVdMS

2 2
3 (5—u?) 3 4AL(F) 3 (5—u?) B 3,
" <1/ 50<T’B>du>AT<F) 30 5o 20 (1/ o d”>AT(F> +5Ar(F) <

—~

1.356
3 164 3u — 9u® + 2u® 11—u3 3
< 5—u? d / ———du |A+(F)+ ZA4+(F) <
—2()(/( ) s 3w “r )15 2 ”) r(F)+354r(F) <
1 1.355
99
< WAT(F)~
Thus % > 91 for every prime divisor F over T whose support on F contains O, so that

So(WT,F) > 190 which implies B(F) > 0 and X is K-stable.
99

Remark 12.2.3. If O were a singular point of type A, in T, this approach would not work,
because as is shown in Section 12.3.3 we have 50(7 D)= % and there is prime divisor

F over T such that Az(F) = 1 and S(W[,;F) = 8, which implies that 8o(T,W[,) < £.

12.3 Polarized d-invariants via Kento Fujita’s formulas

Let us use the notations from the previous section. Recall that T is a Du Val del Pezzo surface,
and the blow-up 7 induces a birational morphism v : T — P2. We assume that 7 is singular.
We have the following commutative diagram:

T
7 X
T v P2

Suppose that u € [1,2]. Recall that D = — Kz — (1 — u)C,. Observe that C; is contained in the
smooth locus of the surface T. Let C, be the strict transform of the curve C, on the surface
T, and set D = —K7 — (1 —u)C,. Note that D = 6*(D), so the divisor D is big and nef for
u € [1,2]. Recall

o A7(F)

80(T,D)= inf =L —2

olT,D) ;I/IT Sp(F)
OECT(F)

where the infimum is taken over all prime divisors F over T such that O € C(F). For every
point P € T, we also define

.. Ar(E)
op(T,D) = f
p(1.D) = Inf S &)
PeCr(E)
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where the infimum is taken over all prime divisors E over T such that P € Cr(E). Since D =

o*(D) and Kt = 0*(K7), we have

50(7,5): fl)l’lg 5p<T,D).
G(PG)ZO

Thus, to estimate 8o(T,D), it is enough to estimate &p(T, D) for all points P such that 6(P) =
0. Let € be a smooth curve on T containing P. Set

7(%) = sup{v € R | the divisor D — v¥ is pseudo-effective}.

Forv e [0,7(%)], let P(v) and N(v) denote the positive and negative parts, respectively, of the
Zariski decomposition of D —v%. Then we set

2 (@)
S(W,(i;P):E/O hp(v)dv,

where
hp(v) = (P(v)-€)-(N(v)-€)p+

It follows from Abban and Zhuang (2022); Araujo et al. (2023) that

) 1 1
8p(T,D) > mm{SD(%)’S(W:’i;P) } .

We will estimate 8p(T,D) in the following, using the notations above, for a suitable choice of
the curve ¢, the threshold (%), and the decompositions P(v) and N(v) in specific cases.

A similar approach was taken in Belousov and Loginov (2024) and Cheltsov (2024).

12.3.1 Du Val Del Pezzo surface of degree 4 with A; singularity

Suppose that T has one singular point and this point is a singular point of type A;. Then
N is a blow up of P? at points P, P,, P; and P, in general position and a point Ps which
belongs to the exceptional divisor corresponding to P, and no other negative curve. Suppose
E:=Li4ULy ULy UEs. In Part | we proved:

(1if P € Ey,

6/5 if P € E\Ey,

op(T) = | 4/3 if P belongs to two curves in {E1,E»,E3,L12,L13,L23,L45,Co },

18/13 if P belongs to exactly one curve in {E|,Ey,E3,L12,L13,L23,L45,C2 }\E,

| 3/2 otherwise.
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where E1, E», E3, E4, E5 are exceptional divisors corresponding to P, P>, P3, Py, P5 respect-
ively, C; is a strict transform of a (—1)-curve coming from the conic on P2, L;; are strict trans-
forms of the lines passing through P; and P; for (i, j) € {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}
and Lys a strict transform of a (—1)-curve coming from a line on P2. The dual graph of (—1)
and (—2)-curves is given in the following picture:

Dual Graph

L,

Figure 12.1: Polarized d-invariants: A singularity

Lemma 12.3.1. Suppose P is apointon T and D = —Ky — (u— 1)C, with D*> = 5 —u? then

(153w for P € E4\Es andu € [1,2]
u
16+ 3u — 9u2 + 2u3 4VES el
15 — 3u?
5P(T7D) = ﬁ for P EEs\E4 andu € [1,2],
— U
15— 3u” for P € Lis\(Es UEsUE;) andu € [1,2]
303 — 1202 + 6u+ 13 A el
and )
15— 3u
forP=E,;NEs andu < [1,d|,
38— 128+ 6ut13 4+NEs andu € [1,4]
— U

ﬁ fOfP:E4mE5 andu € [0,2].
—Uu
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and )
( 15—3u
forP=Li4sNE 1.b
3u3 — 12u? +6u+13 or 14NEy andu € [1,b],
2(15 —3u?)
SP(TvD)Z W fOfP:L]4ﬂE] anduE[b,?)/Z],
15 —3u?

forP=Li4sNE; andu € [3/2,2].

\3u3 — 18u2 +27u—4

where a is a root of 3u® —9u? 4+ 3u+5 on [1,2], b is a root of 8u® — 24u® 4+ 12u+7 on [1,3/2].
Note that a € [1.355,1.356], b € [1.261,1.262].

Proof. Step 1. Suppose P € E4. In this case we set ¥ = E4. Then 7(¢’) = 3 — u. The Zariski
Decomposition of the divisor D — vE} is given by:

—K7 — (I/t— 1)C2—VE4 forv e [0,2—14],
P(v)=<{ —Kr — (u—1)Cy —vE4 — (u+v—2)Esforv e 2 —u,1],
—K7 — (u— 1)C2—VE4— (u+v—2)E5— (V— 1)(L14—|—L24—|—L34) forv e [1,3—14].

and
0 forv e (0,2 —ul,
N(v)=1q (u+v—2)Esforve [2—u,l],
(u—l—v—2)E5—|—(v—1)(L14+L24—|—L34)forvG[1,3—u].
Moreover,
5—u?—2v*forve [0,2—ul,
POV =Q9+2uv—4u—4v—riiorve 2—ul],
22—=v)(3—u—v)forve[l,3—ul.
and
2vforv e [0,2 —u],
P(v)-€=q2—u+vforve[2—u,l],
5—u—2vforve[l,3—u.
Thus,
1 2—u ) 5 1 )
Sp(€) = 2(/ 5—u”—2vidv+ 9+ 2uv —4u—4v —vidv+
5—u 0 2—u

16+ 3u — 9u? +2u3
15 —3u?

+/13_u2(2—v)(3 —u—v)dv) =

_2,2
Thus, 8p(T,D) < je3—os—5n for P € Ey. Note that we have:
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s ifPe E4\(E5 ULi4ULyy UL34)

212 forv € [0,2 —ul,
hp(v) = w forve [2—u,l],

B2 for vy e [1,3—ul.

. if P=E4NE;s
2v2 for v € [0,2 —ul,
hp(v) = (2—u+v)éu+3v—2) forve2—u,ll,
Lt DE42) for y € [1,3 — u]

« if PEEsN(L1gULyqg ULsy)

2v2 forv € [0,2 — u],
hp(v) = { 22 gor y e -y, 1],

meve (1,3 —ul.

So we have

s ifPe E4\(E5 ULjgULyy UL34) then

2 2-u L 2—u+v)? 3-u (5 —yu—2v)?
% . — 2 S — ————— pu—
Sp(Wye; P) = 5—u2</0 2vedv+ - 7 dv—}—/1 7 dv)

_9+6u—9u+ 27 _ 164 3u—9u’ + 20
B 15— 3u? - 15 —3u?

» if P=E4NE5then

2 2 I2- 3v—2
Sp(WE,;P) = (/ P Y (R )| st ) Y
’ 5—u?\Jo 2

2—u
U (u41)(5—u—2v) 11—
+/1 2 dv>_15—3u2‘

s ifPEeE4sN (L14 U Lyy UL34) then

2 2—u 1 (2—u—|—v)2
Sp(WE .p) = (/ 12d -~ d
D( o0 ) 5 _ I/l2 0 v V"— 1 2 V+

3mu(3—u)(5—u—2v)
—I—/l ) dv) =
B 13+ 3u’ — 12u? + 6u < 16+ 3u — 9u? + 2u3
N 15 —3u? - 15 —3u?
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We obtain that

15 —3u?
8p(T,D for P e B\ and u € 1121,
(7.0)= 16 + 3u — 9u? 4 2u3 or Pc E4\Esand u € [1,2]
and :
15 —3u
for P= E4NEs5 and 1
630w O P=EanEsanduel,dl,
OIDLIZ 15 3
2 forP=EsNEsand u € [a,2].
11 —u3

where a is a root of 3u® — 9u? +3u+5 on [1,2]. Note that a € [1.355,1.356].
Step 2. Suppose P € Es. In this case we set € = Es. Then ©(%¢) = 2. The Zariski
Decomposition of the divisor D — vEs is given by:

—K7 — (Lt— I)Cz —VvEs — %E4 forv e [0, 1],
P(V) =4 —Kr— (u— 1)C2—VE5 —%E4— (v— 1)L45 forv e [1,14],
—Kr — (u— 1)C2 —VE5 — %E4— (V— 1)L45 — (V—M)CQ forv e [u,2].

and
3E4forv e [0,1],
N(v) =S YEs+ (v—1)Lys for v € [1,u],
%E4 +(v—=1)Lys+ (v—u)C, for v € [u,2].
Moreover,
5—4v+2uv—u2—§forv€[0,l],
P(v)* = 6—6v+§+2uv—u2forv€[1,u],
3(22;V)2f0rv6[u,2].
and
2—u+v/2forvelo,1],
P(v)-€=<3—u—v/2forvel,u,
3—3v/2forv e [u,2].
Thus
2
Sp(¢) = 3 2dv+
+/23 —v)? 11—
T 15— 3u2

Thus, 8p(T,D) < 1{’;1”; for P € Es. Note that we have:
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« if P € Es\(E4UCyULys) then
2owiv2P gory e [0, 1),
hp(v) = w forv e [1,u],
w for v € [u,2].
e if P=E5NC, then
M forv € [0,1],
hp(v) = % for v € [1,u],
w for v € [u,2].
 if P=E5MLys then
Qowiv2P gory e [0, 1),
hD(v) — (6—2u—v)2(32—2u+3v) for v € [17u]7
w for v € [u,2].
So we have
« if P € Es\(E4UCyULys) then
2 L2 —u+v/2)? “(3—u—v/2)?
4
JoP) = (/ d /
SD(W’ ) 52\ > v+ : 5 dv+
+/2 (3—3v/2)2d > 21+ 6u—18u> +5u° _ 11—u’
——dv | = .
" 2 2(15 —3u?) ~ 15 —3u?
* if P=E5NC; then
2 L2 —u+v/2)? (3 —u—v/2)?
Sp(WE,:P) = (/ d / ikl VoA
pWeiP)=5—15( ), 2 s 2 v
+/23(2—v)(6—4u+v)d)_45—30u+2u3 11—
u 8 O 2(15-3u?) T 15-3u?’
« if P=E5MNLys then
2 L2 —u+v/2)? U (6—2u—v)(2—2u+3v)
Sp(WZ.;P) = (/ d / d
D( oo ) 52\ Uy > v+ ] 3 v+
+3(2—v)(v+2) ) _ 26— 12u% +3u® 11—’
8 2(15 —3u?) 15 —3u?
We obtain that
15 —3u?

5p<T,D) = for P € E5\E4 and u € [1,2].

11—u
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Step 3.1. Suppose P € Ljg ULysUL3q and u € [1,3/2]. Without loss of generality, we
can assume that P € Ly4. In this case we set 4 = Li4. Then 7(¢) = 3 — u. The Zariski
Decomposition of the divisor D —vL4 is given by:

/

D—VL14—%E4 forv e [0,2—14],
D—VL14—%E4—(M+V—2)E1 forv e [2—u,1],

P = D—vLiy—5E4— (u+v—2)E; — (v—1)Lp3 forv € [1,4 —2u],
\D—vL14—(u+v—2)(E1+E4)—(v—1)L23—(2u+v—4)E5forve[4—2u,3—u].
and
(%E4forv€[0,2—u],
N(v) = YE4+ (u+v—2)E  forve [2—u,l],
YE4+ (u+v—2)E 4+ (v—1)Ly forv € [1,4 —2u],
k(u+v—2)(E1+E4)+(v—1)L23+(2u+v—4)E5forve[4—2u,3—u].
Moreover ) ,
5—2v—% —u?forve(0,2—ul,
W) = 9—4u—6v—|—v—22+2uvforv6[2—u,1],
L=2)Cvide10) for y e [1,4 — 2u),
\2(u+v—3)2forv€[4—2u,3—u].
and .
v/2+1forve[0,2—u,

P(v)- % = 3—u—v/2forve2—u,l],
4—u—3v/2forve[l,4— 24,
K2(3—u—v)forv€[4—2u,3—u].

Thus,
| 2-u 2 1 2
SD(CK):S_U2</() S—2v— T —uldv [ 9—du—6v++ 2uvdv+
+/142u (v—2)(3v2+4u—10)dv+ 432:2(u+v—3)2dv) _ 3u3_i§u_2;§u+13

22
Thus, 8p(T, D) < 535w for P € Lia. Note that we have:
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s ifPe L14\(E4UE1 ULz UE5) then

W2 for v € (0,2 u),
Bu 2P fory € 2—u,1],

w32 tory e (1,4 — 2u),

2(3—u—v)>forve [4—2u,3—u.

\

s if P=Li4NE; then

.
W2 fory € [0,2— u],

(6—2u—v)(2u+3v-2)

hp(v) = :

B2 3@t for y e [1,4 —2u),

K(3—u—v) forv e [4 —2u,3 —u].

forve [2—u,l],

o if P=Li4NLy;then

(
DA fory e 0,2 u),

% forve [2—u,1],
(872u73v€);(472u+v) forv [174_21/[]’
k2(2—u)(3—u—v) forve [4—2u,3 —ul.

hD(v) =

So we have

s ifPe L14\(E4 UE1ULys UE5) then

R R =

.0 5 —I/l2 2 —u 2
+/4—2u (4_u—3v/2)2dv+ 3_u2(3_u—v)2dv> =
| 2 4—2u
21 —ud —6u _ 3u® — 12u% + 6u+13
T 2(15-3u?) 15— 3u?

s if P=Li4NE; then

2 2-u (y/2 4+ 1)? L (6—2u—v)(2u+3v—2)
€
'P = —_—
Sp(WZ,; P) 5_u2</0 : a’v—l—/z_u : dv+
4=2u (8 —2u —3v)(2u+v) 3-u 19 —2u°
d 3—u—v)dv) = —— .
+/1 8 V+A_zu( u=v) V) 2(15 - 342)

o if P=Li4NLy; then



12.3. Polarized o-invariants via Kento Fujita’s formulas 297

—U(y 2 —u—v/2)?
SD(Wﬁ;P):S——zbﬂ(/oz Mdv%—/zl Mdv—l—

2 —u 2
4=2u (8 —2u—3v)(4—2u+v) 3-u
+/ dv+ 22—u)3—u—v)dv) =
1 8 4-2u ( ) ) )
_ 26120 +3uw _ 3w’ — 120 +6u+13
o 2(15-3u?) 15 — 3u?

We obtain that

8p(T, D) = 35— Su_z 3+M;¢+ 3 for P€ Lis\(Es UEs UEy) and u € [1,3/2].
and 15 — 3u?
So(T.D) > ;E‘;__lg’;z;' 613 for P=LisNE;andu € [1,b],
T forP=Li4NEyandu € [b,3/2].

where b is a root of 8u> —24u? + 12u+7 on [1,3/2]. Note that b € [1.261,1.262].

Step 3.2. Suppose P € L4 ULy UL3y and u € [3/2,2]. Without loss of generality, we
can assume that P € Ly4. In this case we set ¢ = Li4. Then ©(¢) = 3 — u. The Zariski
Decomposition of the divisor D — vL14 is given by:

p
D—VL14—%E4 forv e [0,2—14],

D—vLig—3E4— (u+v—2)E forv e [2—u,4 —2u,

P(v) =
D—vLig— (u+v—2)(E;1+E4)— (Qu+v—4)Es forv € [4—2u, 1],
\D—VL14— (M+V—2)(E1 +E4) —(V— 1>L23 — (2u+v—4)E5 forv e [1,3—14].
and
)
3E4forv e [0,2—ul,
N(v) = SE4+ (u+v—2)E forv e [2—u,4 —2u,
(u+v—2)(E\+E4)+ (2u+v—4)Es forv e [4—2u,l],
k(u+v—2)(E1+E4)+(v— 1)Ly3+ (2u+v—4)Es forv e [1,3 —ul.
Moreover

(5—2v—§—u2 forv e [0,2 —ul,
9—4u—6v—|—§—|—2uvforv€ [2—u,4 —2u],

2u® +4uv +v? — 12u— 10v + 17 for v € [4 —2u, 1],
\2(u+v—3)2 forve [1,3—ul.
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and .
1+v/2forve[0,2—u],
3—u—v/2forve |2—u,4—2u,

PW) % = / [ ]

5—2u—vforve[4—2u,l],
\2(3—u—v) forve 1,3 —ul.

Thus,

1 2—u V2 4—2u V2
SD(%)ZS_MZ(/O S—2v- T —ildvt |9 —du—6v 4 2uvdvt

1

+
4—2u

< 15—3u?

Thus, 8p(T,D) < 55157 gar 13

3—u
2u® + duv +v* — 12u— 10v + 17dv+/ 2utv— 3)2dv>
1

3u — 12u% +6u+13
15 —3u? '

for P € L14. Note that we have:

s ifPe L14\(E4UE1 ULy UE5) then

hD(V)

o if P=Li4NE] then

(((14v/2)?
2

(6—2u—v)(2u+3v-2)

for v € [0,2 —ul,

(3—u—v/2)?
2

5209 for y € [4—2u, 1),

2(3—u—v)*forve[l,3—ul.

( (14v/2)?
2

forve [2—u,4—2u],

\

forv e [0,2 —u,

o if P=Lj4NLys then

/’lD(V)

(v+1)(5—2u—v)

(

\

forv e [2—u,4—2ul,
forv € [4 —2u, 1],

8

2

\2(3—u—v) forve[l1,3—ul.

% forve 0,2 —u,

Bu /2P fory € [2— u,4— 2u),
B2 fory € [4—2u, 1),

22—u)(3—u—v)forve[l,3—u.

«ifPe L14\(E4UE1 UL»ys UE5) then
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2 2-u (y/241)? 4=2u (3 -y —v/2)?
€
Sp(WE,:P) 5_u2(/0 - dv+/2_u v+

L (5—2u—v)?
4—2u 2

3—u
+ dv+/ 2(3—u—v)2dv> -
1

Tud —36u* +48u—6 - 31 — 12U+ 6u+13
2(15 —3u?) - 15 — 3u?

o if P=Lj4NE] then

. 2 2o (v/24-1)2 4=2u (6 —2u—v)(2u+3v—2)
€ . —
Sp(WE,:P) = 5_u2</0 : a’v+/2_u ; dv+

%l_zu (V+1)(52—2u—v)dv+/13—u2(3_u_v)dv> )

33Ut — 18U +2Tu—4
15 —3u?

o if P=Li4NLy; then
2 2-u (v)241)2 4=2u (3 —y—v/2)?
Sp(WE,:P) = (/ e g / S
D( o0 ) S_MZ 0 2 V+ 1w 2 v+

+A12Mde/f_uz(z_u)@_u—v)dv) =

_ 3122 4+26 3w’ — 121 +6u+13
o 2(15-3u?) 15 —3u?

We obtain that

15—3u?
op(T,D) = forPeL EIUELUE 3/2,2|.
P( ) ) 33— 1212+ 6u+ 13 orr & 14\( 1UE4U 5)andu€[ / ) ]
and
15 —3u?
(SP(T,D) > forP=Li4sNEyand u € [3/2,2]

3 —18u2 +27u—4

Corollary 12.3.2. Let P be a pointin T that is contained in L1y U L4 U L34 U E4 U E5 then

15— 3u?
16+ 3u — 9u? +2u3
15— 3u?
11 —ud
Corollary 12.3.3. Suppose O is a point on a del Pezzo surface T with A, singularity and
50(T) < % then

foru € [1,al,
op(T,D) >

foru € [a,2].

15 —3u?
16 +3u — 9u? +2u3
15 — 3u?
11—u

foru € [1,d],
50(775) >

foru € |a,2).
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12.3.2 Du Val Del Pezzo surface of degree 4 with 2A | singularities

Suppose that T has two singular points and these points are singular point of type A ;. Then 1
is a blow up of P? at points P;, P>, and P4 in general position and after that blowing up a point
P5; which belongs to the exceptional divisor corresponding to P> and a point Ps which belongs
to the exceptional divisor corresponding to P, and no other negative curve. In Part | we proved
that:

(1ifP € (EyUE4ULyy),

6/5if P € (E3UEsUL1;ULjg)\(E2 UEy),

8p(T)=1< 4/3if P (CaNE;)U(LyNLys),

18/13if P € (C, UE| ULy3 ULys)\((C2NE;) U (Lys N Las) U(E3UEs UL ULys)),

3/2 otherwise.

\

where Ei, E,, E3, E4, Es are exceptional divisors corresponding to P, P>, P3, Py, Ps
respectively, C, is a strict transform of a (—1)-curve coming from the conic on P2, L;; are strict
transforms of the lines passing through P; and P; for (i, j) € {(1,2),(1,4)} and Lys and L3 are
strict transforms of a (—1)-curve coming from lines passing through P, and Py respectively on
IP2. The dual graph of (—1) and (—2)-curves is given in the following picture:

L 12 El L14
Dual Graph
E; Lys Lo E,
Es Cs Es
Loy

Figure 12.2: Polarized J-invariants: 2A | singularities

Lemma 12.3.4. Suppose P is apointon T and D = —Kr — (u— 1)C, with D*> = 5 — u? then

( 15 — 3u?
for P € (Ey UE4)\(E3UEs) andu € [1,2
16 4+ 3u — 9u? + 2u3 or P € (E; UE4)\(E3UEs) andu € [1,2],
15— 3u?
——— for P € (E3UEs)\(E2UEy) andu € [1,2],
So(T.D) = 4 11—u
P(T.D) 15— 3u2
for P € L4 \(E2 UE, du € [1,2],
B 62t 6urs o 24\(E2UEy) andu € [1,2]
15 —3u?

for P €L14\(E4 UEs5 UEl) andu € [1,2].

L33 — 122 +6u+13
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and
1530 p e (BynEs By Es} andue [1d
u a
16 +3u — 9u? +2u3 20T b
SP(T7D>Z 15-3 2
11__;, for P € {E2NE3,E4NEs} andu € [a,2].
and ,
( 15 —3u
forP=LisNE 1.b
3u3_12u2+6u+13 or 14ﬂ ]anduE[ y ],
2(15 — 3u?
8p(T.D) > ﬁ o P = LiaN\E, andu € [b.3/2].
15 —3u?
for P =LisNE 2,2].
(33— 182+ 27u—4 14NEy andu € [3/2,2]

where a is a root of 3u® —9u? +3u+5 on [1,2], b is a root of 8u® — 24u® +12u+7 on [1,3/2].
Note that a € [1.355,1.356], b € [1.261,1.262].

Proof. Step 1. Suppose P € E, UE,. Without loss of generality we can assume that P € E4. In
this case we set ¢’ = E4. Then ©(%) = 3 —u. The Zariski Decomposition of the divisor D — vE,
is given by:

—Kr — (u—1)C, —vE4 forv € [0,2 — u],
P(v)=1q —Kr — (u—1)Cy —vE4 — (u+v—2)Es forv e 2 —u,1],
—Kr — (M— 1)C2—VE4— (u—|—v—2)E5— (V— 1)(L14+2L24—|—E2) forv e [1,3—1/{].

and
0forve [0,2—ul,
N(v) =1 (u+v—2)Esforve 2—u,1l],
(u+v—2)Es+ (v—1)(Lia+2Lrs + E;) forv € [1,3 —u].
Moreover,
5—u*—2v?forve [0,2—u,
P(v)* = 9+ 2uy —4u—4v—v*forve 2—u,l],
22—v)(3—u—v)forve[l,3—ul.
and

2vforv e (0,2 —ul,
p(V).Cg: 2_u+vforv€[2—u,1]a
5—u—2vforvell,3—u.

Thus,
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1 2—u 1
Sp(%) = 5—u2(/o 5—u? —2v%dv+ 2_M9—|—2uv—4u—4v—v2alv—l—

16+ 3u — 9u? +2u3
15 —3u?

+/]3_u2(2—v)(3 —u—v)dv) =

_2,2
Thus, 8p(T,D) < je3o5n for P € Es. Note that we have:

s if P€ E4\(EsULj4ULysUL3y)

2v2 forv € [0,2 —u],
hp(v) = —(27"2”)2 forv e [2—u,l1],

wforve (1,3 —ul.

. if P= E4NEs
2v2 forv € [0,2 —u],
hp(v) = (Z_HV)S‘HV_Z) forve [2—u,1],
Wt DE ) fory € 1,3 —u).

s ifPeEsN (L14 UL24)

212 for v € [0,2 —ul,
hp(v) < —(27'42”)2 forve 2—u,l],

So we have

«ifPe E4\(E5 ULi4ULyy UL34) then

2 2—u 1 (2— 2 3—u (5 —y—2v)2
Sp(WEh:P) = ( / wavs [ BTV / udv) -
’ 5—u?2\Jy 2 u 2 1 2

_9+6u—9u+ 2’ _ 16+ 3u—9u® + 2
B 15— 3u? - 15 —3u?

o if P=FE4NE5then

2 I (2- 3v—2
Sp(Wee;P) = </ P A ) [ )

2—u
3=u (4 4+1)(5—u—2v) 11 —u?
d ) S
+/1 2 ") T 15302

s if P€ E4N(L14ULyy) then
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2 2—u
Sp(WE,:P) = 5 (/ 2v2dv+
! 0

5—u
N 1 (2_u_|_v)2dv+/3u (5—u—2v)(1—u+2v)dv>:
2—u 2 1 2
_ 20— 6w’ +8 _ 16+ 3u—9u’ + 2
T 15-3u2 15— 3u?
We obtain that
8p(T, D) 15-3  opek \Es and u € [1,2]
\ = u , 2]
P 164 3u — 9u® + 2u3 435
and )
15—3u
for P=E,NE5 and 1
16 4+ 3u — 9u? + 2u3 4NEsandu € [l,al,
15—-3u

ST for P=EsNEsand u € [a,2].
—Uu

where a is a root of 3u® —9u® +3u+5 on [1,2]. Note that a € [1.355,1.356].
Step 2. Suppose P € E3 U E5. Without loss of generality we can assume that P € Es. In this

case we set ¢ = E5. Then 7(%¢") = 2. The Zariski Decomposition of the divisor D — vEj5 is given
by:

—Kr — (u— 1)C2—VE5 —%E4 forv e [0,1],
P(v)=q —Kr — (u—1)Co — vEs — 3E4 — (v— 1)Lss for v € [1, u],
—Kr —(u—1)Cy —vEs — 5E4 — (v — 1) L4s — (v —u)C; for v € [u,2].

and
JE4forv e [0,1],
N(V>: §E4—|—(V—1)L45 forvE[l,u],
%E4 + (V— 1)L45 + (V— M)Cz forv e [M,Z].
Moreover,
5—dv+2uv—u? — % forve [0, 1],
P(v)* = 6—6\/4—%4—2uv—u2 forv e [1,ul,
)2
@fcrve [u,2].
and

2—u+v/2forvel0,1],
P(v)-€=14¢3—~u—v/2forve(l,u,
3—3v/2forv € [u,2].
Thus,
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1
5—u?

1 v2 u v2
</ 5—4v+2uv—u2—§dv+/ 6—6v+5+2uv—u2dv—l—
0 1

23(2—v)? 11 —u?
—d):—.
+/u 3 V)T 15 32

Sp(€) =

Thus, 8p(T,D) < 1151_—3:32 for P € Es. Note that we have:

«ifPe E5\(E4 UG UL45) then

2wiv2P gory e [0, 1),

hp(v) = w forv € [1,u],

% for v € [u,2].

* if P=EsNC; then
2
22 for v € [0, 1,

hp(v) = § B2 for y e [1,4),

w for v € [u,2].

» if P=E5NLys then

Qowiv2P gory ¢ [0, 1),

hD(V) — (6—2u—v)2(§2—2u+3v) for v € [17u]’

w for v € [u,2].

So we have

* if P € Es\(E4UCyULys) then

2 L2 —u+v/2)? “(3—u—v/2)?
€.y _ u—v/er
Sp(WE,:P) = 5_u2</0 | dv+/1 v+

+/2 (3_3V/2)2dv> _ 21+6u—18u? +5u° - 11—
u 2 2(15 — 3u?) =15 3u?’

e if P=E5NC, then

2 L (2—u+v/2)? “(3—u—v/2)?
C . py_ L v/e)”
Sp(Wi,; P) = 5_u2</0 . dv+/l : dv+

232—-v)(6—4 45— 2 11—
+/ e V)(?z u+V)d>: 52(12%3;2; S15—3uu2'

o if P = E5NLys then
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2 L2 —u+v/2)? U (6—2u—v)(2—2u+3v)
€ .p\ _
SD(W,,,P)_S_uz(/O . dv+/1 5

+3(2—v)(v—|—2) )_26—12u2+3u3< 11—
8 o 2(15-3u?) T 15-3u?’

dv+

We obtain that

15 — 3u?

op(T,D) = 1—.3

for P € (E3 UE5>\(E2 UE4) andu € [1,2].

Step 3. Suppose P € Ly4. In this case we set € = Lys. Then (%) = 3 — u. The Zariski
Decomposition of the divisor D — vLy4 is given by:

D —vly, — %(E2+E4) forv e [0,4—2u],

P(v) =
D—vlyy— (u+v—2)(E,+E4)— (Qu+v—4)(E3+Es) forv e [4—2u,3 —ul.
and
Y(Ey+Ey) forv e [0,4 —2u],
N(v) = 2(E2+Ey) [ ]
(u+v—2)(Ey+Es)+ (2u+v—4)(E3+Es) forv e [4—2u,3 —ul.
Moreover,
2
—u”—2v+5forve|0,4—2ul,
P(v)2: [ ]
(u+v—=3)Bu+v—"7)forve[4d—2u3—v|.
and
1 forve|0,4—2u,
P(v)-€ = | ]
5—2u—vforve [4—2u,3—u.
Thus,
1 4—2u 3—uu
Sp(%) = 2(/ =2 5dv [ v —3) Gutv—T)dv) =
S—u=\Jo 4—2u

B A3 — 152 +6u+17
- 15 —3u?

2
Thus, 8p(T,D) < g2 for P € Loy If P € Loy \(E2 UEy) then

5 forv e [0,4—2u],

hp(v) =
W for v € [4 —2u,3 — ul.

Sofor P € L24\(E2 UE4) we have
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2 4=2u | 3=u (5 —2u—v)?
Sp(WZ,:P) = ( / ~d = L dv=
D( o0 ) 5 o uz 0 2 V"— 4—2u 2 v

B w —6u?+6u+5 < 43 — 150> +6u+17
N 15—3u? - 15—3u?

We obtain that

15 —3u?
ul—6u+6u+s

(SP(T,D) = for P € L24\(E2 UE4) and u € [1,2].

Step 4.1. Suppose P € L, ULy4 and u € [1,3/2]. Without loss of generality, we can assume
that P € Ly4. In this case we set ¢ = L4. Then (%) = 3 — u. The Zariski Decomposition of
the divisor D —vLy4 is given by:

/

D—VL14—%E4 forv e [0,2—14],
D—VL14—%E4—(M+V—2)E1 forv e [2—1/[,1],

P(v) =
D—VL14—%E4—(M—|—V—2)E1—(V—I)L23 fOFVE[1,4—2u],
\D—VL]4—(M—|—V—2)(E1—|—E4)—(V—1)L23—(2M+V—4)E5fOl’VE[4—2u,3—u].
and
)
SE4forve [0,2—ul,
*Es+(u+v—2)E| forve [2—u,l],
N(v): L4 ( )1 [ ]
%E4—|—(M—|—V—2)E1+(V—1)L23 forv€[1,4—2u],
| (w+v—=2)(E1 +E4)+ (v—1)Lo3 + Qu+v—4)Es forv € [4—2u,3 —u].
Moreover )
5—2v—§—u2forv€[0,2—u],
) 9—4u—6v+%+2uvforv€[2—u,1],
P(v)”= (v—2)(3v-+4u—10)
L=2)Br i 10) for y e [1,4 —2u),
\2(u+v—3)2f0rv€[4—2u,3—u].
and .
v/2+1forve[0,2—u,
3—u—v/2forve2—u,l],
P(v)-€ =

4—u—3v/2f0rve[l,4— 2,
K2(3—u—v) forv €[4 —2u,3 —u].

Thus,
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1 2—u V2 ) 1 V2
SD(%)ZS_M2</() S—2v— T —uldvt [ 9—du—6v+ T+ 2undv+
4—2u ] 4y — 1 3—u
+/ (v=2)@Bv+du=-10), 2(u+v—3)2dv> -
1 2 4—2u

3w —12u* +6u+13
B 15 — 3u?

2,2
Thus, 8p(T,D) < % for P € Ly4. Note that we have:

«ifPe L14\(E4UE1 UL»ys UE5) then
W2 for v € (0,2 u),

w forve [2—u,1],

w32 tory e (1,4 — 2u),

2(3—u—v)>forve [4—2u,3—u.

\

« if P=Li4NE; then
( 2
@ forv e [0,2 —ul,

(6—2u—v) é2u+3V*2) forve[2—u,l1],

B2 3@ for y e [1,4 —2u),

k(3—u—v) forv e [4 —2u,3 —u].

o if P=Li4NLy;then

(
W2 for v € (0,2 u),

% forv e [2—1/{,1],
(B2u3nE20) for v € [1,4 —2u],

k2(2—u)(3—u—v) forv e [4 —2u,3 —u].

So we have

«ifPe L14\(E4 UE1ULpy; UE5) then

SpWiuiP) = — (/Oz_u—@/zﬂ)zolw/z1 e

5— u2 2 —u 2
+/4—2u (4_u_3v/2)2dv+ 3_u2(3_u—v)2dv> =
| 2 4—2u

B 21 —ud — 6u < 31 — 12U+ 6u+13
- 2(15—-3u?) ~ 15 — 3u?
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s ifP=Li4NE; then

2 2-u (/2 4+ 1)? L (6 —2u—v)(2u+3v—2)
Sp(WZ,:P) = | s | d
p(WeeiP) 5—u2( 0 > T 8 i

B Y AT
| 8 4—2u

19— 243
2(15—3u?)’

o if P=Li4NLy; then

2 2o (y)241)2 L (3—u—v/2)?

€

oe:P) = (/ ————d / ~—d

SoWeutP) =502}, > T 2 v
4—2u —2u— 4 -2 3—u
1 8 4-2u

_ 26127+ 307 _ 3w’ — 121 +6u+13

2(15-3u?) ~ 15— 3u?

We obtain that

15— 3u?
op(T,D) = forP e L EsUEsUE d 1,3/2
p(T,D) 30 12 eut 3 O PE 14\(E4UEsUE}) and u € [1,3/2]
and )
15—3u
for P=Li4NE; and 1,b
1l Guy 13 O P b Erandu e (1D
SP(TaD)Z 2
2(15 — 3u?)

T for P=Li4sNE; and u € [b,3/2]
— U

where b is a root of 8u® —24u? 4+ 12u+7 on [1,3/2]. Note that b € [1.261,1.262].

Step 4.2. Suppose P € L1, ULy4 and u € [3/2,2]. Without loss of generality, we can assume
that P € Ly4. In this case we set € = Ly4. Then 7(%) = 3 — u. The Zariski Decomposition of
the divisor D —vL14 is given by:

(
D—VL14—%E4 forv e [0,2—1/!],

D —vLi4—5E4— (u+v—2)E; forv e [2 —u,4 —2u],
D—vLig—(u+v—2)(Ei+E4) — (2u+v—4)Es forv € [4 —2u,1],
kD_VLM_ (u+v—2)(E1 +E4) — (v— 1)L23 - (2u+v—4)E5 forv e [1,3—1/!].
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and
(%E4forv€[0,2—u],

N(v) = SE4+ (u+v—2)E forv € [2 —u,4 —2ul,
(u+v—2)(E\+Es)+ (2u+v—4)Es forv e [4—2u,l],
k(u+v—2)(E1—|—E4)+(v—1)L23—|—(2u—|—v—4)E5forve[1,3—14].

Moreover ) .
5—2v—% —u?forve[0,2—ul,
P)? = 9—4u—6v—l—§+2uvforve[2—u,4—2u],
2u® 4 duv +v? — 12u — 10v+ 17 for v € [4 —2u, 1],
| 2(u+v—3)*forve (1,3 —u].
and .
1+v/2forve|0,2—u,
PW) % 3—u—v/2forve2—ud—2ul,
5—2u—vforve4—2ul],
\2(3—u—v)forv€[1,3—u].
Thus,

1 2—u W2 ) 4—2u V2
SD(‘K)ZS_MZ(/O 5—2v—5—u dv+ 9—4u—6v—|—5+2uvdv—l—

2—u
1
+ 20+ 4uy 4+ v —12u — 10v + 17dv+
4—2u
3u — 12u% +6u+13

15 —3u?

3—u
+/ 2(u—|—v—3)2dv) =
1

2,2
Thus, 8p(T,D) < % for P € Ly4. Note that we have:

s ifPe L14\(E4UE1 UL»ys UE5) then
( 2
U2 for v € [0,2 —ul,

2
%forve 2 —u,4 —2ul,

5209 for y € [4—2u, 1),

2(3—u—v)>forve[1,3—ul.

\
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s ifP=Li4NE; then

)
% forv e [0,2 —u,

(6—2u—v)(2u+3v—2)

hp(v) = 8
ODGZ20) for y € [4—2u, 1),

23—u—v)forve[l,3—u.

forv e [2—u,4 —2u],

o if P=Li4NLy; then

927 for v € (0,2 u),

Bwv/2 tory e [2—u,4—2u),
5209 for y € [4—2u, 1),
22—u)(3—u—v)forve[l,3—ul.
s ifPe L14\(E4UE1 ULys UE5) then

hD (V) =

2 2-u (y/2 4+ 1)? 4=2u (3 —y—v/2)?
€ .p\ _ 7 7 -_
Sp(We e P) = s 2 </0 5 dv—i—/zu 5 dv+

L (5—2u—v)?
4—2u 2

3—u
+ dv+/ 2(3—u—v)2dv> -
1

Tud —36u* +48u — 6 - 31 — 12U + 6u+13
2(15 —3u?) - 15 — 3u?

s if P=Li4NE; then

2—u 2 4—2u _ — —
SD(W:‘{;P): 2 </ (v/2+1) dv+/ (6 —2u—v)(2u+3v 2)dv+
’ 0 2

5—u? 2 —u 8
1 1)(5 - 2u— 3

+/ v+ DG = 2u v)dv—i-/ 23— u—v)dv) =
4 1

—2u 2

3w — 18u? +27u—4
15— 3u?

o if P=Li4NLy; then

2 2ou (v)241)2 4=2u (3 —y—v/2)?
W . p) —
So(Wea:P) = 5—u2</0 2 dv+/z_u 2 ar

1 5—_2u—v)? 3—u
+/ ud\/—k/ 2(2—u)(3—u—v)dv) =
4-2u 2 1
_ 3122 +26 3w’ — 120 +6u+13
o 2(15-3u?) 15—3u?
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We obtain that

15—3u?
op(T,D) = forPeL EIUELUE d 3/2,2|.
P( ) ) 3u3—12u2+6u—|—13 orr € 14\( 1 4 5)an MG[ / ) ]
and
15 — 3u?
op(T,D) > forP=LisNEyandu € [3/2,2].

~ 3u3 —18u? +27u—4
O
Corollary 12.3.5. Let P be a point in T that is contained in L1y UL14 ULy UE, UE3UE4UEy
then

15— 3w foru € [1,d]
u a
5p(TD)> 16 +3u — 9u? +2u3 T
T 15 =342
H—_I/i/;fOI’I/lE[a,Z].

Corollary 12.3.6. Suppose O is a point on a del Pezzo surface T with two A singularities and
nine lines such that 8o(T) < ¢ then

15— 3u” foru € [1,d]

60(7,1_)) 2 16+3M_9M2+2M3 B
15_—?”/!2 foru c [a 2]
11 —ud T

12.3.3 Du Val Del Pezzo surface of degree 4 with A, singularity

Now, let us use the notations and assumptions of Section 2 with a minor difference: we assume
that T has a singular point of type A». Let us show that in the case when O is the singular point

of the surface T we have
15— 3u?

60(T,D) = —————
o(T,D) ud —6ur+19’

which immediately implies that (T, Wf,) < %. In this case, the morphism 7 is a blow up of
IP? at points Py, P>, and P; in general position; after that blowing up a point 2 which belongs to
the exceptional divisor corresponding to P3 and no other negative curve and after that a point
Ps which belongs to the exceptional divisor corresponding to P, and no other negative curve.

In Part | we proved:

(6/7f P e E3UEy,

8/7if P € (L13ULy; ULy UEs)\(E3 UEy),

8p(T) =14 4/3if P (Li,UGC)N(E|UE),

18/13if P € (L1 UG, UE; UE>)\((L12UG,) N (E) UE,)),

| 3/2 otherwise.
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where Ei, E,, E3, E4, E5 are exceptional divisors corresponding to P, P, P3, Py, Ps
respectively, C; is a strict transform of a (—1)-curve coming from the conic on P?, L;; are
strict transforms of the lines passing through P; and P; for (i, j) € {(1,2),(1,3),(2,3)} and L34
is a strict transform of a (—1)-curve coming from a line passing through P; on P2. The dual
graph of (—1) and (—2)-curves is given in the following picture: Now let’s prove that:

Dual Graph

23 E, Ly L3y
E3 Ey
L-13 E, 'Cz E-5

Figure 12.3: Polarized é-invariants: A, singularity

Lemma 12.3.7. Suppose P is a pointon T and D = —K7 — (u— 1)C, with D*> = 5 — u? then

15 — 3u?

A RN T

for P € E4\(L34 UE5>.

Proof. Suppose P € E4\(L3s4 UEs). In this case we set € = E4. Then (%) = 2. The Zariski
Decomposition of the divisor D — vE4 is given by:

—KT—(M— 1)C2—VE4—%E3 forv e [0,2—14],
P(V) = —KT—(u—1)C2—VE4—%E3—(M—|—V—2)E5 forv e [2—14,1],
—KT—(M— 1)C2—VE4—§E3—<M+V—2>E5—(V— 1>L34 forv e [1,2].

and
JE; forv e [0,2 —ul,
N(v)=1Q 5Es+ (u+v—2)Esforve 2—u,l],
JE3+(u+v—2)Es+ (v—1)La4 forv € [1,2].
Moreover,

5—u2—¥forv€ [0,2 —u],

PV =Q9—du—dv+2uv—1/22 forve [2—u, 1],

L2 10) for v e [1,2).
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and
3v/2 for v € 0,2 —u],
P(v)-€=4q2—u+v/2forve2—ul],
3—u—v/2forvell,2].
Thus,

1 2-u 2 3V2 1 2
SD(%)ZS_ 2(/ 5—u —Tdv—l— 9 —4u—4v+2uv—1/2vdv+
u 0 2—u

+/2 (v—2)(v+4u—10)dv> _ 194w — 6u?
1 2 15 —3u?

Thus, 8p(T,D) < 19:3-3% for P € E4. Note that for P € E4\(E5U L3s) we have:

% for v € 0,2 —u,
hp(v) = § B2 gor y e 2,1,

Bu 2P gory € [1,2).

So we have
2 2-u g)? L (2—u+v/2)? 2(3—u—v/2)?
o) = 2 ([ [ R PO
( (X ) ) 5_u2 0 3 + o 5 v+ | 2 Vv
_21+6u— 18+ 50 _ 19+’ —6u
B 2(15—3u?) - 15-3u?
So we obtain that
5p(T,D) = 15— 3u” for P € E4\(Lss UEs)
P\1L, _M3—6M2+19 4 34 5)-
O
Corollary 12.3.8. We have S(W,T,,E4) 80, which implies that 5o(T , W, ,) < 8—0
Proof.
S(WaiEa) =

2 2
3 19—i—u3—6u2 3 83
2 2
— _ E 4+ = _ T " dut+ ==,
20/<5 M)SD( 4)du 5 201/(5 u) 15 —3u? du 5 80
1
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